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Introduction

Let sequences {r,} and {s,} be defined for m = 0. Letting
"
tn = 2: PrSn-k»
k=0

we obtain a sequence {¢,} which is called the convolution of {r,} and {s,}. 1In
keeping with the ideas of V. E. Hoggatt, Jr. [7], one may define iterated con-
volution sequences as follows:

- n .
PO = o B r, 7D for g o= 1.
n n n =0 kn-k

In particular, if {F,} denotes the Fibonacci sequence, then

n
1 _
E% - 2:5%5%—k
k=10

is the convolution of the Fibonacci sequence with itself. Hoggatt [7] obtained
the generating function:

/(1 -z - x2)i*t = 5 Fn(J)x”.
n=20
The convolved sequence Fgl)was also considered by Bicknell [2] and by Hoggatt &
Bicknell-Johnson [8]. For related results, see also Bergum & Hoggatt [l] and
Horadam and Mahon [9].
Let primary and secondary binary linear recurrences be defined, respective-

ly, by
ug =0, uy =1, u, = Pu, 1 - Qu,_, for n 2 2;
vy =2, vy =P v, =P |- & _, fornz= 2,

where P and { are nonzero, relatively prime integers such that D = p? - 4¢ = 0.
In this paper, we generalize prior results of Hoggatt and others by developing
formulas for weighted convolutions of the type

n
2 Fns Kyrys, 4
k=0
where each of r, and s, is u, or v, and the weight function f(n, k) is defined
for n 2 0 and 0 < k n and satisfies the symmetry condition
fn, n - k) = f(n, k) for all k.
In addition, we prove some results about the sums

3 (3 ana 5 (7)o

k=0 k=0

IA
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Preliminaries

Let the roots of the equation: t2 - Pt + @ = 0O be
a=%P+D%, b=X%P-DY,

so that
(1) a+b =P
(2) ab = @
(3) a-b=D*
(4) u, = (@" - b")/(a - b)
(5) v, =a® + b"
(6) v, = 2“n+1 - Pu,
(7 v, = Pu, - 2Qu, _,
(8) Uy = Upyy ~ Qun—l
(9 E/(1 = Pt + Qt2) = 3O u,t”
n n=20
10 S () = 2n
ao (%)
Lon\2 2n
(an kgo<k> - (n)
n 3 _
(12) S k(n - k) =2 : n
K=0

u 2 _ 2 - 77,5 -n
(13) k‘;ok (n - k) T

The Main Results

Theorem 1:

@ Z”:u y _(nt+ Do, - 2, _ W = Puy (n - Vv, - 20u, _,
Ko Kk D D D
n 2"y, - 2P"
n n
b <=
(b) k§0<k>ukun_k >

Proof: Without restriction on f(n, k), (4) implies

3 g, = 3 £ (S E ) (£

a

(@ = Db) 23 f(n, k)(a® + b* - akp"~k - gn-kpk)
k=0

D‘1<un > fn, k) - i f(n, k) (@*p"* + a”‘kbk)>,
k=0 k=0

using (3) and (5).
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(a) If f(n, k) = 1, we get

7 1
Y upuy, oy = D71 <(n + Do, - 3 @k + a”‘kbk)> .
k=0

k=0

Now
it n n+1 n+1l n+l
kin-k _ n-kpk n((a/b) - l> a - b
a“b = a’~ p* = b ( = = ..,
kgo kz=:0 (a/b) -1 a-b !
S0
n (n+ Do, - 2u,,
Z(goukun--k - D

The other parts of (a) follow from (6) and (7), since
(n+ v, - 2u,, =n, +v, - 2u, | =nv, - Pu,

=Mm-0v, +v, - Pu, = (n- Dv, - 20u,_;.

n

(b) 1f f(n, k) = (Z), we get

-1 Lon _ Lo(n n-kpk kpn-k
D (Uﬂkgo(k) & (7)ot + akpn )

k=0
-1 /on n va - 2P
DT (2"v, = 2(a + b)) = D

n

Z (Z)Mkun—k

k=0

n

using (1) and (10).

