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1. Introduction

In order to determine the sequence v = ({ma], m =1, 2, 3, ...), for irra-
tional o (where [x] denotes the largest integer not exceeding ), Bernoulli [1]
considered the sequence of differences d;, dy, d3, ..., where
(D dw=[0n+ Dol - [ma], m =1, 2, 3,

Clearly then, .
[moc] = Zdl + [OL]’ m = 3, 45 5,
=1
Thus, knowing the first two terms of v, one can then determine the entire se-
quence from (1). For example, with o = V2, we have the following.

m dm [ma)
1 1 1
2 2 2
3 1 4
4 2 5
5 1 7
6 1 8
7 2 9
8 1 11
9 2 12
10 1 14

It may be shown that d, may only equal [a] or [a] + 1 (that is, O or 1 when
0 < a <1). 1If we replace [a] by & (small) and [o] + 1 by I (large), then we
obtain a string of such characters. This we will refer to as the characteris-
tic of a. For example, the characteristic of a = V2 is sslslsslsl...

String operations may be used to generate the characteristic from its first
few terms, by utilizing the continued fraction expansion of a. Bernoulli was
the first to guess the rules which were the basis of these string operations.
These were reformulated in a more attractive form by Christoffel [2]. However,
it had to wait until Markoff [9] before the first proofs were offered. 1In
Section 4 we show how the characteristic is generated.

In this paper we demonstrate a rather intriguing connection between the
characteristic of o and the sequence of arcs or gaps formed by the partition of
the circle by the successive placement of points by the angle o revolutions.
The connection is not immediately obvious and does not hold for all values of
o. We use results from the Three Gap Theorem, a result first conjectured by
Steinhaus (see [6, 10, 11, 13-15, 18, 19]) which states that ¥ points placed on
the circle as above partition it dinto gaps of either three or two different
lengths.

Consider such a circle when # is equal to the denominator of a convergent
[see (2)] to a. Only in this case is the circle partitioned into gaps of
exactly two different lengths. We can label these gaps as large or small,
assigning 7 or ¢ where appropriate and thus we have a string of gap types,
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ordered clockwise about the circle, with the first element describing the gap
adjacent to the origin.

We show that when N is the denominator of a total convergent [see (3)] this
string, after a trivial permutation, forms the first few terms of the charac-
teristic, but only for special values of o (for example, those numbers with
identical terms in their continued fraction expansion). One such value is the
golden number, o = 71 = (V@; - 1)/2. The golden number's characteristic has
interesting properties (see [16]) and we give it a special name—the Golden
Sequence.

In order to state Christoffel's rule for generating the characteristic, we
introduce in Section 2 some aspects from the theory of continued fractions.
The Three Gap Theorem is later described in more detail in Section 3 before we
prove our main result (in Section 4.2).

2. Continued Fractions

Write ¢35 = o and express (for n» = 0, 1, 2, ...),
a, = [tal,
1
[ Tg;?,
where {x} = xz - [x] is the fractional part of x. Thus, we can generate the
simple continued fraction expansion of o, namely,
1
o = ag + 1 >
ay + 1
az * az + .-
= {ag; a1, ar, ags ...}.

The partial convergents to a are defined as

Py, s . .
(2) b= g Als Aps eees Auo1s L)s T =1, 2, vouy an = 1,
: 05 a1
M, L
while
P, a. p
(3) _.._qn’a_- = Zzﬁ = {ao; A1s Ags +ess Ay-1>s ayts
My Ay n

defines the total convergents.
For example, the continued fraction of t is given by

t=1{0; 1 +1t}t=4{0; 1, 1+1}=+H0; 1,1, 1, ...}
All convergents to T are total convergents and
P, = qun-1 = Fn =F,_1 + Fn—Z’ n =1, F—l =1, FQ = 0.

We quote some results from the theory of continued fractions (see Khint-
chine [7]);

pn,i _ Py-2 + /Lpn—l

4 - s =g, =0,9,=p_, =1,
W T, i, P2 T 9.5 = Po
(5 pn~lqn,i - qn*lpn,i = ("l)n,
(—l)n
6 - =
(6) e Py tn+1pn ¥ D41
(7) qu,i“qn—lu“ + qn_lan,iu” = 1,
(8) pn,i ”qn—l(x” + pyz—lan,z‘,a" = 0,
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(9 o min laal = lguel.

