
ON THE F-REPRESENTATION OF INTEGRAL SEQUENCES {F*/d} AND 

[h^ld] WHERE d IS EITHER A FIBONACCI OR A LUCAS NUMBER 

Her t a T . F r e i t a g 
B40 Friendship Manor, Roanoke, VA 24012 

Piero Fil ipponi 
Pondazione Ugo Bordoni, Roma, Italy 

(Submitted June 1987) 

1. Introduction 

A new look at Zeckendorf's theorem [1] has led to several seemingly 
unexpected results [2], [3], [4], [5], [6]. It is the purpose of this paper to 
extend previous findings [4] by involving squares of Fibonacci numbers (Fn) and 
Lucas numbers (Ln). 

The Fibonacci representation of a positive integer N (^-representation of 
N) [1] is defined to be the representation of N as a sum of positive, distinct, 
nonconsecutive Fibonacci numbers. It is unique [7]. The number of terms in 
this representation is symbolized by f(N). 

Consider the sequences 

{F%/Fm}, {F^/LJ, {Ll/Lm}, {L$/Fa}. 

Necessary interrelationships between n and m need to be stipulated to assure 
integral elements in these sequences. We will predict the number of terms (F-
addends) necessary in these representations, and will also exhibit the repre-
sentations themselves. 

Beyond the identities J7, J^ - J^ , and J2i ~ -̂24 available in [7], the 
following further identities are used in the proofs of theorems: 

Fa(r+l)+b + (-1)a' lFar + b " Fa + b + ( " ^ F h v- „ _ La(r+\)+b ^ ^ L> Lar + b La + b ^ ^ x > L b , , , N 

Fn + k ~ f""1) Fn-k ~ tjFnFk> (1-2) 

Ln + k + (~DLn_k = LnLk. (1.3) 

Their validity can be readily proved with the aid of the Binet form for Fn and 
Ln, In particular, (1.1) plays a prominent role throughout the proofs. 

2. The F-Representation of Fs
2
k /Fs 

If s is an odd positive integer and k is a natural number, then 

isk/2 if k is even 
f(F

s
2
k/F

s) = (2.1) 
[s(k - l)/2 + 1 if k is odd 

and 
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n*i*. -

k/2 s 
E E *Vsi + 2 j - 3 s - 1 i f k i s e v e n > 

(fc-l)/2 8 

^ s + E E *Vsi + 2 j - e - l i f k i s o d d -
i = 1 J = 1 

( 2 . 2 ) 

( 2 . 3 ) 

Proof of (2.2) (k i s even): Using (1.1) , I23> ^24» ^16' a n d ^ 7 > t h e right-hand 
side of (2.2) can be rewritten as 

k/2 

k/2 
E (As 

i = l 

fc/2 
?) - ^s E Fhsi-Fhsi-3s) ~ ^s l^ rhsi-2s 

i = l 

~ Ls(F2sk + 2s ~ ^2sk-2s " 2F2s ) / ĈM-s ~ 2 ) 

= Le{Ll8kFl8 - 2Fls)/(Lhs - 2) = LsF2s(L2s^ - 2)/(Lifa - 2) 

= 5LsF2sFsk l^F2s) = LsFsk/F2s = Fsk/Fs' 

Proof of (2.3) (k i s odd): Using (1.1) , X23' -^24' -̂ 16* I7> a n d ^ 1 7 5 t h e r ight -
hand side of (2.3) can be rewritten as 

(k- l)/2 
F

s + 2^ ^i+si + s + l " Fi+si+s-l " A s i - s + 1 + A s i - s - l ) 
^ = 1 

(/c-D/2 (fc-l)/2 

= ê + E (*w+s- *w_fl) = ŝ + Fs E ^s i 
i = 1 ^ = 1 

= ?
S + M^2s* + 2a " *2a*-2a " ^ S ) / ^ a " 2) 

= FS + i s ( i 2 s ^ 2 s - F ^ K L ^ - 2) 

= ?a + V a ^ a * " L2a ) / (5FL > " f
S + M ^ a f c " ^ a ^ 5 ^ 

= (5^a^2a + Ls(L2sk " L 2 a > ) / ( 5 F 2 S ) " Ls ^Fe + L2sk " L2a > ' <5F2a > 
r2sfe = ^ + L 2 ^ " L2s^'^Fs) = 0 ^ * + 2 ) / ( 5 F a ) 

= 5F*k/(5F8) = FlklFs. 

(2.1) follows readily from (2.2) and (2.3) . 

As a part icular case, l e t t ing s = 1 in (2.1), (2.2), and (2.3), we have (see 
also [3]) 

( 2 . 4 ) f(F£) = [(k + l ) / 2 ] , 

where [x] denotes the greatest integer not exceeding x, and 

if k is even, 

?l = 

k/2 
E F 

J = i 
4j-2 

(/c-l)/2 
^o + E *V if /c is odd. 

