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1. Introduction

Let s(n, k) and S(n, k) be the (unsigned) Stirling numbers of the first and

second kinds, respectively. These numbers are well known and have been
extensively studied; see, for example, [5, Ch. 5]. The generating functions
are

(1.1)  (<log(l - @))% = k1 Y s(n, K)z"/n!,
n=k

(1.2)  (e* - DK = k! 3 S, k)z/n!.
n=FrL

Congruences for the Stirling numbers are apparently not well known. A few
congruences for prime moduli can be found in [5, pp. 218-19, 229] and other
books, but surprisingly little work has been done on this problem. Carlitz [4]
worked out a method for finding congruences for S(n, k) (mod p), where p is
prime, and recent papers by the author [8], Kwong [10], Nijenhuis & Wilf [12],
and Peele [14] indicate an increased interest in Stirling number congruences.

The main purpose of this paper is to extend results of Glaisher [6] and
Nielsen [1l, p. 338] by proving the following congruences: Let p be an odd
prime, let n be a positive integer, and suppose ptHn; that is, pt is the
highest power of p dividing n. Let By, be the 2rh Bernoulli number. For 0 <
2 < 2p - 2 and 1 < 2r + 1 < 2p - 2, we have

(1.3) s(n, n 2r) = 2r< oy )sz (mod p<¥),

2
- onf2r + yn -1 3
(1.4) s, n - 2r - 1) :'T<2p L )Bas (mod p3t),
- t(n+ 2r 2t
(1.5) S+ 27, n) = 2r< 5 )Baw (mod p2t),
2
_nfQr + Dn+ 29 + 1 3
(1.6) S+ 2r+1, n) = T< o )82, (mod p3t).

When n =p and 0 < 2 < p - 1, 1 < 2r +1 <p - 1, congruences (1.3) and
(1.4) reduce to the previously mentioned theorem of Glaisher, while (1.5) and
(1.6) reduce to the results of Nielsen. Since extensive tables of the Ber-
noulli numbers are available (the first sixty are listed in [9, p. 234], for
example) and, since the properties of the Bernoulli numbers are well known,
perhaps congruences like (1.3)-(1.6) can give us information about the struc-—
ture of the Stirling numbers. We note that applications of Glaisher's congru-
ence are given in [2] and [6].

We also prove in this paper that, for 0 <m < 2p - 2 and pt”n,

" m

(1.7 st +m o) = " ;' ’”)H) B (mod p?t),

(1.8) 50 n - m ==2(" = DB (moa p2ty,
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where Bgﬂ is a Bernoulli number of higher order. The numbers B%ﬂ are discussed
in [13, pp. 150-51, 461] and a table of the first thirteen values is given.

We shall actually prove (1.3)-(1.8) in a more general setting. Since it is
just as easy to do so, we shall prove congruences for the degenerate Stirling
numbers s(n, k|k) and S(», klk) of Carlitz [3]. By letting A = 0, we obtain
(1.3)-(1.8). We shall also show how to extend the range of » to 0 < 2r <
(p - Dpt and 1 < 2r+ 1< (p-1)p?, although the congruences become more compli-
cated.

A summary by sections follows. Section 2 is a preliminary section in which
we give the definitions and basic properties of the special numbers we need and
state a theorem of Carlitz that is necessary for most of the results of this
paper. In Section 3 we prove congruences (1.3)-(l.6) in terms of degenerate
Stirling and Bernoulli numbers. In Section 4 we prove (1.7) and (1.8) in a
more general setting. In Section 5 we extend (1.3)-(1.6) by increasing the
range of r.

2. Preliminaries

The primary tool of this paper is the following theorem of Carlitz [2], who
used it to prove the Glaisher and Nielsen congruences, as well as congruences
for other special numbers.

Theorem 2.1 (Carlitz) : Take
=7 = ilcmoc’”/m! (e; = 1),
m=
where the ¢, are rational numbers and, for k > 1, define
(5 - B

with a%) = a,. Define §, by means of

x ! ©
—%} = 3 8,x"/m!.
=0
Then ;
m
k m k)
2.1) ma® = -kZ(P>éra;’<_P.

r=1

Next we define and give properties of the degenerate Stirling numbers, the
degenerate Bernoulll numbers, and other special numbers that we need.

Carlitz [3] defined the degenerate Stirling numbers of the first and second
kinds, s(n, k|A) and S(n, k|A), by means of

- _ )k -
(2.2) (#) = k! 3 s(n, k|Nx"/nt,
n=k

o

(2.3) (L + rxx)* - ¥ = k! 2. 5(n, k|Nx"/n!,
n=k

where Ay = 1. Comparing (2.2) and (2.3) with (1.1) and (1.2), we see that the
limiting case A = 0 gives the ordinary Stirling numbers. Carlitz [3] also
defined BSO(A, 2) by means of

x
2.4 —
( ) <(l + Ax)* -1
with the notation
k k
2.5) ¥ = ¥, 0).

