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Suppose that the first several terms of a sequence are given, then it is
not so easy to predict the asymptotic behavior of this sequence. But once we
know that this given sequence is a linear recurrence sequence, we can determine
the asymptotic behavior through its recurrence formula.

Indeed, John R. Burke and William A. Webb [1] considered real linear recur-
rence sequences {u,},_, of order d defined by

(1) Upp g = ag_qU, gy t Qg ol ,g_p + o+ + agu, for n 20,

where ay, a;, ..., a;_; are real numbers, with its corresponding characteristic
equation:

(2) p(x) = x4 - ad_lxd‘l - ..o - ax - ap = 0.

They obtained a criterion for the asymptotic positiveness of linear recurrence
sequences (1) if the corresponding characteristic equation has distinct roots.
Here we call a sequence {u,},_, asymptotically positive if there exists a natu-
ral number 7y such that

u, > 0 for all n = ng.

In particular, if the above ny is equal to zero, we call this sequence {un}:=0
totally positive.

In this note, we shall give a criterion of asymptotic positiveness of real
linear recurrence sequences {un}:=0 (1) of order d, when their characteristic
equations have multiple roots.

Let us recall a general representation formula for u#,. We assume that the
corresponding characteristic equation (2) of {uy},-o has roots A;, Ap, «--5 Ap

with corresponding multiplicities my, mp, ..., mp. Then there exist polyno-
mials by, by, ..., bp with degree b; <m; - 1 for ¢ = 1, 2, ..., p, where the
coefficients of polynomials by, by, ..., bp depend only on the roots of the

characteristic equation (2) and the initial values of this recurrence sequence.
Then, we have, for all n > 0,

(3) U, = by (M + by(m)Ay + -+ + bp(m)2}.

The detailed discussion of this representation (3) can be found, for exam-
ple, in WYadysYaw Narkiewicz [4] or Alecksei I. Markusevil [2].

Without loss of generality, we arrange the roots Ay, Ay, ..., Ap according
to their moduli as

Il = agf 2 -ee 2 gl

Suppose first that A, is the complex conjugate of X;, A} is not real, and
(%) Dl = D2l > [asl 2 oo 2 gl

We assume further that the sum of the first two terms of (3), denoted by
(5) v, = by (MA] + by(n) Ay,

n
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does not vanish for infinitely many »n. Then
(6) U, = v, + 0(,)

holds for all sufficiently large n (see Nagasaka, Kanemitsu, & Shiue [3]).
Since {“n}:=o is a real sequence, we get

by(n) = by(n)
and

v, = by(A] + by(W)Ay = by (n) (2e27P9)" + by (n) (re~2710 )1
bl(n)rnQZWine + (bl(n)rugzﬂiuo)

2 Re{b;(n)r"e2nine},

where X; = re?"8 and 6 is not a multiple of m (since XA; is not real). Now, if
we write

= k ~ k-1
bl(n) en + g n + e oo,
where cg, 1, ..., ¢, are complex numbers determined by the roots Ay, Ap, ..., Ap
and initial values Ugs Ups ---» Uy-1 with nonzero Cps k < my - 1. Then

v, = 2 Re(cknkr”ez”i”“) + o(nkr™)
= onkpn Re(c), )cos(2m®) + o(n*r") for large n.

Since 6 1is not a multiple of m, v, takes negative values for infinitely
many 7, by applying the same argument as in the proof of Theorem 1 in Burke &

Webb [1]. Hence, by (6), the original linear recurrence sequence {u,} is not
asymptotically positive for this case. Summarizing the above discussion, we
have

Theorem 1: Suppose that the roots Ay, Ay, ..., Ap of the characteristic equa-

tion of {u,},_, satisfy (4) and that \; and X, are complex conjugates of each
other and are not real. Assume that v, does not vanish for infinitely many #,

then the linear recurrence sequence {“n}:=o is not asymptotically positive.

Secondly, we assume again the relation (4) with real A; and X,, that is,
-Ap = A]. We denote the leading coefficients of the polynomials b (n) + by(n)
and by (n) - bp(n) by 4 and B, respectively, and assume further that AB = 0 for
all sufficiently large n. Say that by(n) + by, (n) has degree k, by(n) - by(n)
has degree %. Then (8) holds for all sufficiently large n.