,7 = 1 J 

(2.5) 

Theorem 2: If s is an even positive integer and A: is a natural number, then 

fW&IV = k (2.6) 
and 
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Proof of (2.7): Using (1.1), L. , and J16> the right-hand side of (2.7) can be 
rewritten as 

^Zsk+s ~ F2sk-s - 2Fe)/(L2s - 2) - (L2skFs - 2FS)/L2s - 2) 
" <VL2s* - 2 » / ( £

2 s " 2) " (5FaF|fe)/(5Ff) = F | /F e . 
(2.6) is an immediate consequence of (2.7). 

As a particular case, lett ing s = 2 in (2.6) and (2.7), we have [cf. (2.4) 
and (2.5)] 

/ (F2\) = fe (2.8) 
and 

F2k = ? ^ - 2 - (2-9) 
J =1 

3. The F-Representation of Ffk IL 2 

' "s 

Theorem 3: (t = 2s) If s is an odd positive integer and A: is a natural number, 
then 

/Wfefc/V = (s + Dk/2 (3.1) 
and 

k ( s - l ) / 2 
F2sk^Ls = A ^ s i - 3 s + l + ^ - *Vsi + 4j - 3s ^ " (3 .2 ) 

^ = l j = l 

Proof of (3.2): Using ( 1 . 1 ) , jTl i f , ( 1 . 2 ) , I2i+> -^16* a n d II* t h e right-hand side 
of (3.2) can be rewritten as 

k 

LJ (Fi+si -3s + l + ^i+si -s+2 " Fhsi~s-2 " Fksi-3s + k + F hsi - 3s ^ ^ ^ = 1 

A: 

2_, (^ifsi -s ~ Fhsi -3s+ 4 + J ? W - 3 s + ^Fhsi - 3s + 1 ̂  ' 5 

^ = 1 

k k 
= E ( ^ -s + ̂  _ 3 s )/5 = Fs J2 Fhsi _2s 

^ = 1 ^ = 1 

= M*Va* + 2fl " Fksk-2e " 2F2e"<>L»e - 2 ) 

" Fe^ekF2s ~ 2 F 2 S ) / (^ S " 2) = ^ 2 s (^s* " 2)/(L,s - 2) 

= 5*; V2
2

s fc/(5F2
2

S) = FsFisk/F2s - F|8fc/Le. 
(3.1) follows. 

Theorem 4: (t = 2s) If s is an even positive integer and k is a natural num-
ber, then 

f(F2sk/Ls) = sk'2 (3-3) 
and 

k s/2 

^V^s - Z E^ef+W-3a-2- (3-4> 
^ = 1 j = 1 

Proof of (3.4): As in the proof of Theorem 3, using (1.1), Jllf, (1.2), J24, 
J16, and J7, the right-hand side of (3.4) can be rewritten as 
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E w. 
i = l 

ksi-s + 2 Fhsi~s-2 Fksi -3s+2 + Fksi - 3 s - 2 ^ 5 

= Z (^ Jhsi-s Lhsi-^s^5 " Fs E Fi+8i-2s ~ F2sk^Ls" 
^ = 1 ^ = 1 

( 3 . 3 ) f o l l o w s . 

It can be noted that, by letting s = 2 in (3.3) and (3.4), we obtain the 
same identities as those resulting from s = 4 in (2.6) and (2.7). 

Theorem 5: (t = s = 3) If k is an odd positive integer, then 

f(Flk/L3) = k 
and 

( fc -D/2 
* V 4 = F 2 + E ( ^ i 2 J - 2 + ^ 1 2 , - + l ) -

( 3 . 5 ) 

( 3 . 6 ) 

Proof of (3.6): U s i n g ( 1 . 1 ) , Iih> a n c * -^17? t n e r i g h t - h a n d s i d e of ( 3 . 6 ) c a n be 
r e w r i t t e n a s 

F2 + 2 E , ^ 1 2 , = ^2 + 2 ^ 6 / c + 6 " ^ f c - 6 " F 1 2 > / ^ 1 2 " 2 ) 
J =1 

= 1 + (8L6 f e - 1 4 4 ) / 1 6 0 = ( L 6 k + 2 ) / 2 0 = 5 ^ / 2 0 = i ^ / 4 . 

( 3 . 5 ) r e s u l t s f rom ( 3 . 6 ) . 

