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1. Introduction

Recently in [1], two different g-analogues of L,,,; were found. Our object
here is to interpret these g-analogues as generating functions. As usual, [Z]
will denote the Gaussian polynomial, which is defined by

(@9, /(@GP (G Pn-ms if 0 <m < 7,
(1.1) [”] - {

m 0, otherwise
where .
) (1 - ag?®)
@@, = [ iz

=0 (1 - aqn+g'

We shall also need the following well-known properties of [ﬁ]:

(1.2) [Z] = [n . m]3
(1.3) [,Z] - [n m 1] * q"_mm: ﬂ

_ In [1], we studied two different g-analogues of L,,;; denoted by C,(q) and
C,(q), respectively. These were defined by

(1.4)  C,(q) =_§%)An,j(q>,
=

where

. J . .
(1.5) An,j(q) = [znj- JJq(Z) + (1 + C[J)[ZJTZ_- 1J]q2n—2j+l+(‘72)
and
(1.6)  Co,(q) =D, (q) + Dy_1(q).-

where

(1.7) D, (q)

n

ZOBn,m(q>

m=

in which B,,n(q) are defined by

+m+ 1
(1.8)  Bu,n(q) = qmz[”m”ﬂr ) ]

Remark 1: A, ;(q) defined by (1.5) above are Dy, ;(q) in [1, p. 171] with J
replaced by n - j. This only reverses the order of summation in (1l.4).

Remark 2: Equation (1.8) is (3.6) in [1l, p. 172] with m replaced by n - m and
(1.2) applied.

*This paper was presented at the 853rd Meeting of the American Mathematical Society,
University of California at Los Angeles, November 18-19, 1989.
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Several combinatorial interpretations of the polynomials C,(q), 4,,»{(q),
Eg(q), D,(q)s and B, ,n(q), for g = 1, were given in [1]. In this paper, we
refine our results for the general value of g, or, in other words, we interpret
these polynomials as generating functions. In Section 2, we shall state and
prove our main results.

2. The Main Results

In this section, we first state two theorems and three corollaries. The
proofs then follow.

Theorem 1: Let P(m, n, N) denote the number of partitions of N into m - 1 dis-
tinct parts, where the value of each part is less than or equal to 2n - m, or
the number of partitions of N into m distinct parts where each part has a value
which is less than or equal to 2n - m + 1. Then

r

(2.1) Ay (@ =N}=:OP(m, n, Mq¥,
where -

r = 2nm - 3(2).
Example: The coefficient of g7 in Ag ,(g) is 4 (see below); also, p{(2, 5, 7) =
4, since the relevant partitions are 7, 6 + 1, 5 + 2, and 4 + 3.

As o(q) = g7 + qL6 + 2415 + 2q1% + 3g13 + 3¢12 + 4g11 + 4ql0 + 4g°

+ 4g% + 4g7 + 3¢% + 3¢5 + 2" + 2% + ¢% + 2

Corollary 1: .
(2.2)  C,(q) = 3 P(n, Mq",
where =0
(2.3) P(n, ) = 55 P(m, n, N)
and =0 -

s = max{an - 3(2>}, 1 <m=<mn.

Theorem 2: Let @(m, n, N) denote the number of partitions of N of the form
m=Dhby + Dby + <+« + by, such that m £ ¢t < 2m + 1:

bioy = b; 22 if 2 <4 <m
bm = bns1 21
b;-1 2 b; ifi>m+1
b1 sn+m- 1.
Then,
(2.4) B, ,(q) = Eu: Q(m, n, Mqh,
where =0

u=n2+ m-m - (n-m?2.
Corollary 2: )
n

(2.5)  D,(q) = 2 Qn, Mq¥,
N=0

where
n

(2.6)  Qn, N) =) Q(m, n, N).

m=
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Corollary 3:

(2.7)  Cu(q) = Y R(n, Mq”,
where r=0
(2.8) R, M) = @n, I) + 9n - 1, M.

