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1. Introduction and Summary

Unless otherwise explicitly stated, in this paper k is a fixed positive in-
teger, n; (1 < 7 < k) and n are nonnegative integers as specified, p and x are
real numbers in the intervals (0, 1) and (0, «), respectively, q = 1 - p, and
[x] denotes the greatest integer in x. Let

{(FOw@) 1 _,
be the sequence of Fibonacci-type polynomials of order k, i.e.,
P =0, 8@ = 1,

and
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This definition is due to Philippou, Georghiou, and Philippou [11] (see also
[8]), who obtained the following results:
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Now let N be a random variable which denotes the number of Bernoulli
trials until the occurrence of the k™' consecutive success. Then

P, =n) = pER _ (q/p), n 2k, (1.5)
1 ) T VI b _
Pl = n+ k) = 3 (-DFp*+? I G DR AT OTR (1.6)
o 70 n =0,
and
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PN, =n) = {qgpk, k+1<n< 2k, (1.7)
P(Nkzn_l)_qpkp([vkzn-—]_—k), n > 2k + 1.

The three results above are due, respectively, to Philippou, Georghiou, and
Philippou [11], Uppuluri and Patil [12], and Philippou and Makri [8]. We note,
however, that expression (1.6) was implicit in the work of [10], and variants
of (1.7) have also been established in [1] and [6] by different methods.

In the present paper we generalize relations (1.6) and (1.7) to two types
of negative binomial distributions of order k (see Propositions 3.3 and 3.4,
and Theorems 3.1 and 3.2), and we illustrate the computational usefulness of
Proposition 3.3. The first type of negative binomial distribution of order k
was introduced and studied in [9] and [5], while the second type was considered
in [4]. Although the latter was recognized as a negative binomial distribution
of order k, different from the first, it was named in T4] "compound Poisson
distribution of order k" as arising from the Poisson distribution of order k by
compounding. The above-mentioned propositions and theorems are stated and
proved in Section 3. Their proofs depend on generalizations of expressions
(1.1)-(1.5) to the ( - 1)-fold convolution of {#{(x)}’_, with itself, which
we proceed to discuss first. Here, and in the sequel, r» is a positive integer,
unless otherwise explicitly stated.

2. Convolutions of Fibonacci-Type Polynomials of Order k

Let {Eﬁ%?(x)}:=o be the (r- 1)-fold convolution of the sequence {Fém(x)}:=o
with itself, i.e., Eﬁ L(x) = 0, and for n = 1,

FR@) if r = 1,
k
£, (@) = (2.1)

n
(k) k) :
j;Fj’ po1 WED _(x) if r 2z 2.

As a consequence of (2.1), and in view of (1.2), we get

o~ (k) = &)
ngos PR ) LZ::OS”FWLl(x) (2.2)
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Expanding (2.2) as a Taylor series about g =0, and following procedures
similar to those of [9]-[11], we readily find the following closed formulas for

{Eﬁ%;(w)}::o, in terms of the multinomial and binomial coefficients, respec-
tively.

Theorem 2.1: Let {Féf;(x)}:=o be the (r - 1)-fold convolution of the sequence
{Fém(x)}zzo with itself. Then

k ny e+, +r -1 P
(a) Fn(+)1 p(x) = Z < 1 x ) >xﬂ1 rk’ n > 0;
s My oees Mk 3D 7’11, o e sy 7’lk,l”—
ny+t 2t tkn =n
and
210

[June-July



CONVOLUTIONS OF FIBONACCI-TYPE POLYNOMIALS

[(n-2)/(k+1)]

Q) n-t (7 -tk
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y (n -1 —Z?{_ﬁ‘r - l)xj(l + ) ®*DI s 0,

We also note that, if we multiply both sides of (2.2) by x¥ and then dif-
ferentiate them with respect to x, we obtain the following reduction formula
with respect to r.

Proposition 2.1: Let {F<M (x)}n o be the (r-1)-fold convolution of the sequence
{Eﬁm(x)}:=o with itself. Then

k —
PO @ = SR, @)1/l e 0.

