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1. Introduction

In 1953 Fenton Stancliff [1] noted that

(4 1
TG - L

where F; denotes the 7'M Fibonacci number. This curious property of Fibonacci
numbers attracts many Fibonacci fanciers. Afterward, Long [2], Hudson & Winans
[3], Winans [4], and Lin [5] discussed this Fibonacci phenomenon from different
viewpoints. Kohler [6] and Hudson [7] then discussed Tribonacci series decimal
expansions. In Lin [8], the characteristics of four types of Tribonacci series

r,=n,4,+7,.0+7T, 3, where Ty =1, T, =1, T3 = 2,

Ry =Ry + Ry_p + R,_3, where Ry = 1, Ry = 3, Ry = 7,

Sy =8,-1 + Sy,-90 + Sy,_3, where Sy = 2, S, =5, S3 = 10,

Uy, = Uy-1 + Up_p + Uy_3, where U} =1, Uy = 2, Uz = 3,
are further explored in their X3 - X2 - X - 1 = 0 format. But, in Lin [8],
there was a question left open, which is whether T,, &,, S,, and U, could be

described as one of the four different types of decimal expansions represented
by sequential Tribonacci series of the form:

A. 0. TanHZTYL3TnL+Tn5Tn6T?’L7"' = Na/Ma,
B. 0. Tn1T0TnsTnuTlynsTneln7er = Np/Mp,
C. NG/MG ends in '"Tn7Tn6T7’L5T7’LL+Tn3Tn2TVL1’
D. for Ny/My; > 0, Ng/Ms ends in ...T, 77,67, 5Ty 7037 0T n1 s
for N;/M; < 0, Nz/M; ends in ...T,97,67 w5 T 0T w3l noT 1 s
where f;m = ~Tom s
The terms of decimal expansion A are all positive, and those of decimal
expansion B appear positive and negative alternately. The repetends of C and D
are viewed in retrograde fashion, reading from the rightmost digit of the
repeating cycle toward the left. The terms of repetend C are all positive, and
those of repetend D appear positive and negative alternately. This question

has been given a positive answer in this article. 1In the following, each of
those four types of decimal expansions will be explored.

2. Decimal Fractions That Can Be Represented in Terms of
Tribonacci Series Reading from Left to Right

Summing the geometric progressions using the same method described in Lin

[5], Kohler [6], and Hudson [7], we can easily obtain the decimal fractions of
the Tribonacci series Tym+p as equation (1).
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REPEATING DECIMALS REPRESENTED BY TRIRONACCI SEQUENCES

Tppp* 102K 4 (Toupp = By o Tyyp) « 105 + 1,

Theorem 1:
(]_) Tnm+p =
no1 10%7

103% — R, - 102 + R, - 10k~ 1

H,,m+p, Sm+p, and U,,m+p have the same representation if we change 7 into A, S,
and U, respectively.
When p = 0, they become

T, « 10%% + (Tp, -

T, e R,) « 10% + T,

10%% ~ R, « 102% + R_, « 10k - 1

R, » 10%% + (R,, - RZ) » 10% + Eg

103% — R« 102k + p_, « 10k~ 1

S, = 10%% + (Sp, = S, R, + 105 + 5

103% - R, =102k + F_, - 10% - 1

Un ° lOZk + <U27’l

- U, * R,) 10k + Uy

(2) - -
me1 10k7
<) mzj:l ljf)ﬂk!; )
) mgl lin:m :
) n;::l lz(/)n:m )