Hence, we have that, for all sufficiently large even n,

(7) u, = AnkAY + o(nkkq)

and, for all sufficiently large odd n, we get

(8) u, = Bn'Al + o(n*\]).

Thus, we obtain

Theorem 2: Suppose that the roots Xj;, Ap, ..., Ap of the characteristic equa-
tion of {u,}, . satisfy (4) and 0 < \; = -\, that are real. Assume further

that the leading coefficients 4 and B of the polynomials b;(n) + by(n) and
by(n) - by(n) are positive. Then {u,},_, is asymptotically positive.

We now leave assumption (4). Then, we have either
(9 [Nl = Dol = gl = o= Il > Iyl 2 -0 2 [yl
for some j > 2, or
(10) IA1| > |A2| 2> e 2 [Ap,.
First, let us consider the case (10). From the fact that the coefficients
of the characteristic equation ag, ay, ..., ag;-; are all real, A1 must be real.
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Also, if p;(n) is not identically zero, we get
(11) U, = Cn"\T+ o™\,

where ( is the leading coefficient of the polynomial b;(n) of degree m <m; - 1.
Thus, we obtain

Theorem 3: Suppose that the roots Aj;, Ap, ..., Ap of the characteristic equa-
tion of {u,},_, satisfy (10). Assume further that the polynomial p;(n) is not
identically zero, that Ay is positive, and that the leading coefficient (' of
b1(n) is also positive. Then the linear recurrence sequence {u,},_, is asymp-
totically positive.

For the remaining case (9), we need to divide into the following three sub-
cases:

(i) J is even, all A, are not real for £ =1, 2, ..., J and Xp; is the com-
plex conjugate of Ap;_; for ¢ =1, 2, » /2. We assume further that b;(n),
by(n), ..., bp(n) do not vanish for all n 2 ng.

Then, applying Theorem 1, {un}:=0 is not asymptotically positive.

(ii) 4 is even, 0 < A] = -\, are real, all other Ay, for & = 3, 4, ..., j are
not real, and A,; is the complex conjugate of A,;_; for ¢ =2, 3, ..., j/2. We
suppose again that b;(n), by(n), ..., b; (n) do not vanish for all n 2 ng.

Then {u,},-¢ is asymptotically positive if the leading coefficients 4, B of
by(n) + by(n) and by (n) -~ b,(n), respectively, are both positive for all suffi-
ciently large »n and either

min{deg(b;(n) + by(n)), deg(b;(n) - by(n))} is greater than

i=2, g:a.x..,j/z{deg(z Re(by; -1(m)))}

or

min(4, B) - 1 is greater than all the leading coefficients of
2 Re(by;-1(n)) for which

min{deg(b;(n) + bo(n)), deg(b;(n) - bo(n))}

= deg{2 Re(by; -1 (n))} for 2 = 2, 3, ..., j/2.
(iii) 4 is odd, 0 < Ay is real, all other A, are not real for & = 2, 3, ..., J
and Ap;4; is the complex conjugate of Ap; for 2 =1, 2, ..., [j/2].

Then {un}:=0 is asymptotically positive if the leading coefficient ( of
bi1(n) is positive and either deg(b;(n)) is greater than

o1, 2P () 1o (2 Re(bag ()))]

or ¢ - 1 is greater than all the leading coefficients of 2 Re(b,; (n)) for which
deg(by(n)) = deg(2 Re(by; (n))) for 2 =1, 2, ..., [J/2].

We assume always the nonvanishing property of all b, (n) for £=1, 2,..., J,
for the case (9). If some of the b, (n) are identically zero, say by(n), then we
simply ignore these terms bk(n)kz , and it is sufficient to trace the above
discussion.

Finally, we give explicit conditions for a real linear recurrence sequence
of order 2 or of order 3 to be asymptotically positive.

We denote {s,},_, a linear recurrence sequence of order 2 with recurrence

formula 8,49 = a18,41 + ags,. First, we assume that its corresponding charac-
teristic equation of degree 2 has only one real double root o # 0. Then, aj =
20 and ap = -a? and the nth term s, can be represented by
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s, = (pm + py)a” for n > 0.
By solving the system of equations
S0 T P2
51 = (py *+ pylos
we obtain
py = (87 - sp0)/a.
Applying the discussion of Theorem 3 above, we have

Theorem 4: Suppose the characteristic equation of a linear recurrence sequence
{sy};-0 has only one real double nonzero root a. Sequence {s,},_, is asymptot-
ically positive if and only if o > 0 and either s; > sga or sp > 0 and s; = sga.