1 - {g,a}, n odd,

10 g0l = {

{g,al, n even,
where ||qa] = |qa - pl> p = [qa + 1/2]. That is, |go| is equal to the absolute
difference between go and its nearest integer. Note that p, = [qnu + 1/2].

Also, if a = {0; a, a, ...} = (Ya? + 4 - a)/2, then

_ (/o) = ()"
o+ 1/a Tn-1-

(11) v,

3. The Three Gap Theorem

The reader is referred to van Ravenstein [18] for an account of the Three
Gap Theorem as well as the proofs of many of the results used in this section.
Alternatively, the reader may see van Ravenstein [19] where the theorem is also
discussed with special reference to the golden number.

3.1 Order of Points

Consider N points placed in succession on a circle at an angle of a. We
are interested in determining the order of the points as they appear in clock-

wise order on the circle. This is equivalent to ordering ({na} = no mod 1,
n=20,1, 2, ..., ¥ - 1) into an ascending sequence. (y mod x =y -x[y/x] =
x{y/x}.) Let ({uja}), j =1, 2, ..., Nbe that ordered sequence. That is,
{Ml, UDs - M[V}={O, 1, ...,]V—l},

where {Mju} < {uj+1a}. It is shown in Slater [11] and Sés [14] (or see [18],
Th. 2.2) that the elements u; are obtained by the following relation,

Uy s 0 < u; <V = uy,
(12) Ujpp —Uj =% Uy — Uy, N = up < ug < uy,

“Upy uy < uz; <,

for j =1, 2, ..., N, uy; = uy,, = 0. Points u; and u;,, delimit the Jth gap,
which is of length {(uj+1 - uj)a}.

Here, we will only be concerned with the case where the circle is parti-
tioned into gaps of just two different lengths. This occurs when N = u, + uy
or, equivalently, when N is the denominator of a convergent to a.

It may be shown (from [18], Lemma 2.1) that, for V = uy + uy = q,,; (z =1,
25 wees Aps M 2 2),

(13) uj = (D" NG - Dg,_y) mod g, 55 F =1, 25 eeny Gy ge

For any other value of N, the circle is composed of gaps of three different
lengths.

3.2 The String of Gap Types

Now let us consider the more dynamic situation—we will describe the change
in gap structure induced by the addition of extra points. In particular, we
are interested in the transition from a circle of g, _; gaps to one of g, gaps.
Notation is needed.

Suppose the circle is partitioned into gaps of only two different lengths,
say large and small. We label a large gap 7 and a small gap s. Let

<I>n = ¢n,1¢n,2 LR ‘bn,q,l

denote the string of gap types when N = g, , ordered clockwise from the origin
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around the circle so_that ¢,,; denotes the gap type (either s or 1) of the jth
gap formed by points Uj and Uiy - Assume that &, = s.

For any string S and nonnegative integer ¢, denote by St the concatenation
of S with itself ¢ times, where SU is the empty string. For any strings S;, So,
we write S§;5, for the concatenation of S; followed by S,.

Define P, such that

s 1, n odd, s ~17. n odd,
P, (1) = P,(s) =

1n -
1s“"s n even, 184 "1, 4 even.

The following theorem shows that P, is the production rule which describes
the manner in which the string of gap types develops as more points are in-
cluded on the circle. The result may, after a little effort, be derived from
(12). We omit the proof, and refer the reader to Theorem 4.1 in [18].

Theorem 1:

(I)n = Pn(q>n—1) = Pn(q’n—l,l)Pn(Cpn—l,Z) °v Pn(‘bn—l,q,,_l)'
Example: For the golden number, t = (V5 - 1)/2,

sl, n odd,
P (1) = P,(s) = L.

ls, n even,

a

Hence,
‘DO = 8,
CD]_ = Zy
<D2 = ZS,
@3 = SZZ;
¢, = llsls,

@5 = slsllsll.

We now introduce the following two results which we will need to prove our
main result in Section 4.2. Proposition 2 demonstrates a simple property of
the production rule P,, while Proposition 3 shows that a component of the
string ¢, is symmetric.

Let © = 6105 ... 0, denote a string of k letters, where 6; = s or [, 7 = 1,
2, ..., k. For any string S, let S5* denote the string S in reverse order. We
write P, (0)* and P, (6;)* for (£,(8))* and (P,(0,))*, respectively.