103 — B, 102k 4+ R_ - 10%k - 1

where n and kX must satisfy

3

3

1 Sp-1 Ty
(6) B, (X + V) + @2+ 7)) < 1
. 3
where X = V19 + 3/33 and ¥ = /19 - 3/33. Also,
(7 Ry =Ropyg = HEoyvp =~ Bopsgs
Some particular values for the above series are summarized in Tables 1-4.
- nm
TABLE 1. Some values of Z P
m= 110
o 2 3 4 5 6 7
1 123 323 603
889 | 689 349 ;
. |
2 10203 ? 30203 i 69003 111003 210203 387803 713003
989899 1 969899 930499 889499 789899 611099 288499
3 1002003 i 3002003 ! 6990003 11010003 21002003 38978003 71030003
998998999 | 996998999 | 993004999 | 988994999 978998999 | 961010999 | 928984999
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REPEATING DECIMALS REPRESENTED BY TRIBONACCI SEQUENCES

s S
TABLE 2. Some values of ZZ—JEL
m=110%m
o 1 2 3 4 5 6 7
1 233 523 893
889 | 689 349
i
o) 20303 50203 98903 171203 320103 587603 1083503
- 989899 969899 930499 889499 789899 611099 288499
3 2003003 5002003 9989003 17012003 32001003 58976003 108035003
998998999 996998999 993004999 988994999 978998999 | 961010999 | 928984999

© T
TABLE 3. Some values of E:-—E%;
m=110
NG 1 T 4 5 6 7
1 100 110 190
889 689 349
2 10000 10100 19900 40000 70200 129700 240100
989899 969899 930499 889499 789899 611099 288499
3 1000000 1001000 1999000 4000000 7002000 12997000 24001000
998998999 | 996998999 | 993004999 | 988994999 | 978998999 | 961010999 | 928984999

» [
TABLE 4. Some values of 2:-—£%;
m=110
DA 1 2 3 4 5 6 7
1 110 200 290
889 689 349
2 10100 20000 29900 60200 109900 199800 370500
989899 969899 930499 889499 789899 611099 288499
3 1001000 2000000 2999000 6002000 10999000 19998000 37005000
998998999 996998999 993004999 988994999 978998999 961010999 928984999

Using (6) and k = 1, 2, 3, n = 4, 8, 12, respectively, we obtain:
[11 + 10+ 4.51786.../3 + 2+ 12.41106.../3]1/30 = 1.14445... > 1;
[131 + 108 4.51786.../3 + 24+ 12.41106.../31/300 = 1.30977... > 1;
[1499 + 1238+ 4.51786.../3 + 274+« 12.41106.../31/3000 = 1.49897... > 1.

These indicate that the ratios of geometric progressions are greater than 1;
thus, the sums are divergent. This explains all the blanks in Tables 1-4.
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3. Decimal Fractions That Can Be Represented in Terms of Alternating
Positive and Negative Tribonacci Series Reading from Left to Right

Long [2] gave a proof for

©

5}1—1
——F = 1/109;
mgl ("‘10)m

Lin [5] proved

i an - £y

m=1 (-10%)m+1 102 + 10%k. 1, + (-1)"

and
i Lym _ Ly
ns1 (-10%)m*l 102k 4 10k ., 4+ (-1
where L, is the m'® Lucas number. These equations show that Fibonacci and

Lucas numbers appear as the positive and negative terms of alternated Fibonacci
and Lucas series, viz.,

N/M = 0. F\F,F,F FFe...,

where fm = -F,, and the F, appears successively in the repetend in blocks of k
digits. In this case of Tribonacci sequences, if we substitute (—107<) for 10k
in equation (2), it will appear as:

- i T Tp +102% + (TR, = Ty,) <10k + 7

A2 (=109 103k + R, » 102K + B, » 10K+ 1

Changing 7 into R, S, and U, it will still be true.