Corollary 4.1: Under the same assumption as in Theorem 4, the sequence {s, oo
is asymptotically positive if and only if a; > 0 and either 2s; > a;sy or sy > 0
and 281 = ayso-.

By using the relation between o and the a;'s, this Corollary follows imme-
diately from Theorem 4.

Let us recall the case where the characteristic equation of a linear recur-
rence sequence {sﬂhf=0, that is,
(12) A2 - aix - ag = 0,
has two distinct roots.

Theorem 5: Let D = a% + 4a0 be the discriminant of equation (12) of degree 2.
Suppose the characteristic equation of {s,};-¢ has two distinct roots a1 and
ap. This sequence {s,},_( is asymptotically positive if and only if VD is real
and one of the following four conditions is satisfied:

(1) a; =0, 85 >0, 5, > 0.
(ii) a; > 0, 28, > (a; - VD)s,.
(ii1) a; > 0, 2s; = (a; - /ﬁ)so, 8y > 0, a; < 0.

(iv) a; <0, 28 = (a1 + /5)30, sy > 0, ap > 0.

Proof: Suppose first that VD is purely imaginary. Then ap is the complex con-
jugate of a; and the nth term s, can be represented by

Sy = clocil + Elaf,
since {s,},.o is a sequence of real numbers. We now apply Theorem 1.

For {s,},_¢» vn, as defined by (5), is identical to s,. The nonvanishing
assumption of s, = v, is naturally satisfied, since otherwise {sn}:=0 becomes
the sequence of 0's which is not asymptotically positive. Hence, all
assumptions of Theorem 1 are fulfilled. Thus, for purely imaginary VD, {Sﬂ}:=o
is not asymptotically positive by Theorem 1.

Now we get necessarily that if VD is positive real then a; > ap. Condition

(i) is already treated in the proof of Theorem 3 [1]. For the remaining cases,
(ii), (iii), and (iv), we use a representation formula of s,,

s, = cjal + czag,
with
81 T 8¢% _ 5% T 5
€1 > Gy T
& T Oy 0p 7 @y
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In addition to case (ii) treated already in Theorem 3 [l], we are forced to add

condition (iii), since ¢, may be zero. If ey = 0 with positive ays then
59%) 81 =«
n 4 - a ¢
1 2

Thus, we require that sya; - s; > 0 and o, > 0, from which we deduce u, > 0 and
a, < 0.

If a; < 0 with real positive VD, then ap < 0 and ]a1| < |u2[. For asymp-
totic positiveness of {s,},.o, we require that ¢, = 0, ¢; > 0, and o > 0. Re-
writing these three conditions, we obtain (iv).

The sufficiency part of Theorem 5 is almost immediate from the representa-
tion formula of s,. Q.E.D.

Remark: Combining Theorems 4 and 5, we obtain a complete characterization for
asymptotic positiveness of linear recurrence sequences {sn}:=0 of order 2 in

terms only of the coefficients of the recurrence formula and of the initial
values.

. . @ 3
Now we consider a linear recurrence sequence {t,},_, of order 3 with recur-
rence relation

th+s = Qotysn + arty+1 t agty-

Burke & Webb [1] give a sufficient condition for {¢,};., to be asymptotically
positive.

Theorem 6: Suppose the characteristic equation of {¢,},_, has distinct roots
a1, Op, ag and that they satisfy either

(13) lar| > o]

or

v

10‘3|

|a1| = |u2| > ia3| and o, is the complex conjugate of oj.

o

If o7 > 0 and ¢; > 0, then {t,},_, is asymptotically positive where ¢, is writ-
ten as

_ n N N
(14) t, = ciuy + cy0, + cgah.

Keeping the assumption of distinct roots, Theorem 6 does not cover the fol-
lowing cases:

(1) o = -ap with real aj.
(ii) «a, is the complex conjugate of a; and the roots satisfy
lor| = Joz| = fas].
Case (1) can be treated using Theorem 2; however, (ii) is a special case of (9)
which brings certain difficulty to determine {¢,},_, to be asymptotically posi-
tive.

