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In connection with recent work by M. Creutz and myself involving iterated

exponentiation [1], [2], [3]; e.g., the function

f(x) =xx'. s (1)
with an infinite number of x's, I have noticed an interesting property when
only a finite number n of x's is considered.

I will now consider the bracketing a for m = 4. This is defined as

[x (1‘)]

F, (&) =x = bgp, (2)

In a Broockhaven National Laboratory Report [4], I have given a more extensive
discussion of the present results (see, in particular, Table 1 of [4]). Obvi-
ously, when x > 2, the function F,  (x) has a large numerical value. As an

example, we consider
5(5%)
P, (5) = 587 6o, (3)
Now we find

53125 ~ 102184.281 = 1.910 x 102184’ (4)
where
2184.281 = 57 log, 5 = (3125)(0.69897). (5)

From equations (3)-(5), one obtains

F, (5) = 5 (10280281) 51910x102ma .

4ya

A seemingly paradoxical result is obtained if we express EZ(%S) as a power
of 10. Thus, we find the exponent

102184.281)]

Tog,, [5¢ = 102184-281 10g. 5 = 0.69897 x 1.910 x 102184

1.335 x 102184 = 102184.125 (7)

il
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which leads to the result

2184.125)
s

F, ,(5) = 1010 (8)

showing [by comparison with (6)] that the exponent in the parentheses is hardly
changed in going from a power of 5 to a power of 10.
To clarify this result, we consider the equation .

2 (10¥) _ 10(10'4’)’ (9)
which defines y', where in the present case x = 5 and y = 2184.281. To derive
the relationship between y' and y, we take the logarithms of both sides of (9).
This gives

10¥ log  x = 10%, (10)

By taking the logarithms of both sides of this equation, we obtain

r

Y

For the case discussed above, it can be readily verified that log,,log,;5 =

=y + log,,log, . (1D)

-0.1555, leading to the results in (6) and (8), since 0.281 - 0.125 = 0.156,
which is clearly consistent with the value of log,,log,;5 = -0.1555 obtained
above. It is of interest that the correction to y, namely log,,log,,x, is in-
dependent of the value of y.

To make the above results more believable, note that the ratio of the two

powers of 10 involved in (6) and (7) above is given by

R = 102184.281/102184.125 =‘100.156 = 1.432. (12)
Thus, the very large exponent 102184-125 g multiplied by 1.432 in going from
x= 10 to £ = 5. This is a very considerable increase. As a result, we write

1.432 2184.125 2184.125
5 x 10 - 1010 , (13)

which is essentially correct because 5432 = 10.02. (The small apparent dis-
crepancy of 0.02 is due to rounding errors.)

As a final comment, I note that, if I had used x = 1.1 (instead of 5.0),
with the correction log,,log,,1.1=-1.383, and y' = 2184.125+1.383= 2185.508,

I would have obtained

110 2185.508

10 10218A.125 =1 (14)

5

since 101383 = 24.15 and 1.1%-1° =~ 10.
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