TABLE 5. Some particular values for the T, series

n
) I 2 3 4 5 6 7

1 100‘ 90 210
1091 1291 1751

2 1000 9900 20100 40000 69800 130300 239900
1009901 1029901 1070501 1109501 1209901 1391101 1708501

3 1000000 999000 2001000 4000000 6998000 13003000 23999000
1000999001 | 1002999001 | 1007005001 | 1010995001 | 1020999001 | 1039011001 | 1070985001

4. Decimal Fractions That Can Be Represented in Terms of
Tribonacci Series Reading from Right to Left

Winans [4] pointed out that 1/109, 9/71, and 1/10099 can be expressed as a
reverse diagonalization of sums of Fibonacci numbers reading from the far right
on the repeating cycle, where 1/109 ends in

132 ¢ [May



REPEATING DECIMALS REPRESENTED BY TRIBONACCI SEQUENCES

13853211
21
34
55

...8623853211

Johnson [9] gave a short solution to this kind of problem. Summing from
the rightmost digit of the repeating cycle toward the left, she got the result:
F?’L
(9 , n is odd.
10%% + L, « 10k - 1

Summing the geometric progressions by using the Binet form for Tribonacci
T, as Lin did in [8], and using the method indicated in Johnson [9], for k > O,
we can derive:

k(L+1
(10) i okm-Dp _ Tn@op s 105¢7 '+ (Tugey = BpTpp) » 109 +
n'= i 103k - p_, « 102 + R, . 10%¥ - 1

T, 108E-D _pow 102k — (T,, - R,T,) « 10k - T,]

n

Let the denominator be acronymed as M, and L(#) be the length of the period of
M. We add

[-To = 102k - (Tp, - R,T,) «10% = 7,1 « 10°¢D
+ [Ty » 102% + (T,, - R,T,) » 10k + T,] « 102D

to the numerator and divide both sides of (10) by lOkuxM»; then it becomes

L
Z lok(m— 1_L(M))Tnm

m=1
B Toz-1)° 10K@F1-20N) 4 (Tam+1) = BnTop) * 10k (&= L)
M
L T 10*E =100 _ 70102k~ (T,, - R,T,) » 10¥ - T,

M

, Yo 102% + (T,, - B,T,) « 10k + 7,)(107™ - 1)
M+ 107D

and, we get

Theorem 2: The decimal representation of

() ¥ T 10%% + (T,, - R,T,) - 10K + 7, Voo
11 — = 5 > s
M 103 — R_, +10%% + R, - 10k~ 1
ends in successive terms of T, , m = 1, 2, 3, ..., reading from the right end

of the repeating cycle and appearing in groups of k digits.
If ¥ < 0, then we have

Theorem 3: The decimal representation of
M+ N M+ Tye102k + (Ty, - R,T,) = 10K + T,

(12)
M 10% - R_, - 102k + R, - 10k -1
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ends in successive terms of T,,, m = 1, 2, 3, ..., reading from the right end
of the repeating cycle and appearing in groups of k digits, if 1 is added to
the rightmost digit.

Proof: If N is negative, the N/M still has a positive term there. The
numerator needs to be adjusted as below:

(Tg + 10%% + (Tp, - R,T,) 10k + T,) (1020 - 1)

102 <y
(T » 102k + (Ty, - R,T,) » 10K + 7,) (10*™ - 1)+ (10%™ - Dy~ (102 - 1)u
B 10200 « iy
(M + Ty +10%% + (Ty, - R,T,) « 10k + T,) (102¢D — 1) 1
) 102D « i * 10L0D -

The fractional part represents (M + N)/M times one cycle of the repetend of
1/M, when 1 is added to the rightmost digit.

Using the same method, we derive (11) and (12), and we can further
generalize them to

Theorem 4:
_ Tp s 10% + (Thn4p = B,Tyyp) <105 + Ty Vs o
- 3

10%% - B, + 102 + R, « 10% - 1 ’
M+ N M+ Ty 10% + (Tpyyp = Rplnsp) * 105 + Ty

M 103k - R_, +10%% + R, « 10k - 1

(13)

Xl=

(14)

> V<0,

ends in Iﬁn+p, reading from the right end of the repeating cycle and appearing
in groups of k digits. If N < 0, 1 is added to the rightmost digit.

From the above method, we can easily obtain the decimal fractions that end
in successive terms of Run+ps> Smm+p> and Um+p DY changing 7 into R, S, and U,
respectively.

