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1. INTRODUCTION

The n-number game is defined as follows. Let S = (84> Sys eees s,) be an
n-tuple of nonnegative integers. Applying the difference operator D we obtain
a new n-tuple D(S) = (8], s, ..., &)) by taking numerical differences; that

is, s! = |s, - s

: i+1|' Subscripts are reduced modulo #n so that sé = |s, - sli.

n

If this process is repeated, a sequence of tuples is generated; that is,
8, DY(8), D*(8)s «.us

this sequence is referred to as the n-number game generated by S. The n-number
game has been studied extensively, beginning with the 4-number game (see [5],
(61, [81, [9], [13], and [19]).

As k = », what happens to DX(S)? 1Is it possible to generate an infinite,
never repeating sequence? The answer is clearly no. For, let [SI = max(s;) .
Then iS[EilD(S)|;since there are bnly a finite number of n-tuples with entries
less than or equal to |S|, eventually the sequence {D¥(S)} must repeat. When
n = 27, it is well known that, for every S, the resulting sequence terminates
with the zero-tuple (0, 0, ..., 0). That this is not the case for other values
of n is easily seen by considering the triple S = (4,5, 3). Applying the dif-
ference operator to this tuple gives the following:

S = (4,5, 3)
DX(s) = (1,2, 1)
D%($) = (1,1, 0)
D3(8) = (0,1, 1)
D*(S) = (1,0, 1)
D%(S) = (1,1, 0) = D*(5)
We call {D?(S), D3(S), D*(S)} a cycle. When »n is not a power of 2, there are
always tuples that appear in such cycles; indeed, for odd n, (1,1, 0,0, ..., 0)
is one such tuple. In an earlier paper this author characterized those tuples
which can occur in a cycle. 1In particular, an n-tuple S is in a cycle only if
all the entries in S are either 0 or ISI. Further, when n is odd, such tuples

are in a cycle if and only if the number of nonzero entries is even [11].
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For any n-tuple S, we say the game generated by S has length X if D}(S) is
in a cycle but D* 1(S) is not. We will denote the length of this game by L (S);
thus, in the example above, L[(S) = 2. Note that we consider the zero-tuple to
be in a cycle, namely the trivial one. There is no bound on the length of an
n-number game. That is, for any X\ there exists an n-tuple S such that L(S)> \.
We seek to characterize the upper bound of L(S) for all tuples S for which
ISI < M. Only when n equals 4 or 2¥ + 1 has this question been answered [18],
[12]. 1In all other cases, only partial results are known; a complete solution

seems very difficult. 1In this paper we will resolve the question for n = 7.

2. GENERAL RESULTS

There are N = (M + 1)" - M” n-tuples with the property that |S| = M. How-
ever, we may consider several of these tuples related to each other and hence,
in actuality, the number of tuples that we need consider is far less than N.

For S = (81, 8,5 +-.5 8,) with ’S( = M, define m(S) as the n-tuple given by
mS) = M - s, M = 8,5 «oes M= 5,).

Further, let D, denote the dihedral group of a regular n-gon. Then we say two
n-tuples S and R are related if either R = o(S) or R = c(O(S)) for some ce D,
If S and R are related, then we write S = R. It is easily seen that = is an
equivalence relation. We now show that related tuples have the same length.
Thus, in determining those tuples which give games of maximum length, we need

only consider the question up to equivalence classes.
Theorem 1: Suppose S = R, then L(R) = L(S).

Proof: We may think of the entries of an nm-tuple as the vertices of a regular
n-gon. Thus, if R = 0(S), R represents either a rotation, a flip, or a rota-
tion followed by a flip of the n-gon whose vertices represent S. Clearly, the
entries in D(R) are the same as those in D(S). It is only their order that is
changed, and that change may be represented by a member of D,. Since the en-
tries are unchanged at each step, the length of R is the same as that of S.
Now, if R =9m(S), then it is easily seen that D(S) = DO(S)) and hence the

two tuples have the same length. m

We will now turn our attention to those tuples which give games of maximum
length. We first prove a lemma; the corollary that follows is then an immedi-

ate consequence.
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Lemma 1: Let S be an n-tuple with ‘SI = M. Suppose that S has a predecessor

and that S is not contained in a cycle. Then |[D"72(S)| <M - 1.