4 . T h e F - R e p r e s e n t a t i o n of L^kILs 

Theorem 6: (s = 1) I f A: i s a n a t u r a l n u m b e r , t h e n 

fc i f k = 1 , 2 
3 i f /c > 4 i s e v e n 
fc - 1 i f k > 3 i s odd 

/ O ^ i ) = /0£) 
and 

L\ILX - L\ -

^ 3 + F2k-l + ^ 2 k + l i f ^ ^ 4 i s e v e n , 

fc- 2 
^2fc+l + E

 F
2j + 2 if ̂  3 is odd. 

J= 1 

(4.1) 

(4.2) 

(4.3) 

Proof of (4.2): (k > 4 is even) Using J15, the right-hand side of (4.2), which 
is given by the sum of three F-addends, can be rewritten as 

F3 + L2k = L2k + 2 = Lk' 

Proof of (4.3): (k > 3 is odd) Using (1.1) and J18, the right-hand side of 
(4.3) can be rewritten as 

F2k+l + F2k " F2k-2 " 2 = L2k ~ 2 = Ll' 
(4.1) follows as it is trivial for k = 1 or 2. 

Theorem 7: If s and k are odd positive integers (s > 1), then 

f^k/L„) - 2fe 
and 

1989] 

^ / - s = Z(FZsd-s-l + ^ 2 s j - - s + 1 ) ' 

(4.4) 

(4.5) 

279 



ON THE ̂ -REPRESENTATION OF INTEGRAL SEQUENCES 

Proof of (4.5): Using (1.1), (1.3), and I 1 8 , the right-hand side of (4.5) can 
be rewritten as 

<L2sfc + s " L2sk-e ~ 1Ls)l^2s ~ 2> = (LsL2sk " ^s)/(L2s - 2) 
Ls (hsk 2 ) / ( £ 2s 2) -LaLk/L* - LljL sk I ^s 

(4.4) follows. 

Theorem 8: If s is an even positive integer and k is an odd positive integer, 
then 

1 if k = 1 \ , 
fc+ 1 if fc > 3 j a n d 5 = 2 (4.6) 
(s + l)(/c - l)/2 + 2 if s > 4 

/ t f f l W 
and (for s = 2) 

qk/3 = J 
if fc = 1 

^ 2 + ^ f e - l + ,?, ^ - 3 + ^ - l > i f * * 3; 
(for s > 4): 

(fc- D / 2 

E 
J = I 

(fe- D/2 , 

( 4 . 7 ) 

s-1 s+1 ^ s f - s - 2 + ^ s i - s + 1 
-1;/2/ 

= 1 \ 
s- / \ 

+ ^4s£ + s + l + .2^ ̂ i4si + 2 j - 5 + 2) 
J = 1 / 

s - 2 
( 4 . 8 ) 

Proof of (4.7): (s = 2) The statement clearly holds for k = 1. For fc > 3, 
using (1.1), (1.2), and J15, the right-hand side of (4.7) can be rewritten as 

F2*+Fkk-1 + <S* + 2 ~ hk-S ~ 15)/(£8 " 2) 
= 1 + F^_x + {5FhF^_2 - 15)/45 - 1 + P ^ . j + (^k_2 - l ) /3 

= 3 f ^ - l + Fkk-2 + 2)/3 = (£,, + 2)/3 = qk/3. 

Proof of (4.8): (s > 4) Using (1.1), Ilk, (1.2), I l h , I7, J 1 6 , and I15 , the 
right-hand side of (4.8) can be rewritten as 

(fc-l)/2 

^ = 1 
- F 

(fc- D/2 

+ F + F 
hsi-s-2 hsi-s + l hsi + s + l hsi + s 

- F + F } 
^si + s-2 hsi-s+h hsi- s + 2J 

Ls + 2^ ^i+si-s-2 Fhsi-s + 2 + hsi+s + 2 hsi + s-2' 

(fc-l)/2 (k-l)ll 

^ = 1 ^ = 1 

?2s ViJ2sk " ""2s' 

FHeW»e ~ 2> s ^ 2sk + 2s "" 2sA: - 2 s 
= Ls + 5FsF,s(L7g, - L,J/(5F2

2
s) = Ls + Fs(L2sk 

2 

LoJ/F. 2s 

= (L2g, + 2)/Ls = L^/L,. 

