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1. Introduction

Let k be a positive integer and let {Tn}:=o be a ktP-order integral linear
recurrence defined by

Tosvr = O Tan-1 YAl gp + oo + 0T, (1
with arbitrary initial terms Ty, Ty, ..., Tx-1. Associated with the recursion
relation (1) is the characteristic polynomial

f@) =xk - gkl - oo - g 1z - q (2)
with characteristic roots r;, ¥, ..., ry. We will seek subsequences of {7}

such that the recursion relation (1) is also satisfied as a congruence modulo
some integer m. Specifically, we will endeavor to find positive integers J and
n such that

Tpara 2 alnig-na + @2ls -2y ¥ oot G Theg + L, (mod m) (3)

for all nonnegative integers wn. This investigation was suggested by Freitag
[2] and by Freitag and Phillips [3] and [4], and will generalize the results of
these papers.

Two approaches will be taken in satisfying congruence (3). In the first
approach, given a fixed modulus m we will seek to find integers d such that (3)
is satisfied. Along these lines, Freitag [2] proved the following theorem:

Theorem 1: Let {F,} as usual denote the Fibonacci sequence. Then
EFoiog 2 Fig + F, (mod 10) (4)

for all nonnegative integers n if and only if d = 1 or 5 (mod 12).[

The second approach will be to take the integer d from among the integers
appearing in a specified sequence such as the sequence of primes and then find
moduli m, depending on d, such that congruence (3) is satisfied. Corresponding
to this approach, Freitag and Phillips proved Theorems 2 and 3 in [3] and [4],
respectively.

Theorem 2: Let {T,} be a second-order recurrence defined by
Z%+2 = alTn+l + QZTn'
Then, if p is a prime greater than 3,

T + a,T, (mod 2p)

n+2p = le

n+p
for all nonnegative integers n.[]

Theorem 3: Let {T,} be a kth-order recurrence with distinct characteristic roots
satisfying

Tosr = O Typay ¥ @l ipp + oore + i1,
Then, if p is a prime,
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Tn+kp = alTn+(k—1)p + QZTVH—(k—Z)p + oo t ak—lTn+p + aan (mod p)

for all nonnegative integers n.[]

2. Definitions and Known Results

We will need the following definitions and lemmas to continue.

Lemma 1: Let {7,} be a k™-order linear recurrence with distinct characteris-

tic roots Pis LPos cevs Ty Then

m

T, = 2: (ch)+ cgnn + oeee + cési"nnsi'l)rf,
=1

where the ¢ are complex constants and g; is the multiplicity of the root r;.

<

Proof: This is a classical result in the theory of finite differences (see, for
example, Milne-Thomson [5, Ch. XIII]).[

Definition 1: The primary linear recurrence {Vn}:;O is the recurrence satisfy-
ing (1) and defined by

V. =r+r)+ - + 1,

where ry, *,, ..., I, are the zeros of the characteristic polynomial (2). If
any characteristic root r, = 0, we define rg to be 1.

Lemma 2: Suppose {T,} is a k'"-order linear recurrence satisfying
Towr = A Tusx-1 ¥ aoByp0 + ooe + gLy

Suppose m is a positive integer such that (a,, m) = 1. Then {T,} is purely
periodic modulo m.

Proof: This is proved by Carmichael [1, p. 344]1.0

Lemma 3: Let {T,} be a ktP-order integral linear recurrence with character-
istic roots ry, ry, ..., . Let h be a fixed positive integer, and let g be a
fixed nonnegative integer. Then the sequence

Snl o0 = {(Thnagly =

also satisfies a linear integral recursion relation

) " o ()
Sypr = 01 Spap-1 T A Bypap F oo ¥ a5, (5)

where a§m, ag”, cees aim are integral constants dependent on % but not on q.

Further, if j is a fixed integer such that 1 < j < k, then
(ny _ _1\d .k ,h h
a; > (-1 Pi Ty, eee Ty (6)

where one sums over all indices il, iz, ...s 7; such that

J

137,1<i2<---<7lj5k.

Proof: This is proved in [6].0]

3. Main Results

We now present our principal theorems.

26 [Feb.



CONGRUENCE RELATIONS FOR k" -ORDER LINEAR RECURRENCES

Theorem 4: Let {I,} be a kth —order recurrence defined by
Tovx = OTngny + @ g p + =00 + Ty

Let p be a prime. Then for all nonnegative integers b,
Tavrpr = 5y e-nypr + 30,0 (ko2)p

where 7 is any nonnegative integer.