Proof: 1If S = (M, My ..., M), then ID(S)[ = 0 and thus the conclusion holds.
Otherwise, since S has a predecessor and is not in a cycle, there exists some
s; that is different from 0 and M. Further, S has a predecessor if and only if
there exist values §; € {-1, 1} such that Zéisi =0 [11]. Thus, S must have at
least two entries that are different from O and M. This implies that D(S) has
at least three entries less than ¥; for, if 0<s, <M, then s;_,<M and s/ <M,
where D(S) = (sl’, 82', cees sr;). It follows that D" 2(S) has »n entries less than

My i.e., [DPT2(S)| <M -1.m
Corollary 1: Let S be an n-tuple, |S| =M, then L(S) < (n - 2)(M - 1) + 1. ®

This corollary gives an upper bound for I (S) when |S| <M. Form =2" + 1,

this upper bound is actually taken on by the n-tuple
R, =0, 0, ..., 0, M - 1, M) for M2 1 (see [12]).

For other values of »n the actual bound is less than that found in Corollary 1.
In general, for a given n, the least upper bound for L(S) with |S| = M is not
known. The main result of this paper will be to characterize L(S) when n = 7.
In particular we will show that if S is a 7-tuple with lS‘ <M and M is suffi-

ciently large, then

TM - 1)/2 if M is odd,
<
L(s) {7(M -2)/2 + 4 if M is even.
This can be fairly easily proved for tuples S for which [D7(S)| < M- 2. Thus,
we first determine the tuples for which [D7(S)] =M - 1; note that by Lemma 1,
|D7(8)| < M.

3. TUPLES FOR WHICH |D7(S)| =M - 1

In the following discussion we will only consider tuples up to the equiva-

lence relation ®. Thus, for example, when we state in Lemma 4 that
D*(8) = (1, M, M, M, 1, 1, +),

we really mean DZ(S) = (1, My My M, 1, 1, *).
By Lemma 1, if |[D?(S)| =M - 1, then |D'(S)| < ¥ - 2. Thus, in determining

tuples for which ]D7(S)‘ =M - 1, we may restrict our attention to those with
[Dz(S)l = M. First, consider an n-tuple R = (r,, r,, ..., r,) with D(R) = (r’{,
rz', .«.» r)). Suppose D(R) has some entry ri' =M - 1. Then either r, =M -1
cand v, , = 0orr =Mand r, , =1. Thus,in the case under consideration, we
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must have, for some k, 2 < k < 6,

i

[DE(SY| =M, DRS) = (M, 1, s eses s ),
DE*I(S) ® (M = 1, vy eseserese), and [D7(S)| = M - 1.

For the tuple DK*1(S), we may have either [DE+1(s)| = M or |Dk+l(S)[ =M - 1.
However, what must happen is that DX(S) have enough consecutive M's and 1's to
yield a sufficient number of (W ~1)"'s and 0's in Dk“-(S) so that D7(§) contains
at least one ¥ - 1. Thus, it is the ¥ — 1 and O terms in DK*1(S) that are the

important ones. These possibilities are illustrated by the following two exam—

ples:
S, =M, M, 0, M, 1, M, 2)

Dr(5,) = (0, My M, M ~ 1, M -1, M -2, M~ 2)

D’($,) = M, 0, 1, 0, 1, 0, M ~ 2)

D3(s)) = W, 1, 1, 1, 1, ¥ - 2, 2)

Dq(Sl)=(M—1, Os Oa OSM_3,M_4’M_2)

D°(8,) = M - 1,0, 0, ¥ -3, 1, 2, 1)

D(S,) = M -1, 0, M -3, M -4, 1, 1, 4 - 2)

p’(,))=W-1,M4-3, 1, 4-5,0,4~-3, 1)

S, = (M, M, 0, M, 1, M-2,0)

D*(S,) = (0, M, M, M - 1, M - 3, M -2, M)

Dz(sz) = (Z%, 0, 1, 2, 1, 2, M)

D3(5,) = M, 1, 1, 1, 1, M - 2, 0)

D"(S,) = (-1, 0,0, 0, M -3, -2, M)

D°(S,) = M -1, 0, 0, ¥ -3, 1, 2, 1)

D¥(3,) = M -1, 0, M -3, M -4, 1, 1, M= 2)

D'(S,) = M -1, -3, 1, M -5, 0, 4~-3, 1)
Note that in the examples above ’Dl‘\ (Sl)l =M - 1, while ]DL' (Sz)l = M. However,
in both, it is the presence of five consecutive M's and 1l's in D3(Si) that gives
rise to ’D7(Si)| =M - 1. In general, then, if for a tuple §, we have ISl =M
and [D7(S)‘ =M -1, we will denote by k(&) that step where the presence of
consecutive M's and 1's in D*GX9) gives rise to |D7(S)l =M - 1. Thus, in the

examples above, K(Sl) =3 and k(5,) =3. 1In general, we must have 2 < k(S) < 6.