We proceed next to show that {Eﬁ?;(x)}:=o satisfies the following linear
recurrence with variable coefficients.

Theorem 2.2: Let {F(m (x)} be the (P - 1)-fold convolution of the sequence
{F(M(x)}n o with 1tself, and set F (x) =0 for -k + 1 <n < -1. Then

P @) = 0, FY (@)
and
k k
@ Zl[n +i - DIEY @, o2 1.
i=
From the definition of {F(m (x )}n ,» We have
(k) ( )y =0 and (k) (.’L‘) (2.3)
Now, let Is| < 1/(1 + x). Notlng that
k .
(1 -x8 — «oo —x8K)™ = (1 - 28 = -+ - xsk)""‘l<1 -z, SJ)) (2.4)
j=1
and
69 (1 = @8 = +ov = xsk) T L = 2 s"ES @, 1§ <k, (2.5)
"0 by (2.2),
we get
& * LI
YT @) = (1 - ks - e = wsk) ™l —x Yy sT(l - xs - -ee - xsk) r-1,
n=0 Jj=1 by (2.2) and (2.4),
k 0
(k) (k)
- ZSF +1, r+1(:x:) —szlngsil +1- JP+1(x)’

by (2.2) and (2.5),
5[ @ - e D @)
= J=

Therefore,

k
PR (@ =% @ - xZF‘ i 1@ m 2 0, (2.6)

n+l, r

Next, differentiating both sides of (2.2) with respect to s, we get
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o 1 k 0

- n- .

- ZS re ZJFn+1—j,r+1(x)’
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which implies
n+l, r n+l-g,r+1

k
nFE () = px EjF(k) (x), n > 1. (2.7)
j=1

Combining (2.6) and (2.7), we obtain

k
&) _x . x)
Foi, pe1 @) =3 _Zl(n +IJP)E ) s e @) m 2 1,
i=
which, along with (1.1) and (2.3), establishes the theorem.
Remark 2.1: Results analogous to Proposition 2.1 and Theorem 2.2 have been

obtained by Horadam and Mahon [3] for convolutions of the sequence of Pell
polynomials (of order 2) with itself.

3. Binomial Expressions and Recurrences for the

Negative Binomial Distributions of Order k

In the present section, we employ Theorems 2.1 and 2.2 to derive binomial
expressions and simple recurrences for the following two distributions of order

k [4], [51, [9].

Definition 3.1: A random variable X is said to be distributed as negative bino-
mial distribution of order k, type I, with parameter vector (r, p), to be de-
noted by NBk,I(P’ p), if

Nyt ety

ny teee+mn, +r - 1\(9q
P(X=n) = p" 1 k = , n 2 kr.
P nl,Z;, ng > ( Mls eees Mg, 2 = 1 >(p>
ny+2n,+ - + kng=n-kr

Definition 3.2: A random variable X is said to be distributed as negative bino-
mial distribution of order k, type II, with parameter vector (r, p), to be de-
noted by ¥B, . (r, p), if

P(X=n) = pr

ny .-+t n, +r - 1)(q>”1+---+nk w0
s> n 2 0.

N5 eves Nk D (n]_, ee ey nk,r'—l p
ny+2np+ .- +kng=n

The negative binomial distribution of order k, type I, gives the probabil-
ity that the first occurrence of »r success runs of length k happens at trial =
[5]. The negative binomial distribution of order k, type II, arises as a gamma
compound Poisson distribution of order k. More precisely, if we use CPi(r, o)
to denote the (gamma) compound Poisson distribution of order k with parameter
vector (r, o) [4], we note that

NBy, 11 (rs p) = CPy(r, o) for p = a/(a + k).

The fact that CP, (r, o) is a negative binomial distribution of order k, albeit
different from WNBy, 1(r, p), was already mentioned in [4] by Philippou, who
named the new distribution, however, '"compound Poisson distribution of order k"
as arising from the Poisson distribution of order k by compounding.

