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1. Introduction

For an arbitrary but fixed integer b > 1, consider the set of ordered pairs
Sy =1(&, a;): 027 <ph - 1, g; equals the number of occurrences of 7 in the
sequence dg, dy, -5 ab—l}' A complete solution for S5 is given explicitly in
terms of b. It is shown that there is a unique solution for each b > 6 and for
b = 5, that there are two solutions for b = 4, and that there is none for b =
2, 3, or 6.

Let b be an arbitrary but fixed integer, b > 1. We wish to determine,
whenever possible, the integers a; (0 < 7 < b ~ 1), where g; denotes the number
of occurrences of 7 in the lower row of boxes in the table below.

0 1 2 Z b -1

ao Cll CZ2 e e a. v ap -1

This may be viewed as a problem in determining all possible sets whose members
are functions that satisfy a special property. It is easy to see that the case
b = 2 gives no solution; henceforth, we shall assume that b 2 3. It is con-
venient to consider the cases » > 6 and 3 < b < 6 separately.

2. The Case b > 6

It is clear from the definition of each a;, that ag # 0. Thus, the set
Ty ={a;: a; = 0} is nonempty. In fact, |Ty| = b - ag. Since a; boxes are
filled by 7 and since each box is necessarily filled by an integer at most
b - 1, we have

> a; = b.

0st<b-1

Define the set TO,b =7, - {ao}. Clearly,
ITO,bl =b-a, -1 and 2 a; =b-a,.

Since each member of Ty,; is at least I, it follows that

Ty, consists of (b ~ ag - 2) 1's and one 2. (%)
1f a; =1, T, , would consist of (b - 3) 1's and one 2, and I, would con-
sist of (b - 2) 1's and one 2. This is impossible since the boxes are being

filled by 0, 1, and 2, while a; = b ~ 2 > 4.

If ag = 2, To,b would comsist of (b - 4) 1's and one 2, and T3 would con-
sist of (b - 4) 1's and two 2's. This, too, is impossible since the boxes are
being occupied by 0, 1, and 2, while a; = b -4 > 2.
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Thus, ag 2 3 and g, = 1 where 4 = ag- Hence,

T, ={day, ay =b-ay, -2,a, =1, a =1}.

But lTbl =ph - ag = 4 implies that qj = b - 4 and the unique solution in this
case is given in the table below.
0 1 24030y b=-51Vb-41Db=-3|Db=-2)b-1
b -4 |2 110 |--- 0 1 0 0 0

3. The Case b < 6

By repeating the argument in the case b > 6 until (%), if a; =1 or 2, we
would have |T,| = b - a, = 4 and so b = ay + 4 2 7. Hence, a, = 1 or 2.

If ay = 1, T} would consist of (b - 2) 1's and one 2. Since all the boxes
are being occupied by 0, 1, and 2, we must have b - 2 < 2. If b = 3, we have

ay = a; = a, = 1, which does not give a solution. If b = 4, we have a, = 1,
a, = 2, a, = 1, which does give a solution.
If a, = 2, Ty would consist of (b - 4) 1's and two 2's. Since all of the

boxes are filled by 0, 1, and 2, we must have b - 4 < 2. If b = 4, we have
ay = 2, a, = 0, a, = 2, which gives a solution. If b = 5, we have a, =a; =a
= 2, which does not give a solution.

We thus have two solutions if b = 4, one solution if » = 5, and no solution

if b = 2, 3, or 6, and these are listed in the tables below.
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