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1. Introduction

Solutions are given for the Diophantine equation
p p P - ,49 q q
o tx, + e v, =y, ty, + - +y,sp>0,q9g>0, m+tn>2,

for which we use the notation (p.qg.m.n). 1In a previous paper [l] we surveyed
solutions of this equation for p = ¢ with p and ¢ < 10. We now show that
(p.-g.m.n) has nontrivial parametric solutions in which the number of terms m, n
on both sides of the equation depend on p and gq. Some of these solutions will
be valid when p = g as a special case, but in general we assume that p > g.
That is, we always write the equation with the higher exponent on the left-hand
side. We assume that none of the x, or y; is zero, and that xf # y?, i.e.,
that equal individual terms on both sides of the equation have been removed.
Rarely does this condition invalidate one of the many solutions available by
our algorithms.

Related work includes a number of parametric solutions and also numerical
solutions, usually involving low values of either p or g or both. Uspenski [2]
gives a general solution in relatively prime integers of 2" = x2 + y2 for
n > 1. Various solutions of the equation z2 = x3 + y3 by Euler, Hoppe, Thue,
and Schwering are given in Dickson [3]. The equation (3.2.n.1) was solved for
various values of n by a number of investigators [4], [5]. Cunningham gave a
procedure for solving (2n.4.2.3) in [6]. Several writers solved (4.2.m.n) for
various values of m and n [7]. Some numerical examples of biquadrates as the
sum of several cubes or squares are given in [8]. A parametric solution of
(5.2.3.1) was obtained by Bouniakowsky [9]. Cunningham solved (8.2.6.1) in
[10] and both (4.2.3.3) and (8.4.3.3) in [11]. Rignaux solved (6.2.2.2) in
[12]. Killgrove [13] discussed the equation x" + y” = zk and gave a proof for
a theorem of Lebesgue [19] which states that if 22! + y2% = 22 has a nontrivial
solution, then ¢ is odd and u?t + vt = w? has a nontrivial solution. Beerensson
[14] proved that x” 4+ y” = 2™ has infinitely many integer solutions if m, n are
relatively prime, but did not present explicit solutions. In [20], Kelemen
proved two theorems on conditions for the solvability and form of solutions of
the general equation

k1l k2 kn -
a et +oaxst + o+ oa,xy 0,

and gave examples.

2. Solution for all Positive Values of p, g

Theorem 1: The Diophantine equation

P p_ .4 q q
s o tx, =y ty, - + Y,
where p > 0, ¢ > 0, m > 0, » > 0, and m + » > 2, has a nontrivial parametric
integer solution, as follows. If d is the greatest common divisor of p and ¢,

this solution exists for all m, n such that

(1) xf + x

r r
m= 3 (uy, + vkkd), n= (v, + ukkd),
k=2 k=2
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where r is any integer > 1 and, for k¥ = 2, 3, ..., r, the Uy and v, are arbi-
trary nonnegative integers not all zero.

Proof: Since d is the greatest common divisor of p and ¢, there exist positive
integers 4, B, C, D such that

(2) Ap - Bq = Cq - Dp = d.

Let aj, ays ..., ag and by, by, ..., b, be arbitrary nonzero integers where
g >1and ¢ > 1, and let

E t
(3) u=>al, v=2> bi.
K= K51

Then 19, when expanded by multiplication, is the sum of sd terms, each of which

is the product of d numbers of the form af. Therefore, each term of ud is of
the form yp, where y is an integer. Thus, we have

(4) uwd = 3 yf,

where the y; are all integers. Similarly, we have

+d
d = q
(5) v j2;1ZJ’

where the z; are all integers. Then, from (2) and (4),

gd
ufl = 4 PpyCa-op = ,0p,d - > ubpyp,
J

ji=1
so that

sd
(6) WH? = 3 (y;ul)?