As a consequence of Theorem 2.1(a) and Definitions 3.1 and 3.2, respec-—
tively, we have the following relationships.
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Proposition 3.1: Let X be a random variable distributed as NByx,1(», p) and let
{F$9, ()}, .o be the (r - 1)-fold convolution of {F{(x)},_, with itself. Then
P(X =n) = p”Eﬁiﬁ_krlﬁq/p), n = kr.
Proposition 3.2: Let X be a random variable distributed as NBk,II(P’ p) and let
{Eﬁf}(m)}:=o be as above. Then
P(X = n) = p"FX), (q/k), n = 0.
Combining Theorem 2.1(b) with Propositions 3.1 and 3.2, respectively, we

obtain the following binomial expressions for the negative binomial distribu-
tions of order k.

Proposition 3.3: Let X be a random variable distributed as VB ;(r, p). Then

r [(n~2)/(k+1)] . .
. . ; - i - ki
P(X =n+kr) = 2 (-1 D)prrt? 0"
ig:o (7,>p ,7';0 ( J )
[ - i+ - .
x (n l 17%? 1 r 1>(qpk)J, n = 0.

Proposition 3.4: Let X be a random variable distributed as NBy, 17 (s p). Then

r . k + -4 [n=2)/(k+1)]
= m o= OGNS B
<o k Ji=0

e _ k k+1q4d
S AN [ )] o) M IS

Remark 3.1: Another binomial expression for the probabilities P(X = n + kr) (n
> 0) of NBy,1(r, p) has been obtained by Charalambides [2], who employed for
this purpose the truncated exponential Bell polynomials. Our expression
appears to be more applicable.

(-Di ("7 LT

Remark 3.2: For » = 1, Propositions 3.3 and 3.4 provide binomial expressions
for the probabilities of

Gp,1(P) ENB 1(1, p) and Gy 1y (p) = UBy 11 (1, 128

respectively. The first one implies (l1.6), the main result of Uppuluri and
Patil [12], since Ny is distributed as Gk,l(p) [7], [9]. The second is noted
presently for the first time.

Theorem 2.2 and Proposition 2.1 imply

Theorem 3.1: Let X be a random variable distributed as NBk,I(P’ p), and set
P, = P(X = n). Then

)
0, n < kr -1,
kr = kpr,
P 2 n r
<
.1

k .
a/p). Yn-~-kr+ j@ - I)JPJPn_J., n2kr+l.

n - kr j1

Proof: For n < kr - 1, (X =#n) = @, which implies P, = P(8) = 0. For n = kr,

Definition 3.1 gives P, = pkr. For n 2 kr + 1, we have

P, = p”FﬁElr+lﬂjq/p), by Proposition 3.1,

|
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k

/
= pn %(-q,_p]z); Z [n- kr+ j(r - l)]F;k—)kr+l—j,r(q/p)’ by Theorem 2.2,
- iT1

@/p) & . ; o
= P jg%[n - kr + j(r - 1)]pJPn_j, by Proposition 3.1.

For » = 1, Theorem 3.1 reduces to the following corollary, which implies
recurrence (1.7), since V, is distributed as Gy () 171, [9].

Corollary 3.1: Let ¥ be a random variable distributed as G, 1(p) 2 0By (1, p),
and set P, = P(X = n). Then ’

pk, n =k,
P =4 gpk, k+1<n <2k,
P,_, = qkan~1—k’ n =z 2k + 1.

Theorem 2.2 and Proposition 2.2 imply

Theorem 3.2: Let X be a random variable distributed as NBk,II(P’ p), and set
P, =PX=mn), nz-k+ Then

1.
0, -k +1=<nc<-1,
0,

p!” n =

k
q .
R i = DB L

Proof: For -k + 1 <n < -1, (X=n) = 8, which implies P, = P(¢)=0. For n = 0,
Definition 3.2 gives P, = p¥. For m 2 1, we have

p, = eréﬁn’r(q/k), by Proposition 3.2,
(glk) X .
= pr qn _ l[n + J(r - 1)]Eﬁ?l~j’r(q/k), by Theorem 2.2,
i=

Zjo by Proposition 3.2,

4 5
= — n+ jlr - 1)1P
o J( )18,
which completes the proof of the theorem.