Tables 6-9 show some values of Typ+4ps Hm+ps Smn+p, and Upy4ps for p = -3,
-2, -1, 0, 1, 2, 3, and n =1, 2, 3, 4, 5

TABLE 6. Fractions whose repetends end with successive terms of Tmntp s
occurring in repeating blocks of one digit

n
P I 2 3 4 5
1000 1039 489 1470 1240
-3 1109 no * 569 | Teos * | T309 *
, 100 110 7 121 122
-2 1709 129 369 1609 1309
10 1120 1 2 1283
-1 1109 1729 * 369 * 1609 1300 *
o 1 1 561, 4 27
7709 129 569 1609 1309
. 111 112 64 147 123
1109 1129 369 1609 1300
, 122 114 57 173 124
2 1109 1129 369 1609 1309
3 234 237 113 324 274
1109 1129 569 1609 1309
Notea: | is added to the rightmost digit.
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TABLE 7. Fractions whose repetends end with successive terms of Ryu:p »
occurring in repeating blocks of one digit

P n 1 2 3 4 5
= 499 539 363 601 583
1109 1129 569 1609 1309
1048 972 510 1572 1056
-2 1100 * 1129 4 569 4 1609 “ | 1309 *
992 1070 an 1456 11
- 1100 * 1129 4 560 4 605 * | T309
0 321 323 207 411 341
1109 1129 569 1609 1309
. 143 107 51 21 93
1709 1129 369 1609 1309
, 347 371 161 479 451
2 1109 1120 569 1609 1309
3 811 801 419 1111 891
1109 1129 569 1609 1309

Note a: 1 is added to the rightmost digit.

TABLE 8. Fractions whose repetends end with successive terms of Sys+p »
occurring in repeating blocks of one digit

n
P 1 2 3 4 5
3 409 420 293 502 698
- 1109 1129 569 1609 1309
1039 992 501 1554 1109
-2 1709 1129 * 569 “ | 7609 “ | 1309 *
) 1102 , 42 544, 990 , 107
1109 1129 569 1609 1309
0 332 325 200 437 342
1109 1129 569 1609 1309
1 255 230 107 372 249
1109 1129 569 1609 1309
5 580 597 282 799 1117
- 1109 1129 569 1609 1309
3 58 23, 20 1608 1289
1109 1129 569 1609 1309
Note 4: ] is added to the rightmost digit.
*. —1 is added to the rightmost digit.
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TABLE 9. Fractions whose repetends end with successive terms of Umsp »
occurring in repeating blocks of one digit

P n ! 2 3 4 5
1019 1010 499 1510 1161
-3 Tios * | T 69 * | Teoo *| 1309 4
5 1100 , 20 560 , 1591 , 53
1109 1129 569 1609 1309
] 110 101 72 1598 96
1109 1129 569 1609 1309
0 11 2 562, 26 )
1109 1129 569 1609 1309
1 112 123 56 151 150
1109 1129 569 1609 1309
N 233 226 121 320 247
- 1109 1129 569 1609 1309
3 356 351 170 497 398
1109 1129 569 1609 1309
Note 4 1 is added to the rightmost digit.
*: -1 is added to the rightmost digit.

5. Decimal Fractions That Can Be Represented in Terms of Alternating
Positive and Negative Tribonacci Series Reading from Right to Left

Starting from Theorem 4 of Johnson [9], we rewrite it as:
(-D)" «Fp 10 = Fyyp
(-1)" <102k - 1, <10k + 1
(-1)" «Lp «10% = Ly4p
(=1)" 102k -1, «10% + 1

form =1, 2, 3, 4, ..., occurring in blocks of k digits. Substituing (-10%)
for (10%), we get

ends in 7

The repeating cycle of A

and the repeating cycle of ends in Lym+p,

Theorem 5:
-1+l e p, « 105 - F,

u ip
(15) The repeating cycle of — = ends in F s
M (-1)" . 10% + L, - 10k + 1 mtp
i (-1)"*h e D, < 10% = Ly
(16) and the repeating cycle of — = ends in Lm+ps
M (-1)" +10% + L, .10k + 1

for m=1, 2, 3, 4, ..., occurring in blocks of k digits. If N/M > 0, all even
terms are negative, if N/M < 0, all odd terms are negative. For example,

for k =1, n=1,

N/M = 1/89
= 0-°...38202247191
...893413 5 2 1 positive

It
o
.