J=1

is a nontrivial parametric solution of (1) with m = sd, n = 1, and having s > 1
arbitrary nonzero integer parameters aj, dp, ..., dg. Similarly,

+d
vAP = pBaydp-Bq = pBayd = 3 UBqu,

Jj=1
or 4
Ap = .vBya
RPN
which is a nontrivial parametric solution of (1) withm =1, n = td, and having

t > 1 arbitrary nonzero integer parameters by, by, ..., Dg.

Next, we may "add" two or more solutions of (1) by summing the terms with
exponent p to form the left-hand side of the new solution and summing the terms
with exponent g to form the right-hand side. Therefore, a wvalid nontrivial
parametric solution of (1) may be obtained by summing u; solutions of the form
given by (7) for t = k, together with v; solutions of the form given by (6)
with ¢ = k, where k takes on the values 2, 3, ..., » for any arbitrary integer
r > 1. The numbers of solutions to be "added" in this way, u, and v, may be
any nonnegative integers not all zero. Then m, »n, the number of terms in the
resultant equation having exponents p, g, respectively, will be as given in the
theorem.
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3 so that d = 1. Take 4

Example 1: Let p = 4 and g
= = 2. We have

Let » = 2 so that s 2 and

_ ok I _ 13
u—a1+a2,u—b1

+ ok 1
[
O3
il
f—
Q
]
w
o]
1
N

3 _ _ - -
bys Yy = ays Y, = ays 3, = bys 3, = by
The solution (6) becomes
(6.1)  [(a} +a)?®1® = [a; @] + a)?1* + [a,(a] + af)?1"
and the solution (7) becomes
(7.1) (B3 +bD* = by + D1 + (b, + b1,

Two numerical examples of (6.1) for (al, a2) = (1, 1) and (2, 1) are
83 = 4% + 4%; 49133 = 578% + 289",

Two numerical examples of (7.1) for (bl, bz)
9% = 183 + 93; 35% = 1053 + 703.

(2, 1) and (3, 2) are

We may obtain further solutions by combining (through "addition'") any number of
the individual solutions. For example, from those given, we get

ot + 4% + 4% = 183 + 93 4+ 83; 5784 + 289% + 35% = 49133 + 1053 + 703,
and so on.

Example 2: let p = 6 and ¢ = 4 so that d = 2. Take 4 = B = 1. Set r» = 2 so
that ¢ = 2. Then we have v2 = (b? + b;)z, so that

- 32 - _ - 312
v g, = bl, g, = 85 = bbby, 2, ~b2.
Solution (7) becomes)
(7.2) (b + DHE = [BB] + b1 + 20b b, (B + bH1Y + (B3] + b1Y.
Two numerical examples of (7.2) for (by, by) = (1, 1) and (2, 1) are
26 = 2% 4 2% 4 2% 4 2% 176 = 68% 4+ 34% + 34% 4+ 174

Note that the terms in each equation of the type (6) and (7) are not rela-
tively prime. However, since the exponents p and g are different, it 1is not
usually possible to remove a common factor and still have an equation remaining
with the same exponents p and ¢g. This would be possible if in equation (1)
there is a divisor F of all the terms Tys Lps eees Tps Yyo Yos ~ves Ypo where F
is of the form zf and f is divisible by p and ¢, and z > 1. When solutions
involving different sets of parameters a; and b; are combined by "addition,"
the resultant solution will not in general have such a common divisor (as in
the examples given above).

3. Solution for p and g Relatively Prime

Theorem 2: Whenever p and g are relatively prime, equation (1) of Theorem 1
has a nontrivial parametric integer solution for all positive values of m, n
such that m + n > 2.

