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In [1], Marshall Hall defined U, to be a divisibility sequence if U,|U,
whenever m|n. If we let U, = A”(c0 + ¢,n) for integers 4, ¢y, and ¢,, then a
corollary to the theorem in [2] is that U, is a divisibility sequence if and
only if exactly one of the coefficients ¢, or ¢, equals 0. The purpose of this

paper is to establish a similar result for Uu, = A”(c0 +cen + cznz).

Theorem: Let U, = A"(c, + cn + cznz) for integers 4, ¢y, ¢;, and ¢,. U, is a

divisibility sequence if and only if exactly two of the coefficients Cos Cqs

and ¢, are 0.

Proof: It is easy to see that, if exactly two of the coefficients o> Cq» and
¢, are 0, then U, is a divisibility sequence. Consequently, in what follows,
we assume that A"(c,+cm + c,m?*)|A"(c,+c,n + ¢,n?) if m|n, and, without loss

of generality, that 4 > 0.
Case 1: ¢4 =0

Assume ¢, # 0, for, otherwise, we have ¢, = e¢; = 0 and czmzA]cznzA if m[n,
and we are finished. Replace m by c¢md, n by c;n4, and let e = c,A(n = m).
Then we have (cimA + czcimzAz)lAe(ainA + azcinzAz) if m|n. Consequently,
(m + c,m?A) |A%(n + c,n?4) if m|n.
In particular,
(1 + ¢, A)|A%(n + c,n’A).
If e € 0, then (1 + czA)|(n + cznzA) is immediate, while if ¢ > 0, since
ged(l + ¢4, A%) = 1,
we also have (1 + ¢,4)|(n + c,n4).
Set n = 2. (1L +c,A)|[(2 + 4e,4). Since 2 +dbe,d = 2(1 + c,A) + 2¢,4, we
have (1 + cZA)|2¢2A,mm1ch implies that (1 + czA)IZ; hence, 1 + ¢, 4 = +1 or *2.
Il+ecd=1=¢c, =0, and we are finished.
1+c¢,Ad==-1=(m-~- 2m2)}(n - 2n?) if m]n and m is odd, which is false for

m=3,1n =06,
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1+ cd=2=c,A=1=@m+m?)|(n+n”) if m|n, which is false for m = 2,

l+c,A=-2=>A=1or4=3= (n-3m")|A°(n-3n?) if m|n, which is false

form =5, n = 10.
Case 2: ¢c; # 0

Replace m by eymd, n by c¢nd, and let e = cjA(n - m). This gives
(¢, + cyemA + c,cim®A?) |A% (e, + c e nd + czcgnzAz),
which implies that
(1 + eymA + c,egm?A?)|A% (1 + ¢ nA + c,cn?A?).
As in Case 1, this leads to
(1 + cymd + c,egn®A®) | (1 + end + c,cn’A?) if m|n.
Select m = 1, n = 1+ c,A + c,c,A*. Then (1 + c 4 + czcoAz)Il, i.e.,

1 +c,A+cued” =zl
Case a: 1 + /A + czcoA2 =1

1+ cld+c,eid? = 1=>4(c, +cye)d) =0=c,c/4 = ¢

(L+ecmi - em?A)| (1 + e md - e n®4) if m|n.

1. Thus,
Set n = 2m. (1 + cymd - eym?4) | (1 + 2¢,mA - 4e,m®4) if m|n, or
(1 +cmh - cem®A)| (1 +cml - cm?A + (c,mA = 3c,m?4)).
Hence,

(1 + cymd - cym?A)|2(emA - 3¢ m®4). (D)

Set # = 3m. In a similar manner to the above, we get
(1 +cmid - em®4)| (2c,mA - 8c,m?4A). (2)
Together, (1) and (2) imply that (1 + ¢,md - c,m?4)| (2¢c,m?4).

Set m = 2. We obtain (1 - ZGlA)ISGlA. But 8¢c,4 = 4 - 4(1 - 2¢,4), so that
(1 - 2¢,4) |4, i.e., 1 = 2¢,4 = *1.

1 -2¢A=1=¢, =0. Since ¢c,c/A = -c,, either ¢, =0o0rc, =0, and we
are finished.
1 -2c4=-1=c,Ad=1=Q+m-m*)|(l +n-n®) if m|n, which is false

form =3, n = 6.
Case b: 1 + c;A + Cyc A% = -1

2 _ - -
1+ clA + czcoA = -1 $>A(cl + czcoA) =-2=4=1or 2.
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Case i: A=1,¢c; +cyey = -2

If A =1, then
(1 + e,m + czcomz)l(l +cn + czconz) if mln.
Let m = 2 and replace n by 2n. Then
(1 + 2¢, + aczco)[(l + 2cn + 4czcon2).
Since ¢, + ¢,cy = -2, we have
(2e,e, - 3)[(1 + 2eyn + 4czcon2).

Let n = 2¢,¢, - 3. Then (2¢,c, - 3)|1 = 2¢c,c, - 3 = 1.

2cyey =3 =1=cey=b=c, =-4=(1-"4m+ 2m2)|(1 - 4n + 2n?) if m]n,

which is false form = 4, n = 8.

2c,cp =3 =-l1l=cyey=1=c, =-3=(1-3m+m*)|(1 - 3n+n?) if m|n,
which is false for m = 4, n = 8.
Case ii: A =2, ¢c; + 2c,cy = -1

If A = 2, then
(1 + 2¢ym + be,egn®) | (1 + 2¢n + be,egn?) if m|n.
Let m = 2, and replace n by 2n. Consequently,
(1 + 4e, + 16c,c0) | (1 + 4eyn + l6c,c0n?).
Since ¢, + 2¢,c, = -1, we have
(8c,cy = 3)| (1 + ben + 16e,c0n?).

Let n = 8c,c, — 3. Then (8c,c, - 3){1, which is impossible.

1

Remark: It is reasonable to conjecture that

U

n

K
= A"y ent

=0
is a divisibility sequence if and only if exactly k of the c¢;'s are 0. It ap-

pears that this general case cannot be proved using the methods in this paper.
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