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1. Introduction

We shall study a sequence of numbers defined recursively. Let 1ln denote
the principal branch of the natural logarithm, i.e., 1In(re®®)=1nr +<¢, r > 0,

with ¢ = 0 (mod 2m), -7 < ¢ < m. We put 0 O z: = 2z, 1 O 3: = z3(: = g#1n%) angd
(1) n+ Doz = (mox"", n=0,1, 2,
nol=1,n0(1)=-1,101%=e"/2),

We consider, in fact, a more general operation defined by

ag(a, b): = b, aj(a, b): = pb°

and

(2) ops1(as B): = ay(a, @D, n =0, 1, 2,

nasz, noi= a"“/2< T )>.

(ant1, 2 (-1,

By mathematical induction, we obtain the

Proposition: The following algebraic relations hold for all n, m € IN and a, b,
c, 2 € (:

a) ap+m(a, b) = o,(a, a,(a, b)) [in particular (n +m) oz =n0O (ma z)].

]

b) a,(a, b®) = af(ac, b) [in particular n O 2¢ = aj(c, 2z) and
O('n(a, ba) = u%(az’ b)]-

n-1 4
bnk=o°‘k(a’b) sz).

c) apla, b) =
It will be proved in the paper that

: . -t
(1n particular » O 2 = 2lk-o

(3) lim n o e®" =1, |z] < é, z € C.
n +» ©

Moreover, the inverse functiom of ¥, Y(2): = n O 3, 1is explicitly calculated
for [zl < 1/e, and we examine the possibility to extend the definition of ¢ O z
to complex values of ¢.

2. The Evaluation of a Limit

The evaluation (3) is an immediate consequence of

Theorem 1: For all positive integers #n and complex numbers z such that ]z] <
1/e, we have

o

v
(4) |in(n O e®/7)| < 1 DR PEY
n = vl
The following lemma is useful to prove (4) (in [2], see formula (15) and
section 4.1).
z3f'(2) LN(4)
Lemma 1: Let fé“ = f, féARz) t= exp(—}?;7—> and f;ia o= (f#))l ,m=1, 2, 3,
We have
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m k ;
O €D | B | ol
k=14=0
where

J . .
tae & ) = (7 ) B DDk - " L 0 <G sk LSk s,

In particular, o
m 4y e
®)  FENPE =D =kl_11fzf<i>

Proof of Theorem 1: We apply (6) recursively to
fe)=m-1oc, n-2)ocg, ..., 1 OcC.

Using n o ¢ = (n - 1) 0 ¢%, we get

m km—k"(’
M wooWe-1=I(-1o P Fe .
k=1
At the rth step, we obtain (kg: = m):
(8) nooPe=1
m kp-1 Zrka ...kl;r,l—kr(kr-g
O )
ki=1 kp=1 r

whence, since (1 O g)g)(g =1) =ev, v=20,1, 2, ...,
9 mooW@=1
Kn-2 Kp-p =Kn-1/k m-ky

et T A ( n—2> e BTN (m)>
) kn£[=l exp( n-1°Kn-1 ko 1 K,
It follows from (9) that
(10)  expm-n"h < (no ¥ =1)

p< SR> s - (E772) o (;1»

ky=1 ky-y=1

IN

No/N .
exp(m™es n™~1) we use 2: J(.)xJ'4 = N(1 + x)V-1).
i=1 9

Thus, the series

(4) m

1 n o =1))Z 1

n(( S (& ) converges for IZ[ < — and
m! ne

2
m=1

= In((no )P = 1))
2;1 mlnm 5

m

(11)

1 & m™m 1
<22l sl <z

m!
w=0>
m

9
In(n o ) (z = 1) = Somin(roe?

so that the MacLaurin expansion of In(n (O e?/"), namely,

Let us observe that, in general,

arﬂ
(12) Egakzo) = exp(awmln F(zye¥)

In our case

w=0

In(no )W =1
mtn™ #

m
5

(13) In(n o e?/™) = i

m=1
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is valid for |z| < 1/e in view of (11). This completes the proof of Theorem 1,
since (4) follows from (11) and (13). [

3. The Inverse Function

Ifct=nosz,n=1, 2, 3,..., then we write 2 = (-n) D ¢ in a domain where
the inverse function is defined (this is essentially what is called '"partial
inverse" in [3]). The inverse function is defined in such a way that

(14) m+moz=nomMmoz), n, meZ.

To prove the next theorem, we need the following lemma.

