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Let {a;};.0 and {b;};,, be any two real or complex number sequences satis-
fying a; # 0 and b; # 0 for ¢ > 0. Assume that x, y, and z are three fotmal

variables. For any natural number #n, define a formal binomial coefficient as
follows:
nox - a,._
(1) <x> = 1 ———k7l yhere (x) =1
n/i(a) e ay 0/(a)
It is obvious that when ap = k (k = 0, 1, ...), (%)(a) reduces to the ordinary

binomial coefficient. If we replace x by 1 - g% and a; by 1 - gk (k =0, 1,
...) instead, then <£)(a) becomes the Gaussian binomial coefficient

)

Based on these preliminaries, we are ready to state our main result.

Theorem: Let 0 <m < n < r be three natural numbers. Then the following alge-
braic identity holds:

r -k
- &z Y ) n+l _ (x ( Y ) m
a”“‘lby"”(n + l>(a) <r - nlp)? Anbr-m+1 m)(a) r-m+ 1) "
This identity follows from splitting the summand
- - - & Y k
thy wl@ - az - arly bf-k)}(k>(a)<r - k)(b)z

“ bl ¥ 1)l L) b (1)l - § + Uiy

and diagonal cancellation.
Taking z = 1, (2) reduces to the following.

(2) gn:m{bp_k(x - ak)Z - ak(y = byr-1) }<‘z>(a)< Y )(b)zk

Corollary: Let 0 <m < n < r be three natural numbers, then
n
- £ Y
(3 kgm(br'kx aky)(k)(a)(l" - k)(b)

= an+lbr-n<n f 1xa)(P % n)(b)— amb?‘m+l<:>aw<r - % + l)(bf

For the remainder of the paper, we shall discuss the applications of (2)
and (3) to combinatorial identities.
First, letting m = 0, y =m - x, and a; = by = k in (3) gives

N re - mk(xz\(m - x\ _r - njx - l\(m-x
(4 ké% re (k)(r - k) T r ( n >(r - n)'
If we define a partial convolution by
_ & jx\(m - x
) Sn (@5 75 1) ‘k;)(er %)
then (4) generates the following recurrence:
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r - nfx -1 -
Sylay 2o m) = T (T O N(T T I L D - L, - Lon - L),

Performing iteration on this recurrence and noting that the closed form of
Solx, r, n) from (4) and (5) is

o -z \_r - njx -1 -

(6) kg%(k><r - k>_ 7 ( n )(r - n>’
m
r - nmyyr\" e -k - I\(m - x

Syr 7 ) - ( )20
7 n (@ 1) kz%)r - k(k)(k> n -k r - n/’
which contains the following interesting example (cf. Anderson [1]):

”aol—x) (l-x)(r—l)—nx—1> -
(8) k§O<k><r—k B »(r - 1) < n (r—n— 1)'
This identity and (6) are the main results of [1] established by the induction
principle.

Rewriting (7) in the form

- - - 11 & - -
B G B D1 (4 [ 4
and making some trivial modifications, it may be reformulated as
~ _ . (7’1—2”) ; i i
@ BETOUTIIET -y AL 0D

=0
m

Sylx, vy n) = (-1)

Since (9) is a polynomial identity in r, it is also true if we replace r by a
continuous variable y which provides an algebraic identity. The particular
case of m = 0 in (9) yields the following combinatorial identity:

7 - _ _ -
SIS O 144119 I (e I G (G B
Next, taking a; = b; = ¢ and replacing » and n by m + n in (3), we have

13
_ B x X - l> - (x) y — 1
an Pt Ry - (e LN | GRS I 77 G ).
Putting @ = y and m = » + 1 in (11), we obtain the following identity,
S 2k + 1 x xz -1 x - 1\2
(12) kz;)n + k + 1<n - k)(n + k) b < n ) ’
which reduces to an identity of Riordan ([3], p. 18) for x =n - m.
If we let m>m+ s, x > 2m+ s, and y > 2n + g, alternatively, then (11)

degenerates to Prodinger's generalization for Riordan's identity (cf. [2], and
[3], p. 89):

Finally, letting x =y = 1 - g%, a; = b; = 1 - g% and m = 0 in (3), we ob-
tain the following g-binomial convolution formula by simple computation:

o1 o- gtt2kpy t (n-k)Xr-n-k-1) o [t =1 ¢ ]
(14) kz;,ol—_—q;jf{k“p - k}q h [ n HP - nd’

When g + 1, (l4) reduces to the ordinary binomial identity:
Loy - 2k x _jx -1 x
(15) kZ% r - n (k)(P - k) B ( " )(r - n)'
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