For r = 1, Theorem 3.2 reduces to the following corollary.

Corollary 3.2: Let X be a random variable distributed as Gk’ll(p)iENBk,II(l,p),
and set P, = P(X=n), n 2 -k + 1. Then

p, n=20
. (k Z Q)n—l%?’ N
(kzq)Pn-l _%Pn—l—k’ n=k+ 1.

4. Computational Examples

In this section we illustrate the computational usefulness of Propositions
3.3 and 3.4. Since both propositions are of the same nature, we restrict
attention to Proposition 3.3 in comparison to Definition 3.1.
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Example 4.1: Assume that a random variable X is distributed as IVB3 I(5, p) and
we are interested in calculating P(X = 18) and P(X = 20). ’
Proposition 3.3 gives

5 . -7 .
P =18) = 3 (DF(2)(7 ; F)protE = 35pls - 75ple 4 s0p17 - 1018 (4.1)
=0
and
5 _ CLG-DI e e ae s e s .
P(X = 20) = 3. (-1)1(2)p15+l RGN G 3J)(9 5 3'7)(qp3)"
i=0 i=0 J

oo {(2) - 2] - o [(0) - Q) + 10070)
- 10p18(2) + 5p19(2) - P20(2>

126pl5 - 350p1® + 350p17 - 150p'8 + 25p19 - p20
- 30gp'8 + 25¢plQ. (4.2)

Alternatively, if we use Definition 3.1, we get

P(X = 18) = p18 nys Ny, N33 (Zij_Z§j'Z§j_Z)(g)nl+n2+n3
ny+2ny+3ng3=3
3 2 1
SR (A () B (R R AR
= 35¢%p1® + 30q%p!'® + 5qpt7 (4.3)

and ity + gt b\(4 ny+ny+n3
ny, nps N3 3 (ﬂl, Moy N3 4)(5)
n1+2n2+3n3=5

pzo[(5+o+o+4>(q>5

5, 0, 0, 4/\p

P(X = 20) = p20

1

(3+1+0+4qu*+(2+0+1+4xq)

3, 1, 0, 4/\p 2, 0, 1, 4/\p

]

126¢°p1> + 280¢"pl® + 210g3pl7 + 30q2pl8. (4.4)

(1+2+0+4xqf +(0+1+1+4xg)

1, 2, 0, 4/\p 0, 1, 1, &4

Example 4.2: Assume that a random variable X is distributed as NBZO,1(3’ p) and
we are interested in calculating P(X = 80) and P(X = 100).
Proposition 3.3 gives

_ s :(3)(22 - ), 60+4
roc a0+ 3 cor () P
= 231p80 - 630p®1 + 570p®2 - 171p®3 (4.5)
and
P(X = 100)
3 [(40-1)/21] . . . . .
i (3 : 40 -1 -204\(42~17~- 20 i
= -ZO (—1)'”(7:)2960” -EO (-1)7 ( 3 J)( 12 J)(quo)J
7= J=
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- oo [() - 0] - s[4 - 196

+ 3p62[(ﬁf) - 18(%?)qp2§] - pea[(if) - 17(%?)qp6ﬂ

861p60 - 2460p81 + 2340p02 - 741p83 - 4620gp80
+ 11970gp81 - 10260gp82 + 2907gp®3. (4.6)

On the other hand, Definition 3.1 does not appear to be applicable for this
task without a considerable amount of computational effort, even with the aid
of the computer.

In general, when k and n - kr are large, Proposition 3.3 fares much better
than Definition 3.1 for calculating negative binomial probabilities of order %k,
type I. If all probabilities up to P(X =m) are needed, for some integer m
(zkr), the recurrence given in Theorem 3.1 is most appropriate for calculating
them.
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