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1. Introduction

A new look at Zeckendorf's theorem [1] has led to several seemingly
unexpected results [2], [3], [4], [5], [6]. It is the purpose of this paper to
extend previous findings [4] by involving squares of Fibonacci numbers (F,) and
Lucas numbers (L;).

The Fibonacci representation of a positive integer N (F-representation of
N) [1] is defined to be the representation of ¥ as a sum of positive, distinct,
nonconsecutive Fibonacci numbers. It is unique [7]. The number of terms in
this representation is symbolized by f(¥).

Consider the sequences

{F2/F,}, {F?2/L,}, {12/L,}, {LZ/F,}.

Necessary interrelationships between n and m need to be stipulated to assure
integral elements in these sequences. We will predict the number of terms (F'-
addends) necessary in these representations, and will also exhibit the repre-
sentations themselves.

Beyond the identities I, Iy, - I;g, and I,; = I, available in [7], the
following further identities are used in the proofs of theorems:

ii 7 - Eﬂr+1)+b + (_l)a—l ar+b ~ Eh+b + (_l)afz_ (1.1)
= ai+b L, + (—l)a'l -1 4

Lyty = (DKL, = 5F,Fy; (1.2)
Ln+k + (_l)Ln—k = LyLg. (1.3)

Their validity can be readily proved with the aid of the Binet form for F, and
L, . 1In particular, (1.1) plays a prominent role throughout the proofs.

2. The F-Representation of FJ /F,

If s is an odd positive integer and k is a natural number, then

sk/2 if k is even
fEZ /F) = (2.1)
s(k - 1)/2 + 1 4if k is odd

and
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k/2 s

2 2 Fusiroj-3s-1 if k is even, (2.2)
P2 Jp = i=1g4=1
sk ’"s (k-1)/2 s
o+ _2%‘ 2:1Fhsi+2j—s—1 if k is odd. (2.3)
1= J=

Proof of (2.2) (k is even): Using (l.1), I3, Ipy, Iy, and Iy, the right-hand
side of (2.2) can be rewritten as

k/2
2 (Fugi-s41 = Fugi —s-1 = Fugi —3541 + Fugs —35-1)

=1

k/2 k/2

> (Fusi-s = Fugg —35) = Dy 2 Fugi-2s
i=1 =1

LS(F23k+28 = Fogx ~-28 ~ ZFZS)/(LHS -2)

Lo(LoskFos = 2F25) /[ (Lys = 2) = LeFps (Lpgr — 2)/(Lys = 2)
2

SLSFZSFSZk/(SFZS) = Lstzk /FZS = Fszk/Fs'

Proof of (2.3) (k is odd): Using (1.1), I53, Iy, I14> L7, and I;7, the right-
hand side of (2.3) can be rewritten as

(k-1)/2
Fo + E:l Fugiverr ™ Fugivo-1 = Fusi-ss1 T Fugg —s-1)
(k-1)/2 (k-1)/2
=F + z (FHsi+s— Fusi—s) = Fs + L Z sti

=1 =1
=Fs + Lo(Fygping = Fogp-2s = Fus)/ Ty = 2)
= FS + LS(L2S7<F28 - FL}S)/(LHS - 2)
=F, + Fy L Ly Lzs)/(5Fzzs) =P + LoDy = L)/ (5Fy)
= (5FsFy, + Ly(Lygy = Ly ))/(5F,,) = L (5FZ + Ly = Lpg)/(5F,.)
= (5F2 + Ly = Ly )/ (5Fy) = (Lyy + 2)/(5Fy)
= 572 /(5F,) = FZ /F,.
(2.1) follows readily from (2.2) and (2.3).

