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1. Introduction

This note deals with certain inequalities involving the elementary arith-
metic functions d(r), ¢(»), and o, (r) and their unitary analogues. We recall
that a divisor 4 of r is called unitary [2] if (d, »/d) = 1. Let e = 1, I;(r)
= rk (k > 0), and u denote the Mdbius function. In terms of Dirichlet convolu-
tion, denoted by (), we have [1]:

d(r) = (e~ e)(r)
o (r) = (I u)(r) where I(r) = r.
o, (r) = Iy = e)(r)

The unitary convolution of two arithmetic functions f and g is defined by

(1.1 F®@ =3 F(dg(3)
d|r

where d”r means that d runs through the unitary divisors of r. The unitary
analogue p* of u is given by [2]

(1.2)  u*@) = (-,

where w(r) denotes the number of distinct prime factors of » with (1) = 0.
The unitary analogue ¢* [2] of the Euler totient is given by

(1.3)  ¢¥(») = (T @ v*) ().
The unitary analogues of d and o, are d* and o} and
(1.4)  d*() = 2™,
w(r) being as defined in (1.2);
oF(r) = (I ®e)x).

For properties of 0%, see [5]. It is known that d*, ¢*, and o} are multiplica-
tive functions. Further, given a prime p, m = I,

d*(pm) = 2
(1.5) o*(pm = pm - 1
O:(pm) = pmk + 1

Let ¢ = (Ix - u. ¢k(r) is multiplicative in r.
From the structure of ¢, and oy, we note that

((bk. Ok) = (Ik' u) e (Ik'e)

= T+ T (e e)
Iy - Ik) as p is the Dirichlet inverse of e.

I

or

(1.6) X 0, (Do, (5) = rhd) (k= D).
dlr
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It follows that

b, + o) = ¥ ¢k(d)ok<§) = rkd(r).
Therefore, dzih;,p

(1.7) ¢, () + 0 (r) < rkd(r)

with equality if and only if » is a prime.

In arriving at (1.7), we have used the fact that ¢, and o, assume only pos-
itive values.

Defining ¢2 = I, @ u*, and noting that

(1.8)  ¢* ®o¥ = rid* (),
we have

Theorem 1: ¢ﬁ(r) + Gz(r) < rRd*(r) with equality if and only if r is a prime
power.

Further, using the fact that
¢z P d* = o*
we also obtain

Theorem 2: ¢z(r) + d*(r) < oz(r) with equality if and only if » is a prime
power.

We remark that Theorem 2 is analogous to the inequality involving ¢, d, and
o, see [4], [6].
Using the multiplicativity of ¢2 and 02, one could also prove
Theorem 3: For k > 1
1. 0% (r) % (r) .
c(2k) r? ’

where z(s) is the Riemann ¢-function.

Now, the AM-GM inequality yields

(1.9) d(S? > pk/2 (see [9])
and *( )

I\l k/2
(1.10) 2* () > .

The aim of this note is to establish a few more inequalities which come out
as special cases of certain general inequalities found in [3] and [7].

Let
0<a<a; <4 .
0<p < bz < B (2 =1, 2, ..., 8)
where a;, b; (¢ =1, 2, ..., 8), a, A, b, B are real numbers. Then, from [7],
S S
aZ)( > b? >
(1.11) Lgl ><L=1 (AB + ab)2
( h 4ABab
S a;b;
=1
Next, let
0 < agm < aék)s ce. < aém (k =1, 2, «c., m).

Then, an inequality due to Tchebychef [3] states that:
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S S S
ya\ [ 5ar\  Sa® e
(1.12) =1 })... {z= < &=
s s s
The inequalities derived in Section 2 are essentially illustrations of (1.11)
and (1.12).
2. Inequalities
Theorem 4: For k = 0,
k
oy (r rrk + 1
(2.1) k@) rttl
d(r) 2
and N .
or(r rk + 1
2.2y & r*l
d* (r) 2

Proof of (2.1): Let dj,

oy ()0, () (rk/2 4 pmm/2)2

mf () 2 = k/2 -=m/2
or r (Wk-mwz> 4r
(0, ()0, (r))1/2 1
(2.3) k o“’)m < zp(k_mm(r(km)/z + 1)
(k-m)/2

Setting m = k in (2.3), we obtain (2.1).

.., d; be the divisors of r.
taking a, = d¥?, b, = d;"?, A =rk2% a =1, b =r"2, p=1.

We appeal to (l1.11) by
Then

We appeal to (1.12) with

Similarly, by considering the unitary divisors of r, we arrive at (2.2).
In view of (1.9) and (1.10), we also have
Corollary: () y
0, (P rr 4+ 1
2.4) pk/2 < K g —
( ) d(r) 2
and * X
o (r
(2_5) I,k/2 < k( ) < l"__t—l
d*(»r) 2
Theorem 5: For k, m = 0,
(2.6) E&iﬂifl > pk/2
0, ()
and *
2.7) Skiﬂéfz > pki2,
o ()
Proof of (2.6): Let dj, .» d, be the divisors of r.
k .
agj =d;'s ..., agm = df“ (=1, 2, «cus 8)
where ki, ..., k, are positive numbers..
Then,
OZ<1+ -~-+km(r) > O7<l<lﬂ) . Ok”(r)
s B s s
with ¢ = d(»). From (1.9), we obtain
g (l”) 1 k-
(2.8) kit -t kg > rzj};i ’
oy, (r)

Writing m = 2, we get
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6k1+ kz(lﬁ)

oy, ()

pk1/2

= >

which proves (2.6).
The proof of (2.7) is similar and is omitted here.
Remark: Inequalities (2.6) and (2.7) generalize (1.9) and (1.10), respectively.

In this connection, we point out that analogous to the inequality
¢ (r)d(r) =z r [8], one could prove using multiplicativity of ¢f and d* that

Theorem 6: For k > 1,
(2.9)  d¥(@)rh < ¥ (@) (d*(2))? < r?k.
The proof of (2.9) is omitted.
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