Proposition 2: P,(0)* = P, _1(0%).

Proof: P, (0)* = (P, (81)P,(0,) ... P, (8x))%,
= Pn(ek)*Pn(ek—l)* “ee Prz(el)*’
= P10k P o1 (6g-1) «vv Bo1(81)s
= Pn_l(ekek_]_ oo 61),
= Pﬂ—l(e*))
where we have used the fact that P,(8)* = P,_1(s) and P,(1)* = P,_1(1). O
Let Bn = 4)71’2(1),,{,3 e ¢n,q,t—l'

Proposition 3: B%¥ =B, (n 2 1).

Proof: For m = 1, the result is trivial since from Theorem 1, ¢; = s 1. Now
consider the case n 2 2. It is necessary to show that

T T A T

From (13), with ¢ = a, (since ¥ = q,),

(14) uj = (D"1G - g, ) mod q,, § =1, 2, «.us q,-
Thus,
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Ug, -j+2 = (D" g, - (G - 1))g,-1) mod gq,,
(D" - g, mod g, (F =2, 3, ..., q,)-

Hence,

uj tug —jr2 =q, (G =2, 3, .05 q.)-
Thus,

Uj+1 — U5 = Gy ~ Ug, -5+1 ~ (@, - qu—j+2) G =23, ..., g, - 1),
T Ug,-j+2 T Ug,-j+l
from which the result follows. []

4. The Characteristic of o

4.1 General o

The following method of constructing the characteristic is described in
Venkov ([20], pp. 65-68). Markoff first showed that the characteristic of a is
equal to B;ByB3..., where

Bn = Bsiilgn_zgn_l, 80 =g, 81 - Sal_lz,

We mention that if o is rational, say o = {ag; a;, ap» ..., ayl, then BB,

By-1 (By)® 1is the characteristic where N is even (so that the number of
terms is odd). If ¥ is odd, the number of terms can be made odd, as ...ay-1,
ay} can be replaced by co.ay-1s ay - 1, 1}, if ay > 1. If gy = 1 (and o = 1),
then ...ay_y, ay-1, ay} can be replaced by ...ay_5, ay-1 + 1}.

Let o = {0; 1, 2, 3} = {0; 1, 2, 2, 1} = 7/10. Then

BO = 8,
Bl = Z’
B, = B1BgBy = Lsi,

By = ByB1By = lslllsl,
By = BoB3 = lsllslllsl.

The characteristic is then given by B18,B83(B4)”, that is,
1lsllslllsl(lsllslllsl)”~.

Fraenkel et al. ([4], Theorem 1) offer an alternative method of construc-
tion: they show that the characteristic is equal to lim §,, where
1 > o

(16) 8, = 6718, 5, 85 = 8, 8 = s“171L,

They actually form the characteristic by means of "shift operators." It may be
shown, however, that the recurrence relation (16) is an equivalent means of
formulating the characteristic, in terms of the actual operations required.

Note that if o = {ag; a1, azs -+, aN}, then §; is the characteristic (if W
is even).

Example: As in the above example, consider o = 7/10. Then

60 = 8,

(S]_ = Z,

62 = ZZS,

§3 = llsllsl,

8y, = llsllsllls.

Thus, &y is the characteristic.

The method of Fraenkel et al. [4] generalizes the work done by Stolarsky
([12], Theorem 2), who shows how to generate the characteristic for the parti-
cular case where o = {1; a, a, ...}, the positive root of 2+ (a - 2)x - a = 0.
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In this paper, we present a new proof of Theorem 1 in [4] and Theorem 2 in
[12] for the case o = {0, a, a» ...}, the positive root of 2+ ar - 1 = 0 by
exhibiting a connection between the characteristic of o and its string of gap
types (see Theorems 5 and 8 below).

4.2 The Characteristic of o = {0; a, a, ...}

From now on, unless otherwise stated, assume that o = {0; ¢, a, ...}. For
this case, we show how the string of gap types &, is generated recursively and
how it is related to the characteristic of a.

Theorem 4:
0, = 05%0, , (n22), o5 = s, 0 = s%71L.