As a particular case, letting s = 1 in (2.1), (2.2), and (2.3), we have (see
also [3])

FFEH = [k + 1)/2], (2.4)

where [x] denotes the greatest integer not exceeding x, and

k/2
jz%‘qu_z if k is even,
2 _ - (2.5)
Fk (k=-1)/2
F,+ > F,. if k is odd.
i=1

Theorem 2: 1If s is an even positive integer and k is a natural number, then
FUFELIE) =k (2.6)

and
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k
2 =
F3 /F, jz;lFZSJ' r (2.7)

Proof of (2.7): 1Using (1.1), I,,, and Iyg, the right-hand side of (2.7) can be
rewritten as

Foorvs = Fosk-s = ZFS)/(Lzs = 2) = (Lpy Fs ~ 28:) /Ly = 2)
= (Fy (Lpg = D)/ Ly, = 2) = (5E,FEZ)/(5F2) = Ej /F,.
(2.6) is an immediate consequence of (2.7).

As a particular case, letting s = 2 in (2.6) and (2.7), we have [cf. (2.4)
and (2.5)]

f(F) =k (2.8)
k

and

2 =
Pl = 2 P4 s (2.9)
J=1

3 2
3. The F-Representation of F7 /L

Theorem 3: (t = 28) If s is an odd positive integer and k is a natural number,
then
F(F34/0) = (s + 1)k/2 (3.1)

and
k (s-1)/2

2 =
Fésk/Ls - ;gi(ELsi—3s+1 + 2: Ehsi+4j—3s)' (3.2)

Proof of (3.2): Using (1.1), Ijy, (1.2), Ioy, Iyg, and I, the right-hand side
of (3.2) can be rewritten as

k

'L’gl (F‘+si -3s+1 + (Fusi -s+2 Fhsi -s-2 ~ Fhsi -3s+h + Fhsi -33)/5)

+ 5F

k
i§l Csr - ™ Fugi ~364u T Fugy -3 boi -3541) /3

K x
- (Lygi =5 + Liygy 235)/5 = FsiglFus-; -2s

i

= E;(Ehsk+25 - FHSk—Zs - ZFZS)/(LHS - 2)

= Fs (L'—fskFZS - ZFZS)/(LHS -2) = FSFZS (L'+sk - 2)/(LL+S - 2)
2 2 = = 2

S5F, FZSF?_sk/(SFZS) = I F223k /FZS - F23k /Ls'

(3.1) follows.

Theorem 4: (t = 2s) 1f s is an even positive integer and k is a natural num-
ber, then

F(F2.10,) = sk/2 (3.3)
and
k s/2
2 =
Flally = 2 2 Fupryniose-2- (3.4)
=1 g=1
Proof of (3.4): As in the proof of Theorem 3, using (1.1), Iy4, (1.2), Iyy,

Iy, and I, the right-hand side of (3.4) can be rewritten as
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x
E:l(Fusi—s+2 = Flugi-s-2 7 Fugi 3540 Fugi—35-2)/5
o

k k
- _ - - 72
igl (L‘+si -s Lusi -3s )/5 = Fsigl Fhsi -2s F23k /Ls -

(3.3) follows.
It can be noted that, by letting s = 2 in (3.3) and (3.4), we obtain the
same identities as those resulting from s = 4 in (2.6) and (2.7).
Theorem 5: (t = s = 3) 1If k is an odd positive integer, then
F(F3 /L) =k (3.5)

(k-1)/2
Falb =F, + jz;l (F

and

12j-2 T Fraj41) (3.6)

Proof of (3.6): Using (1.1), Ip,, and I;7, the right-hand side of (3.6) can be
rewritten as
(k-1)/2
+2 > F
Jj=1

7y 12 = Fy + 2(Fguug = Fepog = F1)/ Ly, = 2)

=1+ (8Lg, - 144)/160 = (Lg, + 2)/20 = 5F2 /20 = F% /4.
(3.5) results from (3.6).