Proof: In Theorem 1, let d = 1. We use the notation (p.q.m.n) to denote equa-
tion (1). Then (6) gives a solution of (p.g.s.l) for arbitrary s > 1, which we
denote by (5). If n = 1, set ¢ = m to solve (p.q.m.n) with m integer param-—
eters. Similarly, (7) gives a solution of (p.qg.l.%) for arbitrary ¢ > 1, which
we denote by (7). If m =1, set ¢ = n to solve (p.q.m.n) with n integer param-
eters. Next, assume that m > 2 and n > 2. Now set 8 = m- 1 and £t=n - I.
Then "add" the two solutions (S), (T) to obtain a new solution of (p.q.s + 1.
t + 1) = (p.q.m.n). This solution will have s + ¢ = m + n — 2 arbitrary inte-
ger parameters. Next, if m = 2 and »n > 3, add solution (7T) with ¢ = 2 to
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solution (7) with ¢ = n - 2 to obtain a solution of (p.q.2.n) having n integer
parameters. Similarly, if » = 2 and m > 3, add solution (S) with s = 2 to solu-
tion (S) with s = m - 2 to obtain a solution of (p.g.m.2) having m integer
parameters.

There remain only three cases, namely, (p.q.2.2), (p.q.2.3), and (p.q.3.2).

For the case m = n = 2, let a, b be distinct positive integers, arbitrary
except that both are even or both are odd. Then a9 + b9 = 2w, where w is an
integer. Then, since p and g are relatively prime, we have Ap - Bgq = 1 for

integers 4, B and

wB(a? + p?) = whi(2w) = 2wFITAP-Bq = 24P,
Then

(@ + BT = wH? + WP

is a solution of (p.q.2.2) having two integer parameters a, b of equal parity
but otherwise arbitrary. For the case m = 2, n = 3, let a, b, and c¢ be
distinct positive integers, arbitrary except that the sum a? + p? + 7 = 2w,
where w is an integer. This can be achieved by selecting a, b, and ¢ to all be
even, or by choosing one of a, b, or ¢ to be even and the others odd.

Then, as before, we have Ap ~ Bq = 1 for integers 4, B, and

wB(a? + b7 + %) = wBI(2w) = 2wBITAP-Ba = 24P,
Therefore,
(awB)? + (bwP)? + (cwB)? = WHP + (WwhHP

is a solution of (p.q.2.3) having three integer parameters. In a similar
manner, we can generate a three-parameter solution of (p.g.3.2). This com-
pletes the proof.

Example 3: Let p = 8 and ¢ = 5. First, to solve (8.5.2.2), take a = 3, b =1
so that 3% + 15 = 244 = 2(122) and w = 122. Then, since 2(8) - 3(5) =1
may take 4 = 2, B = 3, and 12215(3% + 15) = 12216(2), or

[3(122)3]5 + [(1223)]5 = [(1222)]18 + [(1222)]18.

To solve (8.5.2.3), take ¢ = 2, b =c¢ = 1, so that 25 + 15 + 1% = 34 = 2(17)
and w = 17. Then, 1719(25 + 15 + 15) = 1716(2), or

[2(173)15 + (1735 + (1735 = (172)8 + (172)8.

4. Derived Solutions

Theorem 3: If a specific nontrivial solution of equation (p.g.m.n) exists for
which all of the n terms y? in equation (1) are equal, then a nontrivial solu-
tion exists for the equation (g + pr.p.n.m), where r is any nonnegative
integer.

Proof: 1f

is the specific nontrivial solution of (p.g.m.n), then

nb b7 = PP Y aP = Y (b7 = wpt TP
3 =1

=1

is a solution of the equation (g + pr.p.n.m).
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Example 4: A computer search by the author yielded the smallest nontrivial
solution of (6.2.3.1) as 1006 + 815 + 426 = 11348652. 1If we set b = 1134865,
we have

(10067)6 + (81h*)6 + (42b7)6 = pbr+2
as a solution of equation (6r + 2.6.1.3) for r > 0.