Lemma 2: For all complex numbers A;, 4, ..., 4,, we have
r! mook r
(15) Zk_‘r—TnAJ= Z nAvl’ 1 <»r <m.
n(m, r) 1= e Rms =1 Viteeetv=m =1
vy 21

Here and in what follows, m(m, r) means that the summation is extended over
the numbers Xy, ..., Kk, such that

ki + 2ky + «oo +mky =my, ky + ky + -0 + k=1,
withijO, 1 <g <m.
Proof: Let
fz): = ﬁi B,z™, g(z): = 53 A, g™
m=1 m=1

be two analytic functions in a neighborhood of z = 0 such that f(0) = g(0) = 0.
We have

f(g(z)) = Z Bm(g(z))m = Z Z Z BmA\)l A\)mz\)l_i' +Vn
m=1 m=1 vy =1 vy =1
= Z Z Z BmA\)l A\szvl+ +\)m’
m=1 r=m vy+.--+tv,=r
whence vy 21 .
[ m
RCRRETEIED > SN SR | VIR
m=1r=1 vy+---+v,=m =
i.e., ) ) vy 21 }
(f(g(2)))'™(z =0 m
(17) flg x 3 > 5, ] 4,
’ I T AL A
vy 2

On the other hand, we compute (f(g(z)))“” using the Faa di Bruno formula [5, p.
177], namely,

m m (7) K;
- & TZENY L peg(a)) .

SO RNCCTON D VD VS TRt o jgl( A2) " g
It gives us

FlgN™ (=0 &I ! ok
(19) m! ‘P; G Kt oee Tt O jUIAJ ’
and the result follows by comparison of (17) and (19).
Remark: Formula (15) gives a variant of (18):

FlgHN™ _ & ngR )N FAg(2)
(20) m! P> n( v ! > r! ’

r=1vi+---tv,=m g=1
vy 21
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We shall also need

Lemma 3 [2, p. 238]: For all analytic functions ¢(2), we have

! m ()Y DAk _
@) T e M) - (C I D@, 1 s s

m(m, ) j=1 Jt / r

A representation of (-1) o y is obtainable from the results of [3] (an
interesting list of references is given in that paper). It is proved that the
function

x = h(g) = g&°
converges when ¢™% < z < el/¢; moreover,

gh(z)) =z and h(gx)) =z, el <x<e,

where
g(x) = gcllz
But
%:1!]&‘:: Ys
9(5)
whence g<%> _ é, % i h(é) for e~ lle < y < ef,

- (_l) oy,
whence

(229 (- oy

Replacing y by (-1) O y gives a similar representation for (-2) o y, and so on.
We give here another kind of representation for (-m) o 2z, m =1, 2, 3,

[

_y-v
yy—y Y . e—l/e < y < ee.

Theorem 2: For all positive integers m and complex numbers 2z such that

I1n 2| < 4,
me

we have

(23) (-m) a z = ﬁ ]Y[ Vﬁz exp(“(-l\))!"_l .(v - 1)

v=1 vy =1 Vm-1=1
Vm—2 - 1) v -v] Vm-2~ Vm-1 V-1 -1 v
. eV vee vV LIAY) e (In 2)Y).
m=2 1

Proof: According to the Lagrange expansion theorem, the root z of the equation
2 In 2 = 1n ¢ which tends to 1 with ¢ is given by

had v-1
In 2 = 3, (-1)v-! X;T—(ln )Y, |ln g| = é.
v=1 °
Since 2 1In 2 = 1In ¢ implies ¢ = 2% = 1 O 2, we obtain

o

v=1
(24) (- oo = ¥ (D S )Y, || <L
v=1 :

which corresponds to (23) for m = 1.
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Now we replace g by (-1) o ¢ in (24) to obtain

il v-1 o o
In((-2) o) = _l)v-l Vv’ 2: . 2: (_l)k1+...+kv—v
v=1 Tokp= k, =1
k-1 k,-1
kot eee KOV
. 1 v R kKy+..otk,
kit k! (In ©)

vo1l Vv kkl_l
_ Hl( o ) (In ¥,

I
Ms
||[\/]8
™

i.e.,

-1op (kketd
(25)  1n((-2) O ©) “: I1 (%) (In 2)°.
Y RN

.
LM<
!
|

The identity (15) with 4; = ri gives

Z u 7(1;“_1 Z u! v
26 — ] = :