+ e + ak_lT + akT (mod p),

n+pt n

Proof: Let Py, Py, ..., Iy be the distinct characteristic roots of {T,}. Let R
denote the integers of the algebraic number field Q(Pl, Pos eees r%), where @
denotes the rational numbers. Let Z denote the rational integers. Let P be a
prime ideal of R dividing p. Let o be the Frobenius automorphism of the finite
field R/P having Z/p as a fixed field. Then o is defined by o(x) = xP. Then,
for any nonnegative integer b, ob, defined by oP(x) = xP", is also an auto-
morphism of R/P fixing Z/p.
Now, for 1 < 72 < m,

ko g k-l k-2 4 ...
rp=ary taryTe ta Ty oA )

Applying o? to equation (7), we have, for 1 < 7 < m,

k
ky - kpb® - b - - = bspk—g
ob(rf) = 7P =0 (a,rk Lya,rk=2 + o0 +ap) = jélajc (577

i

k
Z ajr’_fk'j)Pb (mod P). (8)
J=1

By (8), (1), and Lemma 1, we have

m

_ (0] (1), (my =1) _my;=1\_ n|  kp?

nakpt = 2 [(ci + P+ e+ n rlir;
=1

T

U k .
= 0) (GO (m; =1) mi—l> n (k- d)p?
= igl[(éi + Oi N+ e + C. n ri Jz ajri

2 7

u[\/]x‘
Q
o,

m o o — i)ypb
2‘( EO)-+ cg)n Foeee + oMM 1>rr+%k e

aan+(k—j)pb (mod P). 9)

M

1

]

J

Since the first and last terms of (9) are rational integers, we have

n+7<p Za‘] n+(k—j)p” (mOd p) .D

Remark: We note that Theorem 4 is a generalization of Theorem 3.

Theorem 5: Let {T,} be a kt™M-order recurrence defined by
Toir = 1wy T aphupp o0t Ty

Let ¢ be a fixed positive integer such that (¢, a;) = 1. Then there exists a
fixed modulus g such that if # = 1 (mod g), then

Tovxn = O 0va-vn t Whwg-on * o0 T a1 Thiy + T, (wod o),

where » is any nonnegative integer.
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Proof: 1f h is any positive integer, then by (5) and (6),

_ (h) (h)
Tosxn = a1 Tovx-vn ¥ 2 Tnpx-yn + 000 T a3 T (10)
where, for 1 < j < k,
) _ _iNdt1 R R n
a; > (-1 el ool (11)

where one sums over all indices il, iz, ... 7; such that

J
lsil<i2<-.-<ijsk.

€)) )] @
1 tz 5 eeoey th de-

note the (!77‘) algebraic integers (—l)jﬂri Pooeea 2y where these represent all
1 2 J

Let n; = (?) . Let 1 <4 < k be a fixed integer and let ¢

the (;‘) products taken j at a time of the characteristic roots ry, r,, ..., 7,

of {7,}. By the theory of symmetric polynomials, for a fixed integer J such that

1 <4 <k, the n; algebraic integers '[:(1‘7), téJ), cees tf[i_) are the roots, possibly

with repetitions, of a monic polynomial of degree n; with rational integral co-

efficients.
Let (v}, defined by
) _ (yn O)NZ (&N
V"= (7)) + (£ +-.-+(tnj) P, '
be the primary linear recurrence with characteristic roots tlJ s T2's eees t‘fzi')'
Since (ay, ¢) =1, it follows by Lemma 2 that {V,(f)} is purely periodic modulo c.
Let d; denote the period modulo ¢ of {V,gJ)} for 1 < j < k. Let g be the least
common multiple of dl’ dz, «..s dz. Since by (11),
Vl(J) = ag-l) =a.
it follows that if # = 1 (mod g), then
h RE)R—C)
a§)=vh :V1)=aj (mod ¢). (12)

The result now follows by (10).0

[T
-

Corollary: Let {T,} be a kth-order linear recurrence defined by
Tovxe = a1l oy T AL g p + ooe + g7y

Let p be a fixed prime such that p*ak. Then there exists a fixed modulus g
such that if % = pb (mod g), where b is any nonnegative integer, then

Tovin 2 @l -vn t QL -2n t oo + T, (mod p),

where 7 is any nonnegative integer.

Proof: Let {V,} be any primary linear recurrence with characteristic roots rj,
rza cee s l"k. Then
= pP? p? p? pt pY =
Vpb ry ot r, + ..t 7y :(rl+r2+---+rk) = (V) =7,
(mod p).

Let the primary linear recurrences {V,(IJ)} and the integers afih), where 1 < j < k,
be defined as in the proof of Theorem 5. Choose the modulus g in the same man-
ner as in the proof of Theorem 5, letting p = ¢. Then

G _ @)
Voo” 2 V" (mod g)
and . g
= b)Y G R &)
a;’ = Vh = I/pb = VY= a; (mod p)
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for all j such that 1 £ § < k. The proof now follows by (10).0

Remark 1: Note that if p is a fixed prime, the corollary to Theorem 5 is a
strengthening of Theorem 4.

