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1. Introduction

The Fibonacci numbers are defined by Fy = 0, Fy =1, F; = F;_, + F; _, for
2 2 2. It is well known [3] that the "ladder" composed of n squares (Fig. 1)
has F,,, l-factors.
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FIGURE 1

A l1-factor of a graph G with 2n vertices is a set of » independent edges of
G, where independent means that two edges do not have a common endpoint. In
the present paper, we investigate the number of 1-factors in a graph &p,q>
composed of p + g + 1 squares, whose structure is depicted in Figure 2.
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FIGURE 2

Throughout this paper, we assume that the number of squares in ¢,,, is fixed
and is equal to n + 1.
The number of l-factors of a graph G is denoted by K{G}.

Lemma 1: K{Qp,q} = F

weo T 1F, ., where n =p + q.

p+lig+

Before proceeding with the proof of Lemma 1 we recall an elementary prop-
erty of the Fibonacci numbers, which is frequently employed in the present
paper:

(1) Bo=BE ot F _Fa_s 1<k <m.

Proof: Let the edges of Qp,q be labeled as indicated in Figure 3.
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T4

FIGURE 3

First observe that above and below the edges 1 and 2 there is an even number of
vertices. Therefore, a l-factor of Qp,q either contains both the edges 1 and 2
or none of them.

A 1-factor of ¢, , containing the edges 1 and 2 must not contain the edges
3, 4, ..., 9 because they have common endpoints with 1 and/or 2. Then,
however, the edge 10 must and the edge 11 must not belong to this l-factor.
The remaining edges of ¢p,4; form two disconnected ladders with p - 1 and g - 2
squares, respectively, whose number of l-factors is evidently F,,1F;. There-
fore, there are E%+1Eh 1-factors of ¢p,q containing the edges 1 and 2.

The edges of @,,, without 1 and 2 form two disconnected ladders with p + 1
and g - 1 squares, respectively. Consequently, there are F%+3£%+1 l-factors of
Qp’q which do not contain the edges 1 and 2.

This gives

Ky, gt = By gl o * Fp 1 Fy = By ol + By Fqyy + 1,00,

= Foigeo T Bprifgin

where the identity (1) was used. Lemma 1 follows from the fact that p + ¢ = »n. [

2. Minimum and Maximum Values of K{Qp q}

Theorem 1: The minimum value of K{Qp’q}, p+q=mn, is achieved for p = 1 or
g = 1.

Proof: Bearing in mind Lemma 1, it is sufficient to demonstrate that for 0 <
p < 7,
FyF, < F%+1E%—p+1’
with equality if and only if p = 1 or p = n - 1.
Now, using (1),

P By pr1 = Fpuy = FpFy_py = F +F | = FF,
=F, + FyFy_p+ Fy 1Py 1 = FyFy_y
=F, +F, \F,_, | 2F =TF,F.

Because of F; = 0, equality in the above relation occurs if and only if p - 1 =
Oorn-p-1=0.0
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Theorem 2: The maximum value of X{¢, .}, p + g = n, is achieved for p = 0 or
g = 0.

Proof:

E%+1E%—p+1 =F - F%EQ—p sE g =RE

with equality if and only if p = 0 or p = n. Theorem 2 follows now from Lemma

1. 0

Theorem 3: 1If p 2 0, ¢ # 0, then the maximum value of K{Qp’q}, p+ q=mn, is
achieved for p = 2 or q = 2.

Proof: From the proof of Theorem 1 we know that for 0 < p < n,

F,F, _, < F,F,_,
with equality for p = 2 or p = n - 2. This inequality implies
E%+l - FZE%-Z = E%+l - Ebgh—p’
i.e.,
Foly oy ¥ BoFy g = Foly o 2 By By piy ¥ BBy p = B Fy s
i.e.,
FaFy oy 2 By By pars

from which Theorem 3 follows immediately. [J

Theorem 4: 1f p # 1, g # 1, then the minimum value of K{Qp,q}, p+ g=mn, is
achieved for p = 3 or g = 3.

Proof: We start with the inequality
FaF, 4 2 E%Fn_p
which was deduced within the proof of Theorem 3 and in a fully analogous manner
obtain
n-2 < Fp+an—p+l
with equality for p + 1 =4 orp +1=n- 2.0

F,F

3. The Main Result

The reasoning employed to prove Theorems 3 and 4 can be further continued,
leading ultimately to the main result of the present paper.

Theorem 5:
(a) 1If n is odd, then
K{Q,,,} > K@, ,_ b > K@y ) > -or > K@, 5 5} > K@, ).
(b) 1If n is even and divisible by four, then

K1Qy, .} > K{Qz,n-z} > eee > K@y 0, 2t K{Qn/zﬂ,n/z_l}
> Kl@nia43, nja-3) > =+ > K@, 5 5} > K@, | }.

(¢) 1If n is even, but not divisible by four, then
Qg u 3 > K1Qy o} > o0 > KlQupp g1} > Kl@ny2, ny2}
> K9 yah g, nip -2t > cee > K@, 5,51 > K@,y -
All the above inequalities are strict.
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4. Discussion and Applications

There seem to be many ways by which the present results can be extended and
generalized. It is easy to see that if in the graph &p,4; some (or all)
structural details of the type A and B are replaced by A* and B*, respectively
(see Fig. 4), the number of 1-factors will remain the same. This means that
our results hold also for chains of hexagons. In particular, it is long known
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FIGURE 4

[2] that the zig-zag chain of # hexagoms (Fig. 5) has F, , l-factors. As a

matter of fact, the number of 1-factors of chains of hexagons are of some
importance in theoretical chemistry [1] and quite a few results connected with
Fibonacci numbers have been obtained in this field (see [1] and the references

cited therein).

FIGURE 5
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