We use the notation B%J(A, z) = 8,(X, 2). Thus,

x bz e ()
) (1 + )" = 2;)8m (s z)x™/m!
-
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(2.6)  8,(x, 0) =8, (),

the degenerate Bernoulli number [1], and B8,.(0, 0) = B,, the ordinary Bernoulli
number [5, p. 48]. It is known [3], that

(2.7) sk, k - m|n) = (—1)“(k - 1)sﬁ”(x),

k +m

(2.8)  sC+m k) = (“F

-k
Je0.
The author [7] defined u%”(k) by means of

X k i
2. e S - (€3] m
(2.9) <1 T o x))‘> m§=ocxm W)™ /m!,

and showed that

(2.10) sk +m k[0 = (FF

k >agk)(A),

(2.11) Sk, k = m|n)

SO ) PCIOVE

We shall make use of the numbers B,(A, 1 - A). It follows from (2.4) that,
when A = 0, we have

B, when m > 1,
B,(As 1 = X) = B,(0, 1) = {
-B; when m = 1.
Also, from (2.4), we see that Bg(x, 1 = A) =1, B1(A, 1 = A) = (1 - A)/2, and,
for m > 1,

(2.12) B, (A, 1 = X) = B, (X) = mAB,_1(}).

It follows from (2.12), by induction on m, that B,(X, 1 - )) satisfies a degen-
erate Staudt-Clausen theorem in exactly the same way that B,()) does [1].
Thus, we can say that, if p is a prime number and if X is rational, A = a/b
with b not divisible by p, then, for » > 0,

-1 (mod p) 1if (p - 1)‘2r and p]a,
(2.13) pBr.(A, 1 = ) = { .

0 (mod p) otherwise.

(2.14)  2pBors1(As 1 = 2) = 0 (mod p).

Note that, if X is integral (mod p) and A # 0 (mod p), then B,(A, 1 - A) is in-
tegral (mod p). It follows that, if A is integral (mod p), then

MmABp_1(A, 1 = 2) = 0 (mod m).

Now suppose p is an odd prime and m = 0 (mod p¥). It follows from (2.12) and
properties of B,()A) [1] that, if m # 0 (mod p - 1) and/or a # 0 (mod p), then

(2.15) By(A, 1 = X) = 0 (mod p¥).

3. Extensions of the Glaisher-Nielsen Results

In this section, and in Sections 4 and 5, we always assume that p is an odd
prime, »n is a positive integer, and ptHn. We also assume ) is rational and
integral (mod p); that is, A = a/b with b not divisible by p.

1f we apply Theorem 2.1 with f(x) = (1 + Ax)" - 1, and Ay = 1, we see that

a = 8000, &n = Bals L= 2) (m= 1),
where g)(1) is defined by (2.4) and (2.5) and 8, (A, 1 - A) is defined by (2.4)

m

with k = 1. Thus, (2.1) becomes
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(k) _ k& m _ (k) . (k) -
3.1 %W ~—m21(r>a,(x, 1 - 0,0, with 8590 = 1.

Note that Bgﬁ(k) and B;%)(A) are integral (mod p) for m < (p - 1)pt.
Theorem 3.1: For m =1, ..., 2p = 3,

-2 8,00 1 =2 (mod p%¥).

1

-850 = 8PP0
If » # 0 (mod p), the congruence is valid for m =1, ..., (p - 1)pt.
Proof: From (3.1) and the properties (2.13)-(2.15) of B,.(A, 1 = 1), we see that
3.2) 85 = 8P = 0 (mod pt),
form=1, 2, ..., 2p -3, mzp -1, if A = 0 (mod p). If m=p - 1, then
(-n) (n)
BT ()

1

Bp=1(A) = 0 (mod p*~1).

If » Z 0 (mod p), congruence (3.2) holds for m =1, ..., (p - 1)pt. We note that
(pTl) 20 (mod p) form=1, 2, ..., 2p - 3, m#p ~ 1. Thus, letting k =mn or
k = -n, we see that every term on the right side of (3.1), with the exception of
of the r = m term, is divisible by pZt. This completes the proof.

The following corollary is immediate from (2.7) and (2.8).

Corollary 3.1: Form =1, ..., 2p - 3,

s m-m) = GDTLE(T g 0L 1 - ) (mod p2),

S+ m, n|A)

[l

n(n + m

s - 2t
2T Mg, (0 1= ) (mod p?).

If A # 0 (mod p), the congruences are valid form =1, 2, ..., (p - )pt.