Theorem 3 can also be applied when p = g. The solutions recently found by
Eklies [15] and Frye [16] to the equation x* + y"* + 2% = ¢% allows us to solve
the equation (4r + 4.4.1.3), for any integer r = 0. In particular, for » = 1,
we have

(@)™ + (ey) " + (g2)* = t8
as a solution gf (8.4.1.3), where x = 95800, y = 217519, z = 414560, and
t = 422481. Other solutions to the equation (p.p.m.n) can be found in [1].

5. Incompleteness of the Theorems

The solutions to (1) produced by the algorithms of Theorems 1, 2, and 3 are
not complete. The smallest nontrivial solution of (4.2.3.1) is

20% 4+ 15% + 12% = 4812,

which cannot be produced by Theorem 1, since 481 is prime to 20, 15, and 12.
The smallest nontrivial solution of (4.3.2.2) is '

11% + 8% = 243 + 173,

This solution cannot be produced by Theorem 2, which yields only solutions of
the form
p P _ q
Ty +xy = 2y,
or by Theorem 3, which yields only solutions of the form

p P P = q
gt oz, + oo +oxp = Ny

6. Table of Solutions

We supplement the discussion by presenting in Table 1 a list of solutions
to equation (p.q.m.n) for p and q < 10 and m and n < 4. The solutions were
obtained by a combination of methods, including the use of Theorems 1, 2, and
3, computer search, and reference to the literature. As illustrated in the
table, the solutions produced by use of Theorems 1, 2, and 3 are incomplete,
since solutions exist for which the terms in (1) have no common divisor > 1.
Table 1 lists the solutions in smallest integers known to the author. Some
equations have no nontrivial solutions. The equations (6.3.1.2), (6.3.2.1),
(9.3.1.2), (9.3.2.1), (9.6.1.2), and (9.6.2.1) have no nontrivial solution
because, as Euler proved [17], the equation x3 + y3 = 23 has no solution with
zy = 0; similarly, equations (4.2.2.1), (6.4.1.2), (8.2.2.1) and (8.6.2.1) can-
not be solved nontrivially because Euler showed that the equation xt + yl+ = z2
has no solution with xy # 0 [18]. The equations (6.2.2.1), (6.4.2.1), and
(8.6.1.2) are impossible (because xz3 + y3 = z3 is impossible) by a theorem of
Lebesgue [19]. As shown in Table 1, the equations for small values of p, g, m,
and »n which appear to be the most difficult to solve in small integers are
(6.3.3.2), (6.3.3.1), (6.4.2.2), (6.4.3.1), (6.4.3.2), (8.2.3.1), (8.4.2.2),
(8.4.3.1), (8.4.3.2); (8.6.m.n) form < 4, n < 4 except (8.6.1.3); (9.3.3.1);
and (9.6.m.n) with m < 4, n < 4. Although solutions were not found for these
specific values of p, g, m, n, we can obtain solutions for the same values of
p> q with larger values of m, n by applying Theorem 1. For example, solutions
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for (9.6.1.8) and (9.6.8.1) are
ud = (@3 + (B3 + 3[(a®bu)® + (ab?u)®], u = a® + b°;
(¥2)® = (@)% + %) + 3[(a%v)? + (ab?v)°], v = a® + b3,

where o and b are arbitrary integers.
v = 513 and these solutions become

659 = 520% + 3(2606) + 3(130%) + 656;
2631696 = 41049 + 3(2052°) + 3(1026°%) + 5139,

The author would be pleased to receive correspondence concerning any new solu-
tions to the equations discussed above.