( ) kl+"‘+ku=V 1131< kSL! ) TV, ) kll e 7(\)! l;l
kg 21

while (21) [with ¢(2) = e?®] gives

v! Y (dI TNk v- 1\ oy
(27) > 7 T I = = ( )v , 1l <u <.
(v, 1) 10 ese viog=1
We obtain

P> ﬁ<kfi_l tov -1

2 —_ ] = == v-u < <

(8) 7(1+~"+ku=\’ =1 ! > ( l)\) s 1 < u < v,
kg 21

and it follows from (25) that

=
I

> & =yt oL -1
(29 (oo =y xS (YT an o
v=1 p=1 Ve w-1
It is readily seen that the coefficients in the summation over v of (29)
are bounded by

v-1
o (2] )Y,

so that (29) is valid for Iln C] < 1/2e.
The proof is easily completed by mathematical induction. We write
In((-(m + 1)) o) = In((-m) o ((-1) O 1)),

substitute z to (-1) oz in (23), and use (28) to simplify the coefficients.
The estimation

© v-1 v
(30) ](—m) u] cl < exp(% 2:1vv‘ Im 1n C] > < gl/m
= !

holds for |ln z| < 1/me. O
Remark: It follows from the proof of Theorem 2 that

(31) lim(-m) o ¢¥/m =1, |In g| < é

m+w
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4, Extension of the Definition

In this section, we consider the possibility to define ¢ O z for complex
values of ¢. We give only partial results, but it is interesting to observe
that it seems quite possible to extend ¢ O 2 to a bianalytic function of z, C.
All along the process, the relation

(32) (¢1 + o) oz =1¢; o0 (¢ OR)

should remain valid in some domains of the complex plane.

4.1 Extension to Rational Numbers

First, we try to see how % O 3 can be defined. Let us consider a more gen-

eral question. Given z5 € ( and

g(z): = Y ap(z - 200k, ap: = 2,
k=0

analytic in a neighborhood of zy (this fact will be abbreviated z ¢ zy in what
follows), does there exist an analytic function

f(z): = i b(z = 2)k, by: = zq,
K=0

such that the functional equation

(33) F(f (&) = gz

is valid for z O z4?
A solution is not always possible, as shown by the example

g(z) = 22, zg = 0.

An affirmative answer for g(z) = 2%, 25 = 1, would imply that the solution
f(z) =: % 0O 3 satisfies the relation

%D<%Dz)=f(f(z)) =10 3.

To solve the functional equation

(34) F(f(z)) = =%, f(1) = f'(1) = 1,

we seek a solution of the form
f(z) =1 +kZ by(z - 1)k,
=1

Substituting 2 to f(2), we obtain

g% =1 1+ Y a(z- D =1+3 b(fz) - DX
K=1 =1
© k % X
=1+2 2 )3 by Il by, * (- 1)
k=1 2=1 vy+---+v, =k ji=1 N
vjz1
(in the context of [2], it is not difficult to verify that Iak| < 1 for all
k €IN). It is then readily seen that the aforesaid question can be answered in

the affirmative if we find a practical way to solve the following two problems:

1. Express by, by, ..., by in terms of a;, dp, ..., a; in the relations
Cll=bl=l,
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2. Show that the radius of convergence of }: bk(z - l)k is positive.
k=1

We assume in the remainder of the paper that the radius of convergence is
positive in the case g(g) = 3%, 2y = 1. Unfortunately, this fact is not proved
but it seems very likely that it is > 1.

We generalize one step further and ask for an analytic solution of

(35) fo(®) = 2%, f(1) = f'(1) = 1, vhere f,(3) = FECFa)-)).

This leads us to define q times

(36) aszg: = f(z): =1+ 53 bk<l)(z -, 201,
K=1 "\

Q-

for g = 1, 2, 3, ... (the domain of validity should contain [z - l[ < qg/2). It
is then possible to define p/q o & for p/q € Q.. Simply:

p " Lo 1 N = S Y
(37) g O z: g o <q 0 o <q o z) > : 1 +—£§ibk(p, @)z - 1, 20 1.

p times
Tt appears that b (p, q) = bp(p/q). There is no problem defining p/g O z
for p/q € Q_. We construct (-1)/q o 2 by requiring

Co(Los):s

q q
and we observe that (32) remains true for all rationals CT1s Coe Here, we can
write
4 - P, _ y2 . B(2P - 13
(38) g oz a2 + q(z s + 2q<q l)(z D3+ .0, 201,

4.2 Extension to Complex Numbers

It is reasonable to expect that a passage to the limit can be justified in
(38). This would permit us to define ¢t o z for ¢ € R by

lim Z;m(%ﬁe(z— DE =5 p(8) sz~ D, 201,
JFe =0 J k=0

where pj/qj, J=1, 2, 3, ..., is any sequence of rational numbers converging
to t [note that the coefficients by, (t) are reals for real values of t).