If m is even and we let A = 0 in Corollary 3.1, we obtain congruences (l.3)
and (1.5). If m is odd and m > 1, we see from Theorem 3.1 that

BS™W = BpY 200 (mod p2t),

where B%O is the Bernoulli number of order k, defined by (2.5) with 1 = 0.
This is true because the Bernoulli number B, is 0 when m is odd, m > 1. Thus,
when A = 0, each term on the right side of (3.1), with the exception of the r =
1 and » = m - 1 terms, is divisible by p3t. Hence,

(n) _ "

Porer = 00y 1[_

n 2r + 1 "
[( )- — By, + (2r + l)% BZr}

(n) ()
(2r + BB + (20 + 1)8,,B]

2r + 1 2 2r
2
~nc2r + 1)
= T BZ)” (mod p3t)_
Similarly, )
(-n)y _ n<(2r + 1)
B2P+l = hp B,., (mod p3t)-

Thus, we can state the following corollary.
Corollary 3.2: The ordinary Stirling numbers satisfy congruences (1.3)-(1.6).

It is not difficult to extend the range of m in Theorem 3.1. We do this in
Section 5.
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4. Further Congruences for the Stirling Numbers

In this section we prove congruences (1.7) and (1.8). Throughout the sec-
tion, we still have the assumptions concerning n, p, ¢, and A stated at the be-
ginning of Section 3.

We first apply Theorem 2.1 to

1= (1 - )

fx) = 4-—£37_;El__
We define Q%Q(A) by (2.9), and we define 4,()\) by means of
4.1 L er 2 2\ S e
- ! ! [1 -1 =-x"[1-x)t" ;g% n (M) x"/m

Then we have, by Theorem 2.1,

4.2)  oPQ) = —% f (’;)Ar(x)a;@r(x).

el

When A = 0, (4.1) reduces to
(1 - x)fn(l ) mgo('l)mB;m)xm/m!’

where Bgﬂ is the Bernoulli number of higher order [10, pp. 150-51].

Lemma 4.1: 1If 4,(}) is defined by (4.1) and g8%()) by (2.4) and (2.5), then
4,0 = DM m=0, 1, 2, ...).

Proof: We first note that BE,:")(O) = B,("m).

Using (2.5) and (2.6), we can prove by induction on z that, for all posi-
tive integers 2z,
m
(m) - m)(z <y p(m =)
4.3 80, 2) jgo(j j)g.em_J ).
Equation (4.3) is valid for all real z since Bﬁm(x, z) is a polynomial in z.

We note that a more general result could be proved for numbers generated by
(x/f)k(f + 1)?, with f defined by Theorem 2.1. From (2.4), we also have

G4y B0 0 - BMO) = mel™ () = m(x = 1) e (A =m+ D).
Simplifying (4.3), with the aid of (4.4), we have, for A # 0,

M= (A= 2) eee (A= m G (A= 1) =2) <+ (A =m)
b5 Lo DO-D . 22 8P = ,

i=o (m-g + 1)!j! m!
with B?)(A) = 1. By means of (4.1) we can show that (—I)JAJ(A) satisfies the
same recurrence with Ag(A) = 1. This completes the proof.
Thus, we can write, for all A,
-k <~ (m €3) K)

G6) P = =55 (T DT (a2, ().

r=1
Before proving the main result of this section, we need to examine the
properties of Bf)(x). The first few values are given in the following table.

r 0 1 2 3

B0 | 1] -1/2 ] 0= 1DO =576 | =300 - D\ - 3)/4

For A = 0, the first thirteen values are given in [11l, p. 461]. By the recur-
rence (4.5), we see that if p is an odd prime,
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pe™() =0 (mod p) (m=1, ..., p - 2),

‘p"lkx) {0 (mod p) 4if A # 0 (mod p),
1 (mod p) if A = 0 (mod p),
8P (\) = 0 (mod p),
(p +k)

PBy+r (A) =0 (mod p) (k =1, ..., p = 3)
<2p D0y = { 0 (mod p) if A £ 0 (mod p)
PBap -2 -1 (mod p) if A = 0 (mod p),

0 (mod p) if A # 0 (mod p)
{1/2 (mod p) if X = 0 (mod p),
sgfj”m =0 (mod p) (p > 3).

(2p
Zp-l ( )

|

Theorem 4.1: For p > 2 and m =1, ..., 2p - 3,
a1 = =l ) = (D™ ZRP0)  (mod p?t).

Proof: From (4.6) and properties of Bgﬂ(A), we see that, for 1 < m < 2p - 3,
m=#p -1,

S O) = o) = 0 (mod pt).