The following lemmas characterize DK(S)(S) for various possibilities of «(S5).

Lemma 2: Suppose S is a 7-tuple with the properties that ]Sl = M and ’D7 (S)I =
M-1. Let k=x(5) and let £ be the number of consecutivel's and M's in D*(3),

with & as large as possible. Then £ 2 8 - k.

Proof: It is easily seen that the number of consecutive 0's and (¥ - 1)'s in
Dk+1(S) is £ = 1 and, hence, Dk+l(S) has at most £ - 1 consecutive terms that
equal ¥ - 1. Similarly, the number of comsecutive 0's and (¥ - 1)'s in Dk+t(8)

is £ - ¢ and, hence, Dk+t(5‘) has at most 2 - ¢ consecutive terms that equal
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M - 1. Continuing, we find that Dk'HL(S) has no terms that equal M - 1. Since
ID7(S)| =M -1, we must have Kk + £ 2 8 or £ 28 - k. ®m

Lemma 3: Suppose S is a 7-tuple with the properties that [S| = M and |D7(S)| =
M- 1. Let k = k(5). Then DX(S) = (1, uus 1y My ooy My 1y vy 1y ay ovus B),
where ¢ and p are neither 1 nor ¥ and the number of consecutive 1's and M's is

at least 8 - k.

Proof: By Lemma 2, all that we need show is that DX(S) cannot have the form
My 1y ooy 1y, My €5 «ovs d). Suppose DK(S)= (M, 1, M, ...). Then D¥-1(S) must
equal (O, My M - 1, 24 - 1, ...) or M, O, 1, M+ 1,...), both of which are im-
possible because fSl = M. Similarly, we find that DX(S) cannot equal (M, 1, 1,
1, My ...) or (M, 1, 1, 1, 1, 1, M, ).

Now, if DX(S) = (M, 1, 1, M, ...), then D* ' (S) must equal (0, M, M - 1, M,
0, ...) or (M, 0, 1, 0, M, ...), neither of which has a predecessor that con-

tradicts the hypothesis. B

The above lemmas mean that it is possible that there is a 7-tuple S for
which D*(S) = (1, M, 1, 1, ...) and |[D7(S)| =M - 1. But there is no 7-tuple
for which D*(S) = (1, M, 1, 1, a, =, b), a# 1, a#M, b+ 1, b # M, and
[D7(s)| =M - 1.

Lemma L4: Suppose S is a 7-tuple with the properties that |S| =M, [D7(S)]| =
M - 1, and K(S) = 2. Then one of the following must hold:

D%(S) = M, M, M, M, M, 1, -) D3(S) = M, 1, 1, 1, 1, 1, -)
DZ(S) = (1’ Ma ]-a ]-, ]-’ ]-’ ’) DZ(S) = (1’ M’ M9 ]-9 l’ ]-9 ’)
D*(S) = (1, M, M, M, 1, 1, -)
Proof: It is easily verified that these five tuples give [D7(S)[ =M-1. On
the other hand, suppose R is a tuple such that D*(R) = (1, ..., 1, M, ..., M,
1, ..., 1, a). By direct computation, it can be shown that |D7(R)| <M-1

e.g., if D>(®) = (1, 1, M, 1, 1, 1, a), then |D’(R)| <M - 1 unless g = 1. ®

Theorem 2: Suppose M > 12 and S is a 7-tuple with the properties that IS[ =M,
|D7(S)| =M - 1, and «(S) = 2. Then S is related to one of the following:

(1, 0, 0, M, M, 0, M - 1) (0, 13, 13, 12, 10, 7, 3)
(0, 15, 15, 14, 12, 9, 5)

Proof: We use Lemma 4, consider the various cases, and work our way backward
to obtain S. We begin by assuming that D?(S) = (1, M, M, M, 1, 1, -) and find
possible tuples equal to D(S) by first setting each of its elements equal, in
turn, to M:
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M M-1 -1 M-1 -1 0 1
M-1 M 0 M 0 1 0/2
1 0 M 0 M M-1 M-2/M

same as Row 2
same as Row 3
0 -1 M-1 -1 M-1 M M -1
same as Row 3

N ot EFwN =

When more than one number appears, such as "0/2" in Row 2, it means that either
number is possible at that stage. Rows 1 and 6 are not possible because nega-
tive elements and present. We now treat Rows 2 and 3 in the above fashion.
Starting with Row 3, we find possible tuples for S when D(S) = (1, 0, M, 0, M,
M-1, M - 2), as follows:

la. M M+1 M+1 1 1 M+ 1 2

2a. M -1 M M 0 0 M 1

3a. same as Row 2a

ha., 1 0 0 M M 0 M-1

fa. same as Row 4a

6a. same as Row 2a

7a. 2 1 1 M+1 M+1 1 M
Rows la and 7a are impossible because of the presence of elements greater than
M. Rows 2a and 4a are possible, but they are related. Row 4a is the first
tuple listed in the theorem. Continuing with Row 3, we find that there are no
predecessors when D(S) = (1, 0, M, 0, My M - 1, M). Similarly, there are no
predecessors for Row 2 if M < 12.