Theorem 2:

"
(@ 2. 0,0, = (n+ Do, + 2u, .,
K=0

n
() 3 <Z>ukun_k = 2"y, + 2P".
k=0
Proof: The proof is similar to that of Theorem 1, except that we use (5) instead
of (4).

Theorem 3:

n
w, _q = ggouku"“k for n > 1

if and only if wy = 0, wy; = 1, w, = Fu

y)
n n-1

- Qw,_, +u, for n 2 2.
Proof: (Sufficiency) Following Carlitz [4], let
W) = 3 w,t".
n=0
Then
(1 - Pt + QL2)W(t)

wy + (W — Pwg)t + ZE(w71 - Pu,_| + Qu,_,)t"
n=

1]

t+ S u "= Y u,tt = /(1 - Pt o+ gt?),
n=2 n=20

so W(t) = t/(1 - Pt + Qt2)2, from which it follows by (9) that

n
wn—l = Z UpUhp -k
k=0
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(Necessity) (Induction on n). Let
n
W, = kzoukun_k for n > 1.

By direct evaluation, we have
- = = = 2 _
wy = 0, wy =1, w, = 2P, wy = 3P 24).
Theorem 1(a) implies w,_ 1 = D'l(nvn - Pu,). Now
Poy = Quy +u, = P(1) - Q0) + P = 2P = w,;
P(2P) - (1) + (P2 - Q) = 3P%2 - 20 = w

[

sz - le + ug 3

Puy) - £((n = Do

P
Pwn—l - an—Z = 'D_(nvn - Pun_l)

n-1

1

= B(Pvn + (- 1DFy, -, ) - P(Pu, - Qu,_1))
1

= —5(pvn + (- 1)vn+l - Pun+1)
1

= E(Pvn =20+ (m+ Do g - Puyyq)

1
=w, - 5(20”+1 - Pv ).

n

But 20,47 - Pv, = 2(a**! + p**l) - (a + b)(a™ + D) = a**l + prtl - " - a'b =

(a® - b*)(a - b) = Du,. Therefore,
1
P, = Qu,_p t oy, =0, - 5(0u,) +u, = w,.
Theorem 4: 1f

n
x, =k}:ovkvn_k for n =2 0,

then
Ty = by, X = 4P, x, = P;cn_l - @, _, + Du, for m z 2.

Proof: This is similar to the proof of Necessity in Theorem 3, and therefore is

omitted here.

Lemma 1: Let f(n, k) be a function such that f(n, n - k) = f(n, k) for all k

such that 0 < k < #n, where n and k are nonnegative integers. Then

"
kZ%)Qkf(n, Ky, o = 0.
Proof: Let

n nk
5, =kEOQkf(n, K)u,_pps n% = [5(n = 1)1, 5, = kE Q*F(n, K)u,_ -
= =0
Then

n*

S, = Sl = E *ij(n’ j)un-Zj‘

Jj=n-n
Letting kK = n - J, we obtain
n¥x nk
Sn - Sl = kZ Q‘fl—kf(n’ n - k)qu_n = E f(n: k)Qn_k(—un_Zk/Qn_Zk)’
=0 k=0

by (14), that is,
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n* "
5, -8, = -k‘_,;og f(n, Ku, 5, = =5, so 5, = 0.
Theorem 5: 1f f(n, k) satisfies the hypothesis of Lemma 1 above, then
n n
k};of(n, k)“kvn-k = un(kzof(n, k)>‘

" k _ Bk ;
Proof: ij(n, Wuw, =3 fn, k)(%—:—%)(a”"k + bRy
= k=0

bt - an—kbk + akbn~k>

giéfK”’ k)<an - a-b

O
= Mn(\ Zf(n’ k)> - ~}:0@27(.—/&(7’1’ k)uank = <i f(ns k)>
K: =

i

by Lemma 1. k=0
Corollary 1
n n ”
(@ 3wy, = (n+ Du, m) 3 (k)ukvn-k - 'y,
k=0 k=0
- - (2m LN _ _ w3 - n
(c) Zo\k fuvy g = (%) (@ 3 k= Koy, ("
‘e) ik21 12 _nd -
(e 2 (n -~ RKywo, 4 = K__EE__)u”

Proof: This follows from Theorem 5 and (10) through (13).