Proof: Theorem 1 implies the truth of the assertion for = = 2, 3. Using the
induction hypothesis we show that the result holds in general by verifying it
for » = k + 1, assuming that it holds for n = k and n = k - 1.

Oxr1 = Pre1(9g)
= Pi1(0f210,5)
= B 1(9521) Pra1(r-2)
= Pr1(OF )" P (8gp) -
Thus,
Oy = 0%k

which follows from Theorem 1 and Proposition 2 for © = &, _; and the fact that
Pk+l = Pk_]_ for all k = 2. 0

The following theorem shows how the string ¢, is related to another string
Q;, which corresponds to the first g, elements of the characteristic. One
merely places the first element of &, in the penultimate position of ¢, to
obtain Q,.

We let 4, = ¢, 1, B, be as in Proposition 3, and (), =

Q, = B,A,C,.

¢n’qﬂ. Now, let

Theorem 5:
Q, =019, n22), Qp =8, 9 = 8% 1.

Proof: The result is readily shown to be true for »n = 2, 3 from direct obser-—

vation of the strings Q, and Q3. These strings derive from ¢, and ¢3, which

may be written down using Theorem 4. In what follows, assume that n > 3.
Induction on 7 using Theorem 1 implies

s, mn odd,
(17) 4, = Cn—l =

"n
l, n even.

(This is actually true for n = 2.)
We are required to show that

BnAnCn = (Bn—lArL—lcn—l)aBn—ZAn—ch—Z’
or, using (17),
(18) By = (By-14,-10n-1)"Bp-2.
Theorem 4 is equivalent to the statement

A,B,C, = (Cp1Br _1An-1)"Ap_2By-oCn_p.

n-n-n

Using (17) and rearranging terms leads to
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* * -
B, = Bn—lAn—l(Cn—an—lAn—l)a 1An—2Bn—2'
Further manipulation gives
B, = (B:—lAn—lcn-l)aBn—Z’

which is equivalent to (18). (Recall from Proposition 3 that BY = B,.) Thus,
the theorem is proved. []

The following corollary gives the production rule for the string QpR;Qo...
The proof is by induction and is omitted. Note that the production rule is
independent of x.

Corollary 6: Suppose that Q(s) = s®7 11, @(1) = s%"1ls. Then
Qp = Q1) = Uyo1Qn-p (2 2), 9y =8, 0 = 89717,
Example: For o = 1, we have Q(s) = 1, Q(1)

ls, and Q, = Q,-10,-o for n > 1.

Hence,
QO = 8,
Q = L,
Q?_ = ZS,
Q03 = lsl,
Qq = ZSZZS,

Qs = lsllslsl.

The Golden Sequence is then lim,,,,. Comparing Theorem 5 with Fraenkel et
al's result ([4], Theorem 1) [equivalent to our Equation (16)] identifies Q, as
the first g, elements of the characteristic. That is, Q, = &4, where §, is
defined by (16). Thus, the string of gap types is generated in the same way as
the characteristic, a result all the more surprising since it does not hold for
all a. We proceed to verify the connection between {2, and the characteristic
by exploiting the relationship between ¢, and Q,. This, then (with Theorem 5),
forms the new proof of Theorem 1 in [4] and Theorem 2 in [12] for the case o =
{0; ¢, a, ...}. The proof sheds light on the set of numbers for which the
string of gap types corresponds to the characteristic. First, we need the
following, which is proved in van Ravenstein ([17], Equation 5.12).

Pu, s .
Lemma 7: [ka] = [kq—’;’% s k=1,2, ..., q, ;-1 (22,121 <a,), vhere a
is any irrational number. [J

Let @, = w,, 1wy,2 - Wn,q, -

Theorem 8: For n > 2,

{S, dj =0,
w, & =
*d L, dj =1,

where d; is defined by (1) and j =1, 2, ..., q,.
Proof: Equation (l4) is equivalent to

etee w1
;= auerhG - pEE

071G - Vg, - g, DG - pEEL

|

Uu

]

Thus, for j = 2, 3, ..., g, - 1,
qy - 9y -
_ - (- -1 _ -1 . In-11 _ . n-1
(19) “j+1 U D" Tn-1 1" q"([J dn ] BJ D dn ]>,

(20) (D lg | - (D" lg ([jo] - [(F - Dal).

|
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The latter step follows from Lemma 7 and Equation (11). Hence, for j = 2, 3,
N

- -1 -
( 1)72 qn_ly dJ“l - O,
4+l “i T n-1
LGy~ 90)s djog = 1.
From (9) and (10), it may now be shown that

) d',_ = O’
(21) bp, s = {S i
7, dﬁ—l =1,

where j = 2, 3, ..., q, — L.
To complete the proof, first note from (6) that

{pn -1, n odd,

D, 7 even.