We repeat this process for each of the other four conditions in Lemma 4 and
find that D?(S) = (M, 1, 1, 1, 1, 1, *) gives rise to the other tuples for §

listed in the theorem. ®
The other cases, with 2 < k(S), proceed similarly.

Lemma 5: Suppose S is a 7-tuple with the properties that ISI =M, lD7(S)| =

M -1, and 2 < k(S) < 6. Then one of the following must hold:
D3(S) = (M, 1, 1, 1, 1, «, =) D¥(S) = (My My 1, 1, 1, «, +)
D3(S) = M, M, M, 1, 1, +, ) D3(S) = M, M, M, M, 1, ., )
D“‘(S) = (M’ 1, 1, 1, s ‘) DL}(S) = (M’ M, M, 1, -, s ')
D“(S) = (]-’ Ma 1: 1: 5 ') DS(S) = (M’ 1’ l, *s s *> ')
DS(S) = (MS M’ ]-’ s * b ’) DG(S) = (M’ ]" . .5 9 ° 9 ')
Proof: It is easily verified that the above ten tuples give |D7(S)| =M - 1.

On the other hand, suppose R is a tuple not in the above list, such that Dk (R)
=(ly,..e., 1, My ..., My 1,..., 1, ...), where the number of consecutive 1's and
M's is at least 8 - kK and there is at least one 1. Then it must be the case

that
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D*(R) = (1, M, 1, 1, 1, +, +) D3R) = (1, My My 1, 1, -, =)
D3Ry = (1, M, M, M, 1, ., .) D3@R) = (1, 1, M, 1, 1, -, .)
DY(R) = M, M, 1, 1, , ., .) D*(R) = (1, My My 1, <y oy )
DS(R) = (L, My 1, oy vy oy o) }

or, more precisely, Dk(S) must be related to one of these. By direct computa-

tion, it can be shown that |D7(}?)| <M-1. =

Theorem 3: Suppose M 2> 12 and S is a 7-tuple with the properties that ISI =M,
lD7(S)[ =M -1, and 2 < k(S) < 6. Then S is related to one of the following
tuples:

D3(S) = (M, 1, 1, 1, 1, o5 +5 2):

(0, M, 0, O, M-1, M, 2) (0, M, 0, 0, -1, M-2, 0)
(0’ O, Ms O: M- la 23 M‘A) (O, 0, M, 0, M- ]., 2, M—2>
(Os Oy M: Os M~ ]-a 29 M) (0, M, 0, O, M- ]., ]W, 0)
(09 05 M, Oa M- 19 O: M- 2) (O, O, M, O, M- ]., O, M)
(0, 12, 12, 12, 11, 8, 2 (0, 12, 12, 12, 11, 8, 4)
(0, 14, 14, 14, 13, 10, 4) 0, 14, 14, 14, 13, 10, 6)
(0, 18, 18, 18, 17, 14, 8) (0, 20, 20, 20, 19, 16, 10)
Ds(‘S) = (Ms M5 1, ls ]-’ ) '):
(0, ¥, 0, 0, 0, 1, 2) (0, ¥, 0, 0, 0, 1, 0)
(0, M, 0, 0, 1, 4)
DB(S) = (M: M, M, 15 1, 9 '):
(0, M, 0, 0, O, M, M-1)
DY(8) = M, 1, 1, 1, =, =, )¢
(0, 13, 13, 13, 13, 12, 8) (0, 15, 15, 15, 15, 14, 10)
DL’(S) = (]-9 M9 ]-s l: °s ‘):
(ls Os O: O: Os M9 l) (M— ]-s 09 09 M: Ma M: ]-)
(1, 0, M, 0, 0, M, M-1)
DS(S) = (M, 15 l’ s °s °» "):
(0, M, 0, M, 0, 0, M-1) (0, 0, 0, M, O, M, M- 1)
0, M, M, M, 0, 0, 1) (0, M, M, 0, M, M, M-1)
(0, 0, 0, 0, M, 0, 1) (0, M, 0, O, M, M, 1)

Proof: The proof proceeds as in Theorem 2; due to the number of cases, the cal-
culations are tedious. Although originally obtained by hand, these results were
verified by computer. A copy of the program and/or output may be obtained from

the author. ®

Theorem 4: Suppose S is related to (1, 0, My M, M, 0, 0). Then, for ¥ > 6,
[DY* ()| < M - 4.