Proof of Theorem 1: letting j = m in (1.5), we have
m

A, Q) = qznm_ m} + [%ﬂ”: lm}qz”‘z’"*l)q(z) " [2]7:2 N T]qzn—2m+1+m+(g>
_ [ZH —AT + l]q(;) + ([Zn _;T + 1] _ [gnn; m}>(7(m§1>,

where the last step comes by using (1.3) with # replaced by 2n - m + 1 and not-
ing that

m\ _ (m+1
ma(5)= ("5
Since 4, ,(gq) is a polynomial, the degree of 4, ,(q) is the degree of
[Zn -m+1
2
It is easily seen that

[Zn -m+ l}q<ﬁ>

m

(m+1)
]q 2/ yhich is 2nm—3<’§).

generates partitions into m - 1 or m distinct parts, where each part has a value
less than or equal to 2n-m, and

(o) - ™

generates partitions into m distinct parts with the largest part equal to
2n = m+ 1. Combining these results, we see that An,m(q) generates P(m, n, N).
The proof of Corollary 1 is now obvious.

Proof of Theorem 2: By the definition of the Gaussian polynomial, it is clear
that

{n +m+ 1

2m + 1 ]

generates partitions into at most 2m + 1 parts where each part has a value less
than or equal to n - m. Multiplication of [”;;:31 by gqm? = qi*3+--+2m-1 peang
that we are adding 2m - 1 to the largest part, 2m — 3 to the next largest part,
2m —= 5 to the next largest part, etc. Since the largest part is less than or
equal ton -m + (2m - 1) = n +m - 1, there are at least m parts where the
minimal difference of the first m parts (with the parts arranged in nonincreas-
ing order) is 2. The m'® and the (m + 1)'B parts are distinct. Obviously, the
degree of B, ,(q) is

m 4+ Cm+ D +m+1-2m=-1) =xn2+ n-m ~ (n~-m?2.

This completes the proof of Theorem 2.
Corollaries 2 and 3 are now direct results of Theorem 2.

3. Conclusions

In the literature, we find several combinatorial interpretations of the g-
analogues of the Fibonacci numbers. The Catalan numbers and Stirling numbers
are other good examples. The most obvious question that arises here is: Do the
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n+l

polynomials 4, ,(q), C,(q)s By,m(q)s D,(q), and 5%(q) have combinatorial inter=-
pretations other than those presented in this paper? So far, we know one more
combinatorial interpretation of the polynomials Dn(q). Before we state it in
the form of a theorem, we recall the following definitions from [2].

Definition 1: Let 7 be a partition. Let Y;; be the node of m in the 2t row and
J™ column of Ferrers' graph of m. We say that Yi; lies on the diagonal § if
- g = 6.

Definition 2: Let w be a partition whose Ferrers graph is embedded in the fourth
quadrant. Each node (7, J) of the fourth quadrant which is not in the Ferrers
graph of 7 is said to possess an anti-hook difference p; - kj relative to w,
where p; is the number of nodes on the it yow of the fourth quadrant to the
left of the node (7, J) that are not in the Ferrers graph of rw and kj is the
number of nodes in the jt™ column of the fourth quadrant that lie above node
(Z, J) and are not in the Ferrers graph of .

Remark: By the Ferrers graph of a partition, in the above definitions, we mean
its graphical representation. If 7 = ay + ap, + .- + a, (with a; > a;+1>
1 <4 <mn -1 is a partition, then the Zth row of the graphical representation
of this partition contains «; points (or dots, or nodes). The graphical
representation of the partition 5+ 3 + 1 of 9, thus, is:

We now present the other combinatorial interpretation of the polynomials
D,(q) in the following form.

Theorem 3: Let f(n, k) denote the number of partitions of k with the largest
part <7 and the number of parts <%, which have all anti-hook differences on
the 0 diagonal equal to 0 or 1. Let g(n, k) denote the number of partitions of
k with the largest part <7 + 1 and the number of parts < - 1, which have all
anti-hook differences on the -2 diagonal equal to 1 or 2. For kK =2 1, let

hin, k) =.f(n, k) + g(n, k — 1). Then
n2
D,(q) =1+ 2 hin, k)gk.
K=1

Note: For the proof of Theorem 3, see [2, Th. 2, pts. (1) and (4), p. 11]1. We
remark here that part (3) of Theorem 2 in [2] was incorrectly stated:

q"2+”d2n_1(q"1) should be replaced by g™ *"d,, (g7 1).
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