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In [1], U, is defined to be a divisibility sequence if U,|U, whenever m|n.
It is conjectured that

k
U, = 4" > e;nt,
=0

A, ¢; integers, is a divisibility sequence if and only if exactly k of the ey
are 0. In this note, the conjecture will be shown to be true.

Since the A" factor offers no difficulty, it will be ignored. Furthermore,
the sufficiency can be demonstrated easily; therefore, only the necessity will
be proven in the following theorem.

Theorem: Let
k .
Uy = 3 ¢n’,
=0

where the ¢; are integers and ¢, # 0, be a divisibility sequence; then, ¢; = 0
for 0 <7 <k - 1. (Note that there is no loss of generality in assuming that
U, has this form.)

Proof: Let m = mt, n, m, t positive integers. Then,
k k k -
Uy = Upy = 3 c; (mt)t = > e,mit? = <Zcimi>tk - 3 et(tk - thm?.
=0 =0 =0 =0
Since UmlUn for all ¢, U, must divide the second sum on the right-hand
side. (Note that the first sum is Up.)
_ Now, fix ¢ > 1 and let d; = ci(tk - tt) for 0 < 72 <k - 1; note that tk -
t* 2 0 for all Z. Thus,

k-1

2. d;m? for all m.

=0

However, U, is a polynomial in m of degree k(c, # 0); thus, for sufficiently
large m,

Um

k-1
|Un| > | > d;m*|.
=0
Hence, .
Zdimi = 0 for all m.
=0
This implies that d; = 0 for all %, and, consequently, ¢; =0, 0 <7 <k - 1.
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