Burke & Webb give another elegant sufficient condition for {t,l},., to be
asymptotically positive as Theorem 2 in [1], but they implicitly assume (13)
and also that ¢y # 0 in (14). 1In order to obtain the necessary and sufficient
conditions for {t,l},-0 to be asymptotically positive as in Theorem 5 with the
assumption of distinct roots, there are too many cases split according to the
vanishingness of the coefficients in (14). We can treat all of these cases;
however, we shall give necessary and sufficient conditions for {t,},_o to be
asymptotically positive only when the characteristic equation has multiple

roots, since originally we planned to generalize the results of Burke & Webb
[1] for multiple roots.
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Thus, we assume that the characteristic equation of {¢,},_, of order 3 has
multiple roots. 1In order to determine conditions for {¢,};_, to be asymptoti-
cally positive, Theorem 3 assumes that it is sufficient to consider only the
following two cases:

(I) The corresponding characteristic equation of degree 3 has only one triple
real root B.

(II) The corresponding characteristic equation of degree 3 has one double real
root B # 0 and another real root y with |B] > |y].

Let us treat case (I). The n'™™ term ¢, is represented by
t, = (q,n? + qn + q4)B" for n > 0.
Solving the system of equations
ty = 43
ty = (qp +q; + q3)8

t2 = (4q1 + 2q2 + q3)82,
we get
2 2
o o T2 g8 . =2 G618 - 3tg8” —
1 282 2 282 0

Thus, in case (I), the sequence {th}i:O is asymptotically positive if and
only if 8 > 0 and either

(15) ty — 2t1B + t(B2

\%
o

or
(16) ty = 2t18 + tgB2 = 0 and ~-t, + 42,8 - 3t82 > 0
or
(17) ty, — 2618 + tgB% = ~t, + 4t 1B - 3tgB2 = 0 and ¢ > 0.
Condition (16) can be reduced to
(18) ty > tgB and t, = 2t|B - t(B2.
Condition (17) can also be reduced to
(19) ty = toB%, ty = tgB, and ty > O.
Summarizing the above argument, we have

Theorem 7: Let {tn}Z:O be a linear recurrence sequence of order 3. Suppose

the characteristic equation of {¢,},_, has only one triple real root B. The

sequence {t,},_o is asymptotically positive if and only if a, > 0, a, > 0, and
one of the following three conditions holds:

(i) 37‘;2 - 26(2131— Clltg > 0.
(ii) 3t2 - 2a2tl— fllto = 0 and 3t2 - 4612751 - 3(llt0 < 0.
(lll) 3t2 - 2@22‘?1 - CZlLLO = 3t2 - 4a2t1 - 3@17’:0 =0 and to > 0.

These three conditions are mentioned in (15), (18), and (19) above. We
need only rewrite them as the relations

a, = 38, a; = -382, a, = 83,
since B is the triple multiple root of the characteristic equation

3 - a,?-ax - a; = 0. Q.E.D.
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For case (II), the n'M term ¢, is represented by
t, = (gn + qz)B” + hy.

Thus, we have

5 (B2 + 2y2)tq - 2Bty + 1y B+ 25 - (B + )t + by
® - 1?2 Lo BB - 1) ’
and
B '-Y(ZB + Y)to + ZBtl - tz
%2 B -2 .

We now divide into two subcases:

(11a) |8] > |v]-

In this case, the sequence {tn}:=0 is asymptotically positive if and only
if 8 > 0 and either g, > 0 or g, =0 and g, >0 or ¢g; =g, =0, h >0, and
y > 0.

(1) ] = |v].

In this case, the sequence {t,},., is asymptotically positive if and only
if either B > 0 and q; > 0 org >0, v >0, q; = 0, q, + h > 0, and q, > h or
B <0, q, =0,qg,+h >0, and q, < horgqg =g, =0, h >0, and r > 0.

Remark: For an arbitrary given linear recurrence sequence {tn}:=0, we can give
explicit conditions for {tn}:=0 to be asymptotically positive when the charac-
teristic equation has one real double root B and another real root y with y in
terms of only the coefficients of the recurrence formula and of the initial
values as in Theorem 6, since we have a, = 28+, a,= -2By~- B2, and ag = Bzy.
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