(4.6) follows from (4.7) and (4.8). 
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5. The F - R e p r e s e n t a t i o n of L2
nl'Fm for Ce r t a in Values of n and m 

Theorem 9: (n = 3k, m = 3) I f k i s a n a t u r a l number, then 

fV>lk/F3) = 2k - 1 (5 .1 ) 
and 

2k- 3 
^5 + F6k+ . E F3j + i+ i f & i s even (5 .2 ) 

2/< - 2 J ' = X 

?6k + E ^ 3 j - + 1 i f k i s odd. (5 .3 ) 
3 = 1 

^ / 2 = 

Proof of (5.2) (k i s e v e n ) : Using ( 1 . 1 ) , X23 » -̂ 22 » anc* -̂ 15 » t n e r i g h t - h a n d s i d e 
of (5 .2 ) can be r e w r i t t e n as 

F5 + f6 f e + ^ 6 * - 2 + FSk-5 " F 7 ~ V ^ S 
= 5 + (4* 6 k + ^ 6 , _ 2 + ^ _ 5 " 16) /14 

= ! + ^ 6 k + 3 " F6K-3 + ^ - 2 + ^ - 5 ) / 4 

= 1 + ^ 6 k + 3 + F 6 f e - 3 > / 4 

= * + ^ S / c V 4 = ! + L 6 k / 2 = ^ 6 * + 2 ) / 2 = L i / 2 -

Proof of (5.3) (k i s odd).: As b e f o r e , us ing IlQ i n s t e a d of J 1 5 , the r i g h t - h a n d 
s i d e of (5 .3 ) becomes 

F,K + ^6fc-2 + FSk-s -F^-FJ/L 

' ^Fek +Fek-2 + F6k-sy^ ~ 1 
3 

= HJ2 ~ l = ^6)1 " 2 > / 2 = £ 3 f c / 2 -

(5.1) follows from (5.2) and (5.3), regardless of the parity of k. 

Theorem 10: (n = 6k - 33 m = 6) If k is a natural number, then 
/ U & W = 3fc - 2 (5.4) 

and 
i f f c - a / 8 = F3 +ktl(F12j-M + F 12 , ' - l + F12J+3>- ( 5 - 5 ) 

J = l 

Proof of (5.5): Using I 21> (1-D» ^24 » ^22' a n d -^18' t h e right-hand side of 
(5.5) can be rewritten as 

F3 + t <.F12j-* + 3F12J.+ 1) 
J = 1 

= F3 + tfm-f " F12fc-16 + 3(^12k + 1 " ̂ i2k-ll) " 720)/320 

= (Vl2*-10 + 3F6L12k-5 " 8 ° ) / 3 2 0 = (3L12fc-5 + ^12^-10 " l0^^° 

= ^12^-1 +^12fc-ll " 1 0 ) / 4 °  = ^5L12.-6 " 1 0 ) / 4 0 

= (L6Uk-l) ~ 2 ) / 8 = L3(2fc-1)/8-
(5.4) follows. 

Note that the case (n = 2fc, 777 = 4) is nothing but the case (4.7) of Theorem 8. 
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6. Concluding Remarks 

^-representations of the sequences 

<*& 'Fs > . ^Lk 'Le > • Wh /h > > ̂  /^ > • and {Ll/Fm } 
have been investigated and their /-functions, as well as the specific summation 
expressions, have been given. The authors believe that the results presented 
in this paper are new. Many further analogous sequences could be analyzed. 
Possibly, some of the work above could be extended to simple cases of the se-
quences {F^/d} and {L*/d}, where k > 1, and d is a power of certain Fibonacci 
or Lucas numbers. The authors hope to continue their investigations in this 
area. As an example, we offer the sequences: 

(i) {*&/#} and (ii) {F^ IF*}. 

Example (i) : (s = 4) 

nrtjn~> 
and 

F2 /9 rhk / y 

^k 

F2 + 

(4fc - l)/3 if k = 1 (mod 3) 
{kk + l)/3 if k = 2 (mod 3) 
4£:/3 if k = 0 (mod 3) 

(k- l)/3 
E tf 

^ = i 
4- F + F 

F3 + F? + F9 

(fc-2)/3 
+ E (*• + p 

fe/3 

2hi-li + F 2 4 i - 1 3 + F2ki-3 + F2hi-7 

+ ^ 2 ^ + l) 

if k = 1 (mod 3), 

r24i + 7 r 2 ^ + 9; 

if £ = 2 (mod 3), 

) if k = 0 (mod 3). 

(6.1) 

(6.2) 

Example (ii) : (s = 4) It can be proved that, for s > 2, Ffji^ if and only if 
m = ksFs (k = 0, 1, . . . ) • ln this particular case, we have (cf. [4], Th. 5). 

fVwjH') = f(pi2k/v = 
3fc if k is even 

3fc - 1 if k is odd 
(6.3) 

and 

Fl2k^ = 

k/2 

.-, 2^-19 + F24t-5 ' .^/'2 4i4-2j-
^ = 1 j = 1 

(fc- D/2 

E (*2 + ^ F 2 ^ i + 2j-l7^ if /c is even 

(6.4) 

+ F7 + E (*W-7 + ̂ W + 7 + E *W + 2j-5> if * is o d d« 
j = l 

We leave the proofs of these illustrative examples to the enjoyment of the 
reader. 
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