Remark 2: Theorem 1 follows from the corollary to Theorem 5. By the proof of
this corollary, it can be shown that if d = 1 or 5 (mod 12), then

E;+2d SE .t (mod 5). (13)

Similarly, it can be shown that if d = 1 or 2 (mod 3), then

Fn+2d = Frz+d + F, (mod 2). (14)
It thus follows that if d = 1 or 5 (mod 12), then (14) holds. Since 2 and 5
are relatively prime, it follows from (13)-(14) that if d =1 or 5 (mod 12),
then congruence (4) holds. This proves the necessity of Theorem 1. The
sufficiency of Theorem 1 follows from the fact that {F,} has a period modulo 10
equal to 60. Examining (4) for all integral values of d between 1 and 60 es-
tablishes the result.

Theorem 6: Let {T,} be a k*M-order linear recurrence defined by

Tovr = a1 T @lpnn + o0 + T
Let ¢ be a fixed positive integer such that (¢, a) = 1. Then for all non-
negative integers b, there exists an infinite number of primes p of positive

density in the set of primes such that

Tovipr = O lik-npr F BTt (k-2)pp =00 F G Duppt @l
(mod ¢p), (15)

where 7 is any nonnegative integer. Furthermore, there exists a fixed modulus
g such that if p = 1 (mod g), then congruence (15) is satisfied.

Proof: By Theorem 4, the congruence (15) is satisfied modulo p for any prime p.
Given the integer ¢, we choose the modulus g in the same manner as in the proof
of Theorem 5. By Dirichlet's theorem on the infinitude of primes in arithmetic
progressions, there exists an infinite number of primes p such that p =1 (mod
g). Further, the density of such primes is 1/¢(g), where ¢ denotes Euler's to-
tient function. By Theorem 5, congruence (15) is also satisfied modulo ¢,
since p? is also congruent to 1 modulo g for any nonnegative integer b. Since
we can also assume that (p, ¢) = 1, it follows that (15) is satisfied modulo
ep. U

Corollary 1: Let {T,} be a ktP-order linear recurrence defined by
Tovre = @lpix-1 ¥ apluupxop + o0 + Ty

Let ¢ be a fixed prime such that c*ak. Then for all nonnegative integers b,
there exists an infinite number of primes p of positive density in the set of
primes such that

Lvipe = A Tw e-npr + 5w (k-pypr + 0 G Tuipe + T,
(mod ¢p), (16)
where 7 is any nonnegative integer. Furthermore, there exists a fixed modulus

g such that if the prime p = ¢ (mod g), where b is any nonnegative integer,
then congruence (16) is satisfied.
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Proof: This follows by the corollary to Theorem 5 and the proof of Theorem 6.

Corollary 2: Let {T,} be a second-order linear recurrence defined by

Tn+2 = alTn+1 + aZTn'

Then for all primes p > 3 and for all nonnegative integers b,

Ttopy = ayT + a,T, (mod 2p), ‘ (17

1 n+pb
where 7 is any nonnegative integer.

Proof: Let p > 3 be a prime. By Theorem 4, congruence (17) holds modulo p for
all n. We will show that (17) also holds modulo 2 for all n. - The corollary
will then follow since (2, p) = 1.

First, suppose that 2|a2. Considering the characteristic polynomial f(x)
of {7,} modulo 2, we have

f@) =2? -ax -a, = x(x - a,) (mod 2).

Hence, the characteristic roots of {I,} modulo 2 are r; = a; (mod 2) and r, = 0
(mod 2). As in the proof of Theorem 5, we have that if % is any nonnegative
integer, then

Tn+2h = a(].k>Tn+h + a'(Zh)Tn ’ (18)
where aim and aém are defined as in equation (11). Constructing the primary
linear recurrences {V{V} and {V{?} as in the proof of Theorem 5, we observe
that

vV = a; (mod 2) (19)
for all » =2 1 and

VP = g, = 0 (mod 2) (20)
for all w 2 1. By (12) and (18)-(20), we see that for j = 1 or 2,

P = = a; (mod 2) ‘ (21)

for all positive integers h. Letting # = p?, equation (18) and congruence (21)
lead to the congruence

T = a7l + a,7 (mod 2),

n+2pb n+p’ 27 n

which is what we wanted to show.

Now, suppose that 2*02» Constructing the primary recurrences {ng} and
{V%D} as in the proof of Theorem 5, we see that {VS} and {V{?} are each purely
periodic modulo 2 by Lemma 2. Further, one can easily determine that the period
of the second-order recurrence {V%n} modulo 2 is either 2 or 3, and the period
of the first-order recurrence {V%Q} modulo 2 is 1. It thus follows that if we
determine the modulus g, as in the proof of Theorem 5, then g = 2 or 3. By
Theorem 5, if g = 2 and p is a prime such that p = 1 (mod 2), then congruence
(17) holds modulo 2. By the corollary to Theorem 5, if g = 3 and p is a prime
such that p = 1 or 2 (mod 3), then the congruence (17) again holds modulo 2.
Since for any p > 3, p =1 (mod 2) and p = 1 or 2 (mod 3), the result now fol-
lows.[]

Remark: Note that Corollary 2 to Theorem 6 generalizes Theorem 2.
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