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Let {cti}i>Q an<^ {bi~^i>o D e a n y t w o r e a - l o r complex number sequences s a t i s -
fying at * 0 and bi * 0 for i > 0. Assume t h a t x, y, and z a r e t h r e e formal 
v a r i a b l e s . For any n a t u r a l number n, de f ine a formal b inomia l c o e f f i c i e n t as 
f o l l o w s : 

n X - a 
( - ) , n ^ — ^ , where {*) = 1 . 
\nl(a) k

lJl ak \ 0 / ( a ) 
It is obvious that when ak = k (k = 0, 1, . . . ) 3 (S)(a) rec^uces to t n e ordinary 
binomial coefficient. If we replace x by I - q% and a^ by 1 - qk (k = 0, 1, 
...) instead, then (n)(a\ becomes the Gaussian binomial coefficient 

{ l \ : \ 
Based on these preliminaries, we are ready to state our main result. 

Theorem: Let 0<m<n<rbe three natural numbers. Then the following alge-
braic identity holds: 

yk 

Ub) 
= an + lbr-n{ * ,) ( y ) zn + l - ambr-m + 1(X) ( y ^ ,),^zm. n + L / n\n + i/(a)\p - n!(b) m r m + i\m/(a)\r - m + 1Kb) 

This identity follows from splitting the summand 

ibr_k{x - ak)z - ak{y - *r-k>}(£)(a)(r I k\b)*k 

= ak + lbr-k\k + i)(a)U - k)(bfk + l " akbr-k + l(k){a)\r - k + l){b)zk 

and diagonal cancellation. 
Taking z = 1, (2) reduces to the following. 

Corollary: Let 0 < m < n < v be three natural numbers, then 

(3) ^Jb^-aMX){ry-k)^ 
= an + lbv-nyn + J ^ l ^ _ n ) ( b ) - a,A-rc + i(^)(a)(r _ ̂  + 1 j ( f c ) . 

For the remainder of the paper, we shall discuss the applications of (2) 
and (3) to combinatorial identities. 

First, letting m = 0, y = m - x, and ak = bk = k in (3) gives 

(A\ v* P̂ C - mk/x\/m - x\ r - nix - l\lm - x\ 
k^0 rx \k/\r - k) r \ n )\r - n)° 

If we define a partial convolution by 

(5) Sm(X,r,n) = ±o(*Xr:*), 
then (4) generates the following recurrence: 
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Sm(x,r,n)=——(^ n )(r _ J +-S m-i(* - 1, r - 1, n - 1). 

Performing iteration on this recurrence and noting that the closed form of 
SQ(X, r, ri) from (4) and (5) is 

A (x\(l - x\ (I - x)(r - 1) - nix - 1\/ -x \ 

we have 
/-,N - / N A r - n(m\/r\-~L (x - k - l\(m - x\ 
(7) Sm0r, r, n) ^ E ^ r r - f c W U ) I «-fc ) L - « ) ' 

which contains the following interesting example (cf. Anderson [1]): 

(1 - x) Q - 1) - n(x 

k^Q\kl\r - k) r(r - 1) 
This identity and (6) are the main results of [1] established by the induction 
principle. 

Rewriting (7) in the form 

^m+n v - n(m - X\(T - l\~l 
k= 0X 

and making some trivial modifications, it may be reformulated as 

n , x , -v/72 + w v - nlm - x\(v - l\~l sr (m - r\/n - x\ 
Sm(x, v, n) = (-1) - i r - ( r _n){ m ) Zo{m _ k)(n _ k), 
ing some trivial modifications, it may be reformulated as 

In - r\ 
(Q\ v" iny1 lx\lm - x - r + n\/r\ _ \ n I A im - v\ln - x\ 
W X*\il \i)\ n - i )\i) ~ im - v\ L \ m _ k)\n _ /J-

Since (9) is a polynomial identity in r, it is also true if we replace r by a 
continuous variable 2/ which provides an algebraic identity. The particular 
case of m = 0 in (9) yields the following combinatorial identity: 

«« ,?,(?)«)«)"(";!i")-r;T;")-
Next, taking a^ = b± = i and replacing r and n by /?? + n in (3), we have 

<n> ,?0
{ ( m + ̂  - ( » - k ) ^ u i kin: i ) = ^oc; ')• 

Putting x = y and m = n + l i n ( l l ) , w e obtain the following identity, 

which reduces to an identity of Riordan ([3], p. 18) for x = n - m. 
If we let m •* m + s, x ->• 2m + s, and 2/ •> 2n + s, alternatively, then (11) 

degenerates to Prodinger's generalization for Riordan's identity (cf. [2], and 
[3], p. 89): 
,n> v 0̂7, a. W2m + s\/2n + s\ (w + s) (n + s)/2m + s\ /2w + s\ (13) Zo(2k + S ) ( m _ fe)(n. k ) m + n + 8 { m )[ n J' 

Finally, letting x = y = 1 - qt, ai = bi = 1 - qS and m = 0 in (3), we ob-
tain the following q-binomial convolution formula by simple computation: 

<») £i^{;][,?,],<.-»<'--->. [';'][,!„ 
When q •> 1, (14) reduces to the ordinary binomial identity: 

(1 5 )
 fc?Q P - n \k)\r - k) = \ n )\r - n)' 
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