4. The F-Representation of L2, /L,

Theorem 6: (s = 1) 1If k is a natural number, then

k if k=1, 2
FL2/L)) = f(Lf) =43 if k 2 4 is even (4.1)
k-1 if k > 3 is odd
and
Fy+ Fy | +Fy, if k24 is even, (4.2)
2 = 72 =
L2/, = L% = -
Fopiy +j§%~F2j+2 if k 2 3 is odd. (4.3)

Proof of (4.2): (k = 4 is even) Using I;5, the right-hand side of (4.2), which
is given by the sum of three F-addends, can be rewritten as

= = 72
Fy + Ly, = Ly, + 2 = L.

Proof of (4.3): (k = 3 is odd) Using (l1.1) and I;g, the right-hand side of
(4.3) can be rewritten as

F +F2k-—F -2=17r

2k+1 2k -2 2k
(4.1) follows as it is trivial for k = 1 or 2.

Theorem 7: If s and k are odd positive integers (s > 1), then

fg /n,) = 2k (4.4)
and

k
2 /7 =
Lsk /L's _j};l(FZ.sj —s-1 T F23j—s+1)' (4.5)
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Proof of (4.5): Using (1.1), (1.3), and I;g, the right-hand side of (4.5) can
be rewritten as

(L25k+s - LZsk—s - ZLS)/(LZS -2) = (LSLZSk - ZLS)/(LZS - 2)
= Ly(Lyg = D/ Ly, = 2) = LLE /12 = 12 /1.
(4.4) follows.

Theorem 8: 1If s is an even positive integer and kX is an odd positive integer,
then
1 if k = l} and s = 2
FL2 /L) = {k+1 if k 2 3 (4.6)
(s + 1)k -1)/2+2 if s 2 4
and (for s = 2):
F, if k=1
1,2 = f
2k/3 k-1)/2 (4.7)
Fy + P+ jZ%- (Fgi_3 + Fg:_y) if k > 3;
(for s 2 4):
) (k-1)/2
Lsk/Ls = Fs-l + Fs+]_ + P (Fqsi—s-z * F'-rsi—s+l
8~2
t Fisivst1 +j§lFl+si+2j—s+2)' (4.8)

Proof of (4.7): (s = 2) The statement clearly holds for kx = 1. For k 2 3,
using (1.1), (1.2), and I;g5, the right-hand side of (4.7) can be rewritten as

Fot Fugor v Uy = Ly g = 19/ (Lg = 2)

= L+ Fy_y + OFFy , = 15)/45 = 1+ Fip | + (Fyy_, - 1)/3
- - - 72

=3F 1t Py, +2)/3 = (L, +2)/3=1%/3.

1

PY’OOf Of (4.8) (s 2 4) Using (1.1), IlL}’ (1.2), Izq, I7, I16’ and I15 , the
right-hand side of (4.8) can be rewritten as

(k-1)/2

Lot & Fuggop ¥ Fugp oy * Fuginons ¥ Fuins
(k-1)/2 - Fhsi+s—2 B F‘+si—s+‘+ + F‘+si—s+2)

=Lg + iz%_ Fugios-2 = Fusiosro T Fugirssn Fhsi+s—2)
(k-1)/2 (k-1)/2

=1L + iz%, Tygivs = Lygg-s) = Ls + 5Fs };1 F&si

= Lg + 5F (Fogpine = Fogr—0s = Fug)/(Lyg = 2)

= - 2 = -

=Lg + S5, Fy (Lyy = Ly )/ (5FZ) = Ly + Fo(Lyy = Ly )/Fy,

- 2 -
Ls + (LZSk - LZS)/LS - (Ls + LZsk LZS)/LS
Lo + 2)/Lg = L5 /L,.
(4.6) follows from (4.7) and (4.8).
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5. The F-Representation of L2?/F, for Certain Values of n and m

Theorem 9: (n = 3k, m 3) If k is a natural number, then

FL5, /F3) = 2k - 1 (5.1)
and
2k -3
Fo + Fg 2: F3j+4 if X is even (5.2)
L3, /2 = 2k-2 I=1
Fe, + jgl Fyivy if k is odd. (5.3)

Proof of (5.2) (k is even): Using (1.1), I,3, Iy, , and Ij5, the right-hand side
of (5.2) can be rewritten as