Theorem 6: Let u, and v, be the primary and secondary binary linear recurren-
ces, respectively, with parameters P and ¢, as defined in the introduction, and
with discriminant D = P2 ~ 4{. Define

14

_ n\ _ in
A N v T R L

k=0 k=

JA‘

(==}

Then, U, and V, are also primary and secondary binary linear recurrences, re-
spectively, with parameters P*¥ = P + 2, g% = P + § + 1, and discriminant D¥*= D.

PV’OO)C.' n " % 7 n
_ n ak - b\ _ ey N\ g s (K
4= 5 (- EOESE) - E0 - 6
(e + D) -+ D (a+ D" - D+ D"
a - b C{a+ L) - B+ D)
If we let A =aq+ 1, B=5b + 1, then
’ A" - B"
U =75

a primary binary linear recurrence with parameters

Pr=A+B=((a+ 1)+ GBH+1)=(+b)y+2=PF+2,
and
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@Gk =A4AB=(a+ )b +1)=ab+(a+b) +1=P+g+1.

Similarly, if

1

Vn = Z(Z>Uk’

k=0

then V, = A" + B", a secondary binary linear recurrence with 4 and B as above.
Furthermore,

Dk = (P*)2 - 4% = (P + 2)2 = 4(P+ @ + 1)
= P2+ 4P+ 4 ~ 4P - 4 - 4 = P2 - 4Q = D.

Theorem 7: Let {u,}and {v,} be primary and secondary binary linear recurrences
with discriminant D > 0. Then there exists a positive integer, m, such that

311 TS oY () P

k=0 =0
if and only if m= 2, u, =F,, v, = L,.

|
<

Proof: To prove sufficiency, we note that, if P = - = 1, so that u, = F,, v, =

L, then a2 = a+ 1 =4, b2 = b 4+ 1 = B, so that Theorem 6 implies

Lo (n A" - B" _ g®" - p2n
> < )uk S TA B T T a-bp T Hone

A™ + B"

i

™
S
xS
~—
<
P
il

a2n -+ bZn = Vo,

To prove mnecessity, using the notation of Theorem 6, we note that hypothesis,
(4), and (5) imply

An - BH amn - bmn
a-b  a-<b

Therefore, 4 = @™, B = b™, so that " =a + 1, b = b + 1. Let
fp@) = 2"~ x - 1.

Then f;(a) = f;(b) 0. TIf m is odd, then f, (x) has critical values at
x = +pl-Y0m-1I]

, A" + B" = g™ + B

It is easily verified that f,(zm[-V(m-DIy < 0. Therefore, fm(x) has a unique
real root, so a = b, which implies D = 0, contrary to hypothesis. If m is
even, then f,(x) has a minimum at x = ml~1/m=-DI" and £, m-¥m-Dly < 0, so
fm(x) has two real roots a and b with a > b. Now,

Fu(=1) = 1, £,(0) = £, (1) = -1, £ (2) = 2" -3 >0, for m 2 2,

so we must have -1 < b < 0 and 1 < ¢ < 2. Therefore, 0 < g+ b < 2 and -2 < gb
< 0. Since a + b and ab must be integers, we have P=a + b =1, @ = ab = -1.
It now follows that u, = F,, v, = L,, a" =a+ 1 = a2, som = 2.

Concluding Remarks

If P=-Q =1, then D = 5, u, = F,, and v, = L, (the nth Lucas number). In
this case, Theorems 1(a), 1(b), 2(a), 2(b), say, respectively:

nk, - F

n

n
(1) kZ:OFan—k = T
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non _2'L, - 2
@ ()R, s s

"
(111) kZ:OLkLn_k = (n+ 1)L, + 2F,

7
n = o
(V) k%(k)%%k 2"L, + 2

(I) was obtained by Hoggatt & Bickmell-Johnson [8]; an alternate form of
(I) was given by Knuth [10]; (I) and (II) appeared without proof in Wall [11];
(IT) and (IV) were given by Buschman [3].

Theorem 7 also yields the identities

(V) i(Z)Fk = Fays }n: (Z)Lk = Lou-

k=0 k=0

(V) appeared in papers by Gould [6] and by Carlitz & Ferms [5].
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