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It is well known that a positive integer is said to be r-free (r > 2) if it
contains no rth power factor greater than 1. Let ¢, denote the set of all r-
free integers. If the integers » and k are such that 2 < » < k, an integer of
the form a*b, where a is any natural number and b is r-free is called a (k, r)-
integer. The set of all (k, r)-integers is denoted by &, ,. The (k, r)-inte-
gers were introduced by Cohen [1] and by Subbarao & Harris [6], independently,
under different notations. Observe that («, r)-integers are the r-free inte-
gers; therefore, the (k, r)-integers can be considered as generalized r-free
integers.

The Schnirelmann density for a set, S, of positive integers is denoted by
D(S). That is,

D(S) = inf S;”),

nx1

where S(n) is the number of integers in S not exceeding #.
Using computational methods, Rogers [5] proved that D(§,) = 53/88. Duncan
[2] showed, by elementary methods, that

D@ > 1-% =, (1)
p P

in which the summation is over all primes p. Later, Feng & Subbarao [3] estab-
lished

D(Qk’r) 2 ak,r’ (2)
where
1 1 1\k-1
A, » = C<k)<1 - %; 57) - §<1 - ;) , (3)
in which ¢(k) is the Riemann zeta function.
Rieger [4] dintroduced M-free integers as follows: Suppose M is a set of

positive integers with minimal element r > 1. A positive integer n = p%lpgz

e pgt, where Dys> Pps --»s Dy are distinct primes, is said to be M-free if

oy ¢ M for 2 =1,2, ..., t. The set of all M-free integers is denoted by Qy-
If r, k are integers such that 2 < r < k, write

A={r, r+1, 7+ 2, ...},

B={n:n=2r,n=j (mod k) for some j (r < j <k - 1)},
¢ = {r},

D = A{r, 2r, 3r, ...}.

Then observe that @, = &,; @5 = &y, p» the set of all (k, r)-integers; Qy = Sy,
the set of all semi-r-free integers introduced by Suryanarayana [7]; and &p =
Up, the set of all unitarily r-free integers given by Cohen [1].
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The object of this note is to obtain a lower bound for D(QM), This bound
improves (2) in the case ¥ = B. 1In fact, we prove the following:

Theorem: D(@,) 21 -22 (p - 1) 35 p@~t.
p

a€EM

Proof: 1f @, (n) is the number of integers in ¢, not exceeding 7, then
M H )

QM(VL) 2 n - Z OCM,n(p)9 (4)
p

where oy ,(p) is the number of integers m < n such that p%|m for some a € M.
To count oy, ,(p), for each fixed a € M, we find the number of integers m <
with p%|m and p®*l[m, and the latter number is

[n/p?] - [n/pe*tl]

e = 2 (5] - [5) = 2,0 - D ) ®

Now, from (4) and (5), we obtain

o = -2 2 (e[ e ) 2B e e 0 B

P a€M p

so that

where the sum on the right side is over primes p with p¢ < »n for some g € M,
which gives
dy ()
=1 -2 (-1 L pel.
n p

aceM

Since this is also true when summed over all primes, the theorem follows.

Corollary: For k > r = 2, D@y, ) = by, »» where
k-r
-1
b, =1 ~2 E,_______
o T
Proof: Since
k-1 1 pk—r -1

Lpot =L ¥ gy =

a€B m=0 j=0 P p - Dpk-1

and QB = Qk po the Corollary follows from the Theorem.

Remark 1: For any k > r 2 2, a, , < by, »- 1In fact, since

b -2 - ) )
g ) E G- A
=1—?_Z§—2§pfl+k(l_;l£>— +2>;‘ lk< __Zi—)_
SO R R O o e
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In view of (3), it suffices to show that
1 1 1 1 001
2l -=)——>T =+ (1 - = —
§;< p”>pk -1 é; p” ( %; p”)(;;;znk>
had 1 1 ksl 1
= — + — (1 - -,
n2=:2 nk (% pr>( ngz nk)

and this follows if we prove that

= 1 1 1 o1 1
form(- A (B4 e £)

7122 nk D pr pk -1 n=2 nk p p”
1f a, = -1 or 1, according as n =1 or n > 1, then b, = nk=r or 0, according

as n is a prime or not and ¢, = [(n” - 1)/(n* - 1)1b,, so the inequality in (6)
can be written as

2 DA AT
2 n n=2MN <nz=:l nk><n§l Vlk>. )

But, by the multiplication of Dirichlet series, the right side of (7) is:

ok
)
i
™
x|

n

0 ifn=1,
o dn ~pk“f if n = p, a prime,
nza_E?’ where dn = 3 pk-r otherwise.
pin
pen

Since d, > a, - 2¢, for all »n, the inequality (7) holds; hence

Ak, v < bk,r‘

Thus, the Corollary improves (2). However, the inequality (1) gives a better
lower bound for D(&,) than the one obtained from the Theorem. -

Remark 2: In the special cases of Qp = S, and QD = U,, defined earlier, the
Theorem gives

p -1 p -1
> - — d DU > -2 I
Dis,) = 1 -2 EPI pret and Plle) 2 Zp‘. p(™ - 1)

The authors are grateful to the referee for helpful comments.
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