Fgt Fop + (Fgpg + Fops = Fq = P/,
=5+ (4, + Fo_p + Fop_s = 16)/14
Lt (Fagpyg = Fopog ¥ Fopp + Py _s)/4
Lt (Fogpg t Fo_g)/b
_ _ - 72
1 + L6kF3/a =1+ L6k/2 = (L6k + 2)/2 = L3k/2'

]

1]

I

Proof of (5.3) (k is odd): As before, using I;g instead of I;g5, the right-hand
side of (5.3) becomes

Fep + (Fgpp ¥ Fep_g = Fy = F)/1g
= (4F6k + F6k—2+_F6k~s)/4 -1
= L6k/2 -1 = (L6k - 2)/2 = L3k/2'

(5.1) follows from (5.2) and (5.3), regardless of the parity of k.

Theorem 10: (n = 6k - 3, m = 6) If k is a natural number, then

FLE _51Fg) =3k - 2 (5.4)
and
, k-1
Lgy-3/8 = Fg + ;zﬁ(FIZj—H t i1 T Figes)e (5.5)
i

Proof of (5.5): Using I3, (l.1), I,y, Ipp, and I1g, the right-hand side of
(5.5) can be rewritten as

k-1
Fy+ Ezl(Flzj—H + 3 5541)
i

Fy+ (Fygpoy = Fiopoie ¥ 3 oper = Frog-11) — 7200/320
= (FgLiog-10 * 3F6Lygp-5 = 80)/320 = (3Lypy 5 + Lypp_1q ~ 10)/40
= (Figp-1 + Fiop-q1 = 10)/40 = (5L, ¢ = 10)/40
= (Lgr-1) = 2)/8 = L /8-

(5.4) follows.

Note that the case (n = 2k, m = 4) is nothing but the case (4.7) of Theorem 8.
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6. Concluding Remarks

F-representations of the sequences
{F5 /F Yy AFZ /LY, {F2,/03Y, {02 /L,}, and {L2/F,}

have been investigated and their f-functions, as well as the specific summation
expressions, have been given. The authors believe that the results presented
in this paper are new. Many further analogous sequences could be analyzed.
Possibly, some of the work above could be extended to simple cases of the se-—
quences {Ff/d} and {LS/d}, where k¥ 2 1, and d is a power of certain Fibonacci
or Lucas numbers. The authors hope to continue their investigations in this
area. As an example, we offer the sequences:
(1) {Fg/F7y and  (i1) ({FZ, /FZ}.
Example (i): (s = 4)

(4k - 1)/3 4if k = 1 (mod 3)
FEZIFE) = {4k + 1)/3 if k = 2 (mod 3) (6.1)
) 4k/3 if k¥ = 0 (mod 3)
and
. (k-1)/3
Fy + _El Fopgoro ¥ Fougos ¥ Foupon + Fougen)
= . —
(k-2)/3 if k = 1 (mod 3),
2 -
Fg /9 =1 + 8 +Fy + iz;l Fougoo ¥ Fongas T Fouger ¥ Foying) (6.2)
k/3 if Xk = 2 (mod 3),
bigl(qui—la * Foug-13 ¥ Fougog ¥ Faygog) 1£ K =0 (mod 3).
Example (ii) : (¢ = 4) It can be proved that, for g > 2, F§|Fm if and only if
m= ksF, (k =0, 1, ...). 1In this particular case, we have (cf. [4], Th. 5).
3k if k is even
2y - _
JC‘(FL”CFL+ /Fq> - f(FIQk/9) = . . (6.3)
3k - 1 if k is odd
and
k/2 4
Ezl(qui_lg P, 5t 2:1F24i+2j_17) if k is even
7= J=
F = 6.4
12%/9 (k-1)/2 4 (6-4)
F, +F, + igl (Foys o7 Fouirs +j§=le2%+2j_5) if k is odd.

We leave the proofs of these illustrative examples to the enjoyment of the
reader.
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