146

If ¢ = 2 and b = 1, then u

65 and

m 14
TABLE 1. Solutioms of 3 xf =3y’
=1 J=1
Legend: The entry x;, &, , «s £, = Y1 > Yp s .- Y, denotes the solution.
P mn 1.2 1.3 2.1 22
3.2 2=22 5=10,5 3=3,3,3 2,1=3 2,2=4 4,1=74 4266
5=11,2 3=5,1,1 B,4=24
42 5=247 3=6,6,3 impossible 5,5=35,5
5=20,15 3=74,4
43 2=2,2 323,33 44=8 32,32=128 11,8=24,17
O=18,9 108,108=648 14,14=42,14
52 2=4 .4 3=9,9,9 2,2=8 B8,8=256 3,1=12,10
5=41,38 3=11,11,1 4,1=31,8
53 3=6,3 6=18,12,6 2,2=4 6,6=24,12
4=8,8 9=27,27,27 12,10=70,18
54 2=2,2 3=3,3,3 8,8=16 41,41=123,41
6.2 5=100,75 3=18,18,9 impossible 21«74
5=117,44 3=26,7,2 3,1=21,17
5=120,35
6.3 impossible 3=8,6,1 Impossible 18,12=330,102
522,174 172,86=27778,16942
6=30,24,18 ’ ’
64 impossible 481=20(481), Impossible Unknown
15(481),12(481)
6.5 2=22 3=3,3,3 16,16=32 122,122=366,122
33=66,33 34=68,34,34
7.2 2=8.8 3=4599 2,2=18 4,1=127,16
5=205,190 3=43,17,17 8,8=2048 4,1=103,76
5=250,125 4,1=92 89
5=278,29
7.3 2=d 4 3=9,9,9 4,4=32 14,14=588,196
9=162,81 6=64,26,6 32,32=4096 16,12=620,404
74 8=32,32 11=55,55,33 2,2=4 3,.3 5 5
41°,41°a3(417) 41
27=243,243,243
75 | 8=16,16 27-81,81,81 4,428 1223 1223
3(122%),122%
76 | 2=22 323,33 32,32=64
65-130,65 | 66=1326666 225-,?2536 965,365-1095.565
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TABLE 1 (continued)

m.n 1.2 1.3 2.1 2.2
pg
8.2 | 5=500,375 3=54,54,27 impossible 3,1=71,39
5=585,220 3=63,36,36 3,2=79,24
5=600,165 3=79,16,8 4,3=264 49
8.3} 3=18,9 6=108,72,36 2,2=8 6,6=144,72
4=32 32 8=25557,22
9=243,243,243
8.4 | Impossible See Text, impossible Unknown
Section 4.
8.5 8,8=32 9=27,27,27 8,8=32 a2,a2-3a% a3
332.2(339), a=122
332
8.6 | Impossible a=100a,81a, Impossible Unknown
42a a=1134865
87| 2=2,2 3=3,3,3 64,64=128 a,a=3a,a a=1094
9.2} 2=16,16 3=81,81,81 2,2=32 5,5=1875,625
9.3 | Impossible 3=24,18,3 Impossible 4,2=60,36
5=110,85,20 7,2=322,191
8.4=480,288
94| 2-44 3-9,9,9 8,8=128 2,a=3a%,a° a=41
17=578,289
95| 16=128,128 | 81=37,3737 |2.2«4 ada%=3a’,a’
a=122
9.6 | Impossible Unknown Impossible Linknown
9.7] 16=32,32 81=3°3°3% |8,8=16 a4 a%=3a% a°
Zaa,asna4 a=1094
a=513
98] 2=2,2 3=3,3,3 128,128=256 a,a=3a,a a=3281
257=514,257
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TABLE 1 (continued)

3 mn 2.3 3.1 3.2 3.3

3.2 |3,2=5,31 3,216 3,1,1=5,2 2,2,1=3,2,2
3,3=5,52 3,3,3=9 421=83

6,2,1=15

42 ]21=3,22 20,15,12=481 | 2,1,1=3,3 2.2,1=522
3,1=8,3,3 3,2,1=7,7 3,1,1=7,5,3

4.3 [54=9,53 55,3=11 3,3,3=6,3 4,1,1=5,52

9,9,9=27 8,54=17 4

52 |2,1=5,2,2 3,3,3=27 2,1,1=53 2,1,1=433
3,1=12.8,6 12,12,12s864 | 2,2,1=7,4 22,1=65,2
3,3=22,11 15,5,5=875