Also

o () =0 (mod pt7l).
Since (pTl) =0 (mod p) for 1 <m < 2p - 3, m# p - 1, we see that every term
on the right side of (4.6) (when k = n or k = -n) is divisible by p2?, except

the » = m term. This completes the proof.
The next corollary follows immediately from (2.10) and (2.11).
Corollary 4.1: For m =1, ..., 2p - 3,

s+ m, n|n) = 2(" 7 D" BPO) (mod p2ty,

S, n - m|\) = _%(n % )63”(%) (mod p2t).

Corollary 4.2: The ordinary Stirling numbers satisfy congruences (1.7) and (1.8).

5. Extensions of Congruences (1.3)-(1.6)

Let n, p, ¢, and X be defined as in Section 3. Suppose m and % are such
that 2p - 2 < m and

(p - Dp"t<ms< (p - Dph < (p- Dpt.
Then we define f(¢, A) by

2t = h if m # 0 (mod p - 1),
F(E, 1) = 2t -1 ifm=0 (mod p - 1), m £ 0 (mod p), h =1,
? 26 -h -1 ifm=0 (mod p - 1), m # 0 (mod p), i > 1,
2t -h-u-1 if m=0 (mod p(p - 1)), p¥|m.
We now extend Theorem 3.1.
Theorem 5.1: Suppose A = 0 (mod p). With m, %, and f(¢, k) defined as above,

we have

=600 = BYO) 2-T 8, (0 1= 0 (mod plte ),
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Proof: We first note that Theorem 5.1 implies that, if m is restricted as in
the statement of the theorem, then
(mod pt) if m £ 0 (mod p - 1),
(5.1) B;ﬂo(A) = BZ”(A) = 0<(mod p*~1) if m = 0 (mod p - 1), m # 0 (mod P),
(mod pt~*~1) if m = 0 (mod p(p - 1)), p¥|m.
We first look at the case m = 2p - 2. 1In (3.1), with k =% or k = -n, and m =

2p - 2, all terms on the right side with » < m are divisible by pZt except the
term r = p - 1. We have

_n [(2p -2 _ (+n) : .
2p - 2<p - 1>8P—1@A’ 1 >\)5p~1(>\) = 0 (mod p ),
SO
- n
_S;p”_)z()\) = Bén)_z(k) ~ 5 Bop—2(hs I = A) (mod p2t -1y,
p 2p - 2

We now use induction on m. Assume Theorem 5.1 is true for all positive inte-
gers r such that 2p - 2 < r» <m. 1In particular, assume congruences (5.1) hold

with m replaced by »r. The problem is to show in (3.1) that, for » =1, ...,
m-1,

n/m (tn) _ 7
(5.2) E@)Br“’ 1 - 0880 = 0 (mod pf& 1)y,

By using the induction hypothesis and the properties of B,(A, 1 - A) discussed
in Section 2, we can routinely show that (5.2) holds for all cases of m given
in the definition of f(¢, h).

Corollary 5.1: With the hypotheses of Theorem 5.1,
- = Me_qym-1( — 1 - F(E, R
sty n=mn) = 20T He,00 1= 1) (mod pf R,

S(n +m, n|r) = ﬁ(” ; m

m >Bm()\) l - )\) (mod pf(t:h))'

Now let
3t - h -w-1if 2r = 0 (mod p(p - 1)), p¥|2r,
g(t, h) =<3t - h - u-11if p*|Q@r + 1), u 2 1,
3t — h - 1 in all other cases.

By letting X = 0 in Corollary 5.1, we can now prove the following exten-
sions of (1.3)-(1.6).

Corollary 5.2: Let 2r and 2r + 1 be restricted as m is restricted in Theorem
5.1. Then

- = %(n - 1) )]
s(n, n - 2r) = 2r< oy By, (mod p )
- n(nt 21“) f(Es 1)
S(n + 2r, n) = 2r< 2y By, (mod p )
2
_ nc2r + 1)/ n -1 g(t, 1)
s(n, n - 2r - 1) = ————75;————(2P © )B2n (mod p ),
2
_n(2r+1)7’2+217+1 g(t,h)
S+ 20 + 1, B) = ————Z;——~—( ST B (mod p ).
If m > (p - 1)pt~!, the congruences become more complicated. However, using
the same kind of reasoning as before, we can state the following result. We

let f(t, t) be defined as in Theorem 5.1 and define y; and y, by
yil(n -1 yo (e +m
p < m )’ p ( m >'
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Theorem 5.2: Let (p - )pt~™l <m < (p - L)pt and m £ 0 (mod (p - 1)pt~1). Then

the

11.
12.

13.
14.

362

s(n, n - m|\) = %(—1)m—1(n ; 1>gm(x, 1 - 1) (mod p¥1+f(& 0y,

znmtm - Yo +F (¢, )
Stn +m, n|n) = ("~ )8n(hs 1= ) (mod p ).
By letting A = 0 in Theorem 5.2, we get the corresponding congruences for

ordinary Stirling numbers.
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