Finally, (39) is extended to complex values of ¢ by analytic continuation
and (32) remains valid. We do not give details of our calculations, since the
question concerning the vradius of convergence 1is open. At the end of the
process we obtain a representation of the form

(39) t Oz

(40) coz=z+2(z - 12+ C(C - %)(z -3+ e, 000, 201,

We can define ag(a, z) [see {2)] by requiring

ug(a, z) = ¢ 0O a9,

5. Some Observations

5.1 Solution of a Functional Equation

We observe that the functional equation
(41) fp(2) =23%, f(0) =0, FEN

can be solved.
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Theorem 3: Let IV > 1 be an integer. There exists an analytic solution, in a
neighborhood of the origin, of the equation (41) if and only if NV = M, M €N.
The solution is unique up to a multiplicative constant which must be an.(%;%y*
root of unity.

Proof: 1f N = M, theg a solution of (41) is
f(z) = cz¥, 0%5%= 1.
We must prove that an analytic solution f(z), 3 O 0, exists only in that case.
Equation (41) implies
(42) M = (FE&Y, fO) =0, @ > 1).
Let us assume for a moment that the solutions of (42) are of the form

flz) = ez, ¢V = ¢,

for some positive integer M. Substituting in (41), we find that

oV = gl+d+ o+ n® L omd
N-1
ie., ¥ =47 and elf-1= 1. Hence, we need only to prove that all the analytic
solutions of (42) are of the indicated form. Let

£ = Y A"
m=1

be a solution of (42). We have

3

- had hd e+
fz) =3 Aksz = (FfeNV= 3 .o Ay, w-e Ay, e v
k=1 vy =1 vy =1
o Jij
= E: 2: II Avl' 2",
m=N vi+t.---+tuy=m L=
whence v vy 21
if m=kN, k €N
(43) =4 1 .
V1+.;;;VN=m 1=1Avl 0 otherwise.
vg 21

This relation, for m = N, gives A} = 4y, i.e., Ay =0 or Aq_l = 1. The
following reasoning is easily adapted to the case 4] # 0 [we obtain the
solution f(3) = 4;2]. Let us suppose that 4; = 0. Let kg > I be the first
index for which Ay, # 0. We prove by mathematical induction that Ako+g = 0, %
=1, 2, 3, ... [this gives us the solution f(z) = Akozko, A%O = Ako).

First, we examine the relation (43) with m = Nkg + 1. If a v, is less than
kg, then the corresponding term, in the left-hand member of (43), is equal to

zero. Thus, we examine only the solutions of .
(44) Vit vpgtoeee tvy =Nkg + 1, vy 2 kg, 1 €0 <.
Let vy = «»- = vy =kg (s <N) and v; 2 kg + 1, § = 21, «.., 2g. 1In view

of (44), wé hav
Nko + 1 2 Sko + (V- S)(kg + 1),

whence s 2 V¥ - 1 and, in fact, ¢ = ¥ - 1. Since the right-hand member of (43)

is zero, this relation is reduced to A, = - Agg+1 = 0, d.e., Ag 41 = 0.

Now we suppose that Ay ,; = ..+ = Ako+Q‘1 =0, & > 1, and examine the rela~
tion (43) with m = Nkg + &. Let us consider the equation
(45) Vit vyt oeee vy = Nk + 2, vy 2 kg, 1 €8 <A
If vy, = -+o = vy, = kg (r < N), then v; 2 kg + & for §J # &1, ..., &, (in order
to have Ay, ... Ay, # 0), so that Nkg + & 2rky + (I - ) (kg + &), whence r =

N - 1 and (43) is reduced to
358 [Nov.
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N-1, - Ak if Nk0+£=k]|/
Ny " Axg 42 {O otherwise,

for some integer k. The possibility Nky + & = kI implies k = kg + &/N; but
1
k0<ko+l—v<k0+2,

so that A; = 0 by hypothesis. In both cases, we conclude that Ako+z =0. [
Remarks: The examples

z

- q =
d-watw “ =b

f(z) =
show that other solutions of (41) are possible for NV = 1. We may compare (42)
with Wedderburn's functional equation g(xz) = [g(x)]2 + 2ax (see [1] for refer-

ences) .