53 164=17,158 | 3,3,3=9 9,3,3=39,6 3,2,2=6,4,3
8,3=32,6,3 24,24,24=288 | 9,9,9=54,27 3,3,3=8,6,1
9,3=36,21,15| 68,34,34=1156

54 199=18,99 27,27,27=81 17,4,1=37,17 6,4,3=9,7,3

6,6,6=12,6,6

6.2 |2,1=6,52 100,81,42= 3,2,1=25,13 21,1=554
5,3=127,12,9 1134865 3,2,2=29,4 22,1=10,5,2
5,5=176,15,7 3,3,2=39,1 2,2,1=11,2,2

6.3 | 7,5=46,33,1 | Unknown Unknown 33,1=11,4,4
7.6=50,34,1 6,2,1=30,25,16

6.4 13,3=6,33 Unknown Unknown 10,6,1=30,22,7
7.7=19,18,1 10,9,1=34,215
7.7=21,14,7

6.5 |17,17=34,17, 181,81, 11,11,11222,11 16,16,2=32,2,2

17 B1,=243

7.2]21=11,2,2 3,3,3=81 2,1,1=11,3 22,1=154 .4
2,1=10,5,2 12,12,12= 2,1,1=9,7 2.2.1212,8,7
2,1=8,7,4 10368 2,272=16,8,8

7.3 4,220,208 | 9,9,9=243 3,3,1=15,10 4,4,2=324 4
54=44,21,4 3,3,3=18,9 6.6,2=76,49,15
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TABLE 1 (continued)

\m.n 2.3
Pq

3.4 3.2 33
74199254,27,27| 3,3,3=9 a3,a3,a%=6a5325 | 6,1,1=2332
. a=459 8,2,2=32,32,4
75| aBaB=2a%, | 9,9,9-27 222,22 a2aa8 a3 84,416,168
a4.a4 a=17 a=65
7.6 | 33,3366, 243243243 | aaa=6a3a 32,32,2.64,2,2
33,33 729 a=15795
8.2]21=11,10,6 | Unknown 3,3,2=97,63 2,1,1=11,11,4
2,1=12,87 2,1,1=13,18,5
8.3 | 4,240,124 | 3,3,3=27 9,9,9=486,243 2,1,1=5,5,2
4,233,314 3,2,2=18,9,8
8.4 | 7,7=56,35,21 { Unknown Unknown -4,43=18,13,8
7,7=55,39,16 5,4,3=24,19,5
8.5 | a2a2=2a3, | 27,27,272243 | 112,112,112 a2,a2 a%.3a3,
a3ad a=17 2(113),113 2a3 a3 a=92
8.6 | Unknown Unknown Unknown Unknown
8.7 | 65,65=130, | 36363637 | 43,4343.86,43 a,a,a=3a,2a,a
65,65 a=772
9.2 | 3,3=162, 3,3,3=243 2,1,1=17,15 2,2,2=32,16,16
81,81 2a,3,a=a5,a> a=257
1=23,18,3
9.3 | 4,2=57,42,15| Unknown 12,8,8=1808,-784 3,2, b
4,365,19,7 8, 3,3,2=32,17,13
0.4 |0,9-162,81, | 27,27.27=37 | aaa-6a°3a2 8,8,2=128,4,4
81 a=459
95 |a%a%e2a’, | 3,3.3-9 2a,aa=a2,a? 3a,2a,a=a,a?,a?
a’,a’ a=17 a=257 a=6732
9.6 | Unknown Unknown Unknown Unknown
4
07 |ah atuzaB, | 272727081 | 2a3a3a%-atat | 2a3a16-2%32,
2525 au65 =257 32 a=513
9.8 |aa=2a,a,a 37'37'37538 237v37-37“38-38 128,128,2=256,
a=129 8=257 22
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