....5521 8 31 negative

.e..38202247191 summation
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for k=1, n =12,

N/M = -16/369
_ erriT 40
= ~0.04336 ..323072
.11879264
4807526976
46368 positive
144 mnegative
14930352
..008755920
.6367088
..... 096
..... 4
...... 60433604336 summation
Using (15) and (16), we can derive Tables 10 and 11 for kK = 1, 2, 3, and n from
1 to 7.
TABLE 10. Fractions whose repetends end in Fy, with positive
and negative terms alternated, positive fractions begin
with positive F,, , negative fractions opposite
k G 1 2 3 4 5 6 7
| 1 -1 2 -3 -5 -8 -13
89 131 59 171 11 281 191
9 1 -1 2 -3 5 -8 13
- 9899 10301 9599 10701 8899 11801 7099
3 1 -1 2 -3 5 -8 13
998999 1003001 995999 1007001 988999 1018001 970999
TABLE 11. Fractions whose repetends end in L,, with positive
and negative terms alternated, positive fractions begin
with positive L,, , negative fractions opposite
% n 1 2 3 4 S 6 7
1 —19 23 =16 =27 2 =38 =2
89 131 59 171 11 281 191
5 199 203 196 207 189 218 171
9899 10301 9599 10701 8899 11801 7099
3 -1999 -2003 -1996 -2007 —1980 -2018 -1991
998999 1003001 995999 1007001 988999 1018001 970999
Because o o
0. o FgFgFgF F3FoFy + 0. o FyFgFsF F3FoF,
-0. 0000...0001 = 0. 9999...999,

0. ...F;FgFsF,F3FyF)

1990]

and O-...,F7ZFGF5I71+F3Z72F1
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are complementary numbers.

1f N/M > 0, N/M
then N/M -1
if N/M < 0, N/M
then 1 + N/M

ends in O. ...F7f6F5?;+F3F2F1

ends in 0.

ends in O.

.. '571116?55’4?35’2?1 ;*
.. FyFcFsF F3FoF,

ends in 0. ...FyFgFsF F3F,F1 %

*: -1 is added to the rightmost digit.

So, Tables 10 and 11 have their complementary tables.
From Theorem 4, if we use (-10X) instead of (10%), then we will have

Theorem 6: For N/M > 0, the repeating cycle of

vy Tp- 1025 = (Tp,4p = RyTpip) * 10K + T,

(17)

-10%% - R_, + 102k - R, « 10k - 1

This result can be described in another way:

ends with T +p» €Ven terms are negative; for N/M < 0, the repeating cycle of

m

N Tp+10% = (Tousp = RyTypyp) + 105 + Ty

(18) - =

M -103% - R_, +10%% - R, «10% - 1

ends with 7,,,,, odd terms are negative, both appearing in blocks of k digits.
Table 12 shows some illustrations of (17) and (18).
As before, the above results can be developed as follows:

0. ...T7nfénT5nThnT3nTénTn’
0 oo T2, T6nT 55 T T3, Ty Ty 3%
0. o779, 76,75, T4y T3, T0p Ty »
0. ...T7nTénT5nTﬂnT3nTZnTn'*

If N/M > 0, N/M
then N/M -1

if N/M < 0, DN/M
then 1 + N/M
*: -1 is added

So, Table 12 has its complementary table, too.

TABLE 12.

ends in
ends in
ends in

ends in

to the rightmost digit.

