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This article deals with Fibonacci's sequence

Ug = 0, Uy = L, Uprp T Upyy + Uy

and with the arithmetical function

K(m) = length of the period of Fibonacci's sequence
when reduced modulo m.

In the last few years I had some occasions to guide activities in a mathe-
matics-with-computer club for 15-year-olds, where we investigated the function
K(m). Theorems 1 and 2 of the present article were found (without proofs) by
members of these clubs. To be more specific, these are those of the students'
results, which I was not able to find in the literature either before or after
they have emerged in the club. The rest of the students' discoveries can be
found either in [1] or in [4]. One of these is the following lemma which was
suggested by the student Oded Farago.

Lemma: For any m and n, K([m, n]) = [K(m), K(n)].

Proof: Follows from [5], Lemma 13.

Theorem 2 in [1] says almost the same, but only for m and n that are rela-
tively prime, so Oded's present version is more symmetric. (The lemma holds
for every sequence that becomes periodical when reduced modulo a mnatural
number.)

Theorem 1: For any fixed m let An(n) = K(m"*1)/K(m™). Then:

I. Ap(n)|m for all n;
II. A, |Ar,(n + 1) for all n;

ITI. there exists ¢ such that A,(n) = m for all n > ¢.

This theorem emerged from the work of four girls: Shoshi Pashkes, Sigalit
Teshuva, Mali Gana, and Chenit Lotan.

Proof:
(1) 1If p is prime and ¢ is the largest integer such that K(pt) = K(p), then
Theorem 5 in [1] implies .
l1if 1 <n <t -1
Xp(”) = s
pifn=t¢t

from which I, II, and III immediately follow.

1989] 11



ON THE PERIODS OF THE FIBONACCI SEQUENCE MODULO M

(ii) If m = pe, then the conclusion follows from (i), since
Am(n) = Ap(ne)r,(ne + 1) ... Ap(ne + e - 1).

(iii) Now let (a, b) =1 and assume that the theorem holds for m = a and m = b.
By hypothesis and the lemma,

ra () |y 2y (m)|by K(@"B") = [K(a™), K(B™M],
also
K(an+lbn+1) = [}\a(n)K(an), Ab(n)K(bn)]'
Let Ay (n) = K(a"*1b"*1)/K(a"b™). Then A,p(R) [Ag(M)Ap(n). Thus, Agy(n)|ab.

Let p be a prime such that p?r
ity, let pj|a.

Aa()s P K (@™, pe|K(D).
Since p*b, by part I we have p*kb(n), S0 chK(b") for all n. Therefore,

Agp(n). Then p|ab; without loss of general-

Let p®n

3, = Max{x, + y,, ¢} - Max{y,, ¢},

that is, z, = x,, ¢, + y, — ¢, or 0. By hypothesis, x, < x,4; and ¥, < Y,41-
Therefore, 3, < Z,4+1> SO p®"|Agp(m + 1). Since p is arbitrary, we have

Xap () [ Aap(m + 1).

By hypothesis, there exists %4 such that A,(n) = a for all n > 4. Since
Aq(n) = a means that K(a"*!) = ak(a”) this implies that y,4; 2 y, + 1. It fol-
lows that there exists a I > ¢, such that for all n 2 T we have y, > ¢ and thus

2, = Xy.

Since, for such an n, A ,(n) = a, it follows from z, = x, that p*'|a.
Since p*b, it follows that, for all n = T, pz””ab.

For n sufficiently large, this holds for every prime p that divides ab; for
such an 7, Ay, (n) = ab.

Theorem 2: For any even ¢ >3, K(u;) = 2¢. For any odd © > 4, K(u;) = 42.

Remark 1: Amihai and Moshe, the boys who found this, used different words.
They said that the elements of the sequence K(u,), K(ug), K(ue), ... are,
alternatively, the elements of two arithmetical sequences, one with the dif-
ference 4 and one with the difference 8.

Remark 2: The second part of Theorem 2 follows from Theorem 3 in [3].

Proof: K(m) is the first ¢ after 0 such that u; = 0 and u;4+; = 1 (mod m).

Theorem 3 in [1] says: For every m there is a d such that u; = 0 (mod m)
if and only if d|J.

If m=u; > 1 then d = 7, since the elements before u; are not changed when
reduced modulo u;. [This proves that K(u;) is a multiple of %.]

For the same reason, if 7 > 3 then u;-7 # 1 (mod u;).

Now u;4+7 = uz;-1 (mod u;); therefore, if © > 3, then the 2™ element of the

Fibonacci sequence modulo u; does not start a new period, instead, it starts a
sequence of yu;_; multiples (mod u;) of the original sequence. Hence,
= = .2
Upis1 = Upg-y = Uy (mod uy).
For every 7, u%_l = Uy U, + (-1)%; therefore, if 7 is even, then Up;pp = 1
(mod u;) and K(u;) = 27.
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For odd <, Up; 41 = —1; therefore, Uy;p1 = 1y 80 Ugsy £ 1 and K(u;) = 41.
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