Proof: By direct calculation, we find D*2(8) = (-5, M-6, 1, 1, 2, 0, 1), so
|D*?(8)| <M - 4 for M > 6 and thus |D*"(S)| < M - 4. =
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Theorem 5: Suppose S is a 7-tuple with the properties that !S! =M, {D7(S)‘ =
M -1, and S is not related to (1, 0, M, M, M, 0, 0). Then [D'°(S)| <M - 3

whenever ¥ > 12.

Proof: Suppose that S is related to (0, 1, M, M, 0, M, M). Computing D™(S) for
1 <#»n< 10, we find D'°(5) = (1, 1, M-6, M-4, 0, 1, 1) and thus the conclu-
sion holds. Likewise, if S is related to (0, 2, 8, 11, 12, 12, 12), then D*°(9)
=(5, 3, 3, 3, 2, 2, 2) and thus !DIO(S)I < 9. In a similar manner, the theorem
can be verified by calculating D'°(5) for each of the other twenty-nine tuples

found in Theorems 2 and 3. ®

L. TUPLES WHICH GIVE LONGEST GAMES

Theorem 6: Let 7 = (1, M, 1, My, M, 0, ¥) for M 2 1. Then, for ¥ > 3,
rery = {70 = 1D)/2 if M is odd,
M T7M - 2)/2 + 4 if M is even.
Proof: For M > 3, it is easily seen by direct calculation that D7(7,) = Ty_o-
Since L(Tl) = 0 and L(T,) = 4, the result follows. ®

We will show that for X = 8 the tuples T,,as defined above, give the games
of maximum length. The following lemma is essentially a corollary of the pre-

vious theorem.

Lemma 6: For the tuples T, defined as in Theorem 6, the following hold:

7+ L(Ty_,) = L(Ty)
10 + L(Ty_3) < L(Ty)
14 + L(Ty_,) = L(T))

Proof: First suppose that M is even. Then we have:

7+ L(Ty ) = 7+ 7M=4)/2+4=7M-2)/2+4 =1L(T,)
10 + L(Ty_,) = 10 + 7(M - 4)/2 = 7(M - 2)/2 + 3 < L(T,)
1+ L(T,_) = 14+ 70 - 6)/2 + 4 = 7 = 2)/2 + & = L(Ty)

When M is odd, the calculations are similar, except in that case
10 + Z(Ty_3) = L(Ty). =
Theorem 7: 1f |S| =M and ¥ > 8, then L(S) < L(Ty)-

Proof: It is easily verified by computer that the theorem holds for M = 8, 9,
10, and 11. This verification is not as lengthy as it might first appear. As
noted above, we need only consider one member of each equivalence class. Fur-—
ther, note that if S = (s;, 8,5 ..., 5,) with all s; 2 1, then D(S) = D(T), where

T is defined by T = (s;-1, s,-1, ..., s”-l). Thus, we need only consider
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those tuples which have at least one zero entry. This significantly reduces
the number of tuples that need to be checked.

We have shown that the theorem is true for all tuples S for which LS|< m
with 11 < m < M. Consider a tuple S for which IS[ = M and ’D7(S)| <M - 2.

Then we have, using Lemma 6,
L(S) <7+ LD7'(8) <7+ IL(T,_,) = L(T,).

[Note that L(S) = 7 + L(D7(S)) so long as L(S) > 7.] 1If |D7(S)| =M - 1, then
by Theorems 4 and 5,either[D1°(S)| <M - 3 or ]DI“(S)] <M - 4. Thus, by in-
duction and Lemma 6, either

L(S) < 10 + L(D'°(S)) < 10 + L(T,, _,) < L(Ty)

or

L(S) < 14 + L(DY(S)) < 14 + (T

M—H) = L(TM)

whenever ¥ 2 12. m

5. FURTHER QUESTIONS

Although showing that Ty gives a game of maximum length was not difficult,
there were many details to consider. Additionally, there were many special
cases for small values of M. This indicates that verifying an upper bound for
the length of the general n-game is likely to be difficult. As stated above,
forn =2+ 1, » 2 1, games of maximum length are given by the tuples (0, O,

., 0, M - 1, M) [12]. That is, games of maximum length arise from tuples
with identical form. Whether this happens for other »n is not known. For ex-
ample, when n = 2 - 1, » 2 4, are games of maximum length given by tuples that

are in some way similar in form to (1, M, 1, M, M, 0, M)?
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