5.2 Solution of a Recurrence Relation

There is a relation similar to 1 which may be solved without difficulty.
Let Ay, By, m=1, 2, 3, ... be two sequences of complex numbers related by

m r
(46) Am=z Z nB\Jﬂ’m=15 2’ 3;
Fo1 v b= 2=1
We have v 21
m r
(47) Bm = (_I)P_l IIAV;L’ m = 1, 2’ 3’
r=1 vyt tvp=m L=1
\)121
Proof: Let

f(z) == (1 - 27", gz := 3 B,z"
m=1

Using Faa di Bruno's formula in the form (20), we obtain

(f(gz)N™ (z = 0) n z
= -3 [ 2, = 4
m! r=1 yptec-tvp=m L=1
whence vy 21
Flg(a) =1+ % 4,an ! :
g(z = zM = — = = .
=1 " 1 -g(2) 1 -3 B,a"
m=1
It follows that
1+2Amzn<1—ZBmzm =1,
m=1 m=1
and by comparison of the coefficients:
m=1
(48) B, =4, - 2: Ap_gBg, m 2 2.
s=1
Thus, m-1 s-1
B, = A, - Ap_14, - }: Am_s<43 - }: As_tBt>
s=12 t=1

m=1
Am - Z Am-sAs + Z Z Am—-sAs—tBt
s=1 s=2 t=1

s-1

m=1
z: Ay, - E: AJIAVZ + 2: Ap-ghg By
s=2

vy =m Vit+tvy=m =1

3

At the nth step, we obtain
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m-1 8;-1

By = 3 (-7 % Ha, + o2 %

r=1 1tHeeetvp=m s1=n sy=n-1
Ve 21
S,l-l—l
> Am-sy e Ag | -s," Bs,» for m =1, 2, ..., (m~-1).
s, =1
This gives us
m-=1 1 r 1 1
Bp = 3 (-1 > [T4,, + (-1)m-1lam-1p,
r=1 Viteeotv,=m =1
\)12

]

m r
2 =nrt 3 [14y,. O
r=1 Viteeotvp=m 2=1

v 21

5.3 An Identity

Using (32), we can write

. ((a+h) oz)- (anoz) . (ho(aoz)) - (aoz)
1lim = 1lim s
h>0 h h>0 h

d
aa(oz oz) =
and (40) [with ¢ = % and 2z replaced by (a O )] gives
(49  Z@oz) = (@oz - D2-2@az) - D3+ ..
On the other hand, (40) gives directly

50 L@ow = (-D2+ (2a-3)- D3+,
whence

51) (@0 &) -1D?-3(@as - D3+ .

- G-D2+ (a-2)E-DP+., 201, a0 0.

5.4 An Appearance of the Fibonacci Numbers

The recurrence relation 1 (section 4.1) may be written in the form

1 =
2%k T 2

r
(52) by by -iﬂ bv,» k = 3.
=1

r=2vi+-ectvn=k
vy 21
To find a bound for |bk[(laki < 1), we may try to use (52) with k = r, k =
vy, and make the substitutions. To do that, we need to take into account that
(52) holds only for k 2= 3. In particular, we must examine, separately, the
solutions of vy + -+.- + v, = k with 1 < v, <2, 1 < 9 <». This leads us to
evaluate the summation

(53) > > L= 2 p (k, 2),

<pr<k vyt Fur=k ~<r<k
1<v, <2 2

N X

where p,(k, 2) is the number of solutions of v; +.--+ v,= k, 1 < v, < 2. This
number is k—r); indeed, if vy, =...=vy;, =1 and vy = 2, & # %1, ..., &g, then
s+1+ (r~-8)+2 =k, so that s = 2r - k and the number of solutions is

r\ _ r _ r
(s) B (21’ - k) (k - r)
(see also the Remark below). Hence, we obtain (see [4], p. 14, Problem 1):

360 [Nov.



ITERATIONS OF A KIND OF EXPONENTIALS

(548,

S Sr<
2

kar(k, =2 (,7.)=fs k=0,1,2, ...,

%srsk k-r

the kB Fibonacci number.

Remark: Using the generating function
gr(g¥ - )7

M r M
= k = k
(z - 1)T (kz;:lz > k;ppr (k, #)z

and the Leibniz formula, we deduce that the number of solutiomns, pr(k, M), of
the equation vy} + «.. + v, =%k, 1 < vy <M, is equal to
{k—r

P S A (s P

=

R R RS A

j=

(55) L, (k, M)

In particular,

N

p, (ks 2) 2r,
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