]

[q,0]

From Lemma 7, [(gq, - 1)al = [(q, - l)pn/qn] =p, - 1. Therefore,
0, = odd,
dg -1 = Lge] - [(q, - Da] =

From (14) and (9) we have

s, dq”—l =0,
(22) ¢n,1 = }
Z, dqn_l = 0.

The result for ¢n,4, follows similarly. From Lemma Al (see Appendix),
[(g, + Dea] =p,. Hence,

dg, = [(q, + Dal - [q,al = {

1, = even.

0, = even,

1, =n odd,
and thus, from (14) and (9),

S dqn = 0,
(23)  bn, =

Theorem 5 and Equations (21)-(23) establish the proof. [J

Z, CZq = 1.

.

Corollary 9: Suppose that a = {0; a;, az, ...}, where a; = a;_;41 for j =1, 2,
.s» 1. Then

s, dj = 0,
wg ;=

7/: dJ = 1.
Proof: For this value of a,
-Z—i‘ = qz];l = {0; Ais Ai-15 «=e5 A5 a1}°
T

The proof is then identical to the proof of Theorem 8; in particular, the step
from (19) to (20) follows. []

The correspondence between ¢, and the characteristic does not hold for all
o, as the following (counter)example shows.
2t + 9

Let o = {03 1, 2, 3, 1 + 1} = ——=.
31 + 13

Then
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@0 = 8, @1 Z, @2

1]

lss, b3 = ssslsslssl,
and thus,
Q =8, 91 =1L, Qp = sls, Q3 = sslsslsssl,
which does not correspond to the characteristic, since
8o =8, 8§ =1, 8§, = 1lls, 83 = Llsllsllsl. O
Conjecture: The correspondence between ¢, and the characteristic holds only for

a equivalent to the number {0; a, a, a, ...}.

APPENDIX. The Evaluation of [Na]l, N =1, 2,

We have shown how one may evaluate the integer parts of positive consecu-
tive multiples of a number by forming its characteristic. Here, we present an
alternative method by which we decompose the number into terms related to its
continued fraction expansion. The method appears in Fraenkel et al.[3] and is
central to their paper. We offer a new and shorter proof.

Lemma Al (see Fraenkel et al.[4], Lemma 2): Suppose that n > 0 and 0 <q <gq,.
Then [(q + qu-1)0] = py-1 + [qul.

Lemma A2 (see, e.g., Fraenkel [5], Theorem 3): There is a unique decomposition
of any natural number N in the form

m
V=2 baq,
=0

where the b;'s are integers; 0 < by < gy, 0 < b; <a;,), © >0, and b; = a;41»
only if b;_; = 0. Since this expansion is unique,
"

@ ¥ ba; < g

m
Theorem A3: 1f N = 3 b.g;, then
i=k

m
>, bipi’ k even,
i=k

[Na] =

m .
-1+ 3 b,p,» kodd

=k
where b, = 0 (i.e., k = max{j: bj > 0}).
m
Proof: If N = ) b,q;» b, = 0, then
1=k
ym=1 m=-1
[Na] = [(;Lkbiqi + bmqm>a} = {<‘Z%biqi + (b, - g, + qm>u].
L= 1=
From (A),
m=1
igkbiqi + <bm - I)QW < bmqm S An+19m < Gu+l-

Hence, from Lemma Al,

m=1
[a] = Pm + [(Zblql + (bm - l)QIVI)OC}'
=k
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Further application of (A) and the lemma leads to

m=1
[Wa] = b, p, + {Zkbquoi'
Clearly, we are led to

(Mol = Y Bp, + [b,qal.
i=k+1

From (6),

’ BERAGE

N R

Thus, -1 < b, (qu@ = py) < 1, since 0 < by < ap4). Hence,

24 = b

bkpk’ k even,
(b, qpal =
byp, -1, k odd.
This completes the proof. []
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