Fractions whose repetends end in T,, appearing
with positive and negative terms alternated

oo 2 3 4 5 6 7
k
=L S =12 -4 RER 43 —14
911 931 1571 611 1111 2491 211
5 -1 99 -102 -4 193 -313 76
<. | 990101 990301 1050701 951101 992101 1113901 857101
3 -1 999 -1002 —4 1993 -3013 976
999001001 999003001 | 1005007001 | 995011001 | 999021001 | 1011039001 | 985071001
6. Conclusion

Tables 1-5 and Tables 6-12 have a great difference, the former tables

tain blanks, the latter do not.

R, is always greater then F_,, so we can calculate M whenever we wish.
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From the above discussion, we can find the following interesting results:

1/89 = 0.0112358... = 0. FoF{FpF3F FsFg...,
10/89 = 0.112358--- = Q. F1F2F3F4F5F6...,
10/109 = 0.112358... = 0. F{FyF3F Fslg...,

1/109 ends in ...853211 or ...FgFgF,F3FoF),
1/89 ends in ...8532I1 or ...FgFsF F3FoF,
88/89 ends in ...853211 or ...FgFsF F3F,Fi,%
100/889 = 0.112485939... = 0. T17,T3T,T5TgT 7.5

100/1091 = 0.11247... 0. T4T5T3T,TsTgTye s
1/1109 ends in ...374211 or ...T;TgTsT,T3T 7,
1/911 ends in ...374211 or ...T;TgTsT,T3T,T1,

910/911 ends in ...3742I1 or ...T;T¢TsTT3ToT,%

It
[

]
il

*: -1 is added to the rightmost digit.
One of the above,
1/1109 = 0.00...862385374211,

can not only end in T,, m =1, 2, 3, 4, 5, ..., but can also end in Tg,, m = 1,
2, 3, 4, 5, ... . Summing up, we may find different forms of -the decimal
expansion for a particular fraction. Perhaps, they could be  explored on
another occasion.

In another article written by this author (unpublished), even Tetrabonacci
series can also be divided into four types, as above.
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BOOK REVIEW
A New Chapter for Pythagorean Triples by A. G. Schaake and J. C. Turner

In this book, the authors develop a new method for generating all Pythago-
rean triples. They also illustrate that their new method can be used to find
solutions to the Pellian equations x2 - Ny2 = t] where IV is square-free. Since
the book contains only accusations and examples, it is impossible to verify
that their method is mathematically correct even though the numerous examples
found in the book seem to imply that it does work. The authors have published
a Departmental Research Report, with proofs of their methods, which may be had,
on request, with the book. The reviewer has not read the Research Report.

The method, at least to this reviewer, appears to be new. Furthermore, the
method is a very mneat way of relating Pythagorean triples to continued
fractions via what is called a "decision tree.'" However, the reviewer does not
accept the new method with the enthusiasm of the authors because they make
claims which, in the opinion of the reviewer, may not be true. Several of
these claims will be discussed later in this report.

The basic claim of the authors is essentially that (x, y, 2) is a Pythago-
rean triple if and only if

— a
% = q P’ y = p + 4= qt+r
2n 2n 2n
where r/s and p/q are, respectively, the last two convergents of a continued
fraction of the form

[0; Uls Uy eees Uiy Vs 1, j, (v + 1), Uss eees Us ul]-

Using the parity of v, a nice contraction method developed by the authors for
the set of values uj, up, ..., u; and the size of j, the authors illustrate
that there are five families which predict the value of n.

Most of the book is spent on the development of the techniques used and
examples which show how the techniques work. The explanations are clear and
the examples are well done. Actually, there are far more examples than are
probably needed. The book is very easy to read. In fact, several chapters
could be reduced in size or eliminated since anyone with a background in number
theory would know most if not all of the material in Chapters 1 and 2. Other
parts of the book could also be left out. For example, the tables on pages 127
to 137 were of no value to the reviewer. To be fair to the authors on this
point, however, in the Foreword they do state that the material is intended to
be accessible to teachers and college students, as well as to number theorists
and professional mathematicians. (Please turn to page 155)
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