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Introduction

A day hardly goes by without hearing that some lucky person has become an
"instant millionaire" by winning a lottery. Recently, one of the authors was
visiting relatives in Florida when a sequence of winning lottery numbers was
announced. (In the Florida state lottery, one chooses six distinct integers
from 1 to 49.) Someone suggested that a person might just as well choose 1, 2,
3, 4, 5, and 6 as any other sequence. In fact, why not choose any six consecu-
tive integers . . . what difference does it make? The chances are the same as
any other sequence of six distinct integers!

This led to the following analysis of the least interval between consecu-
tive members of a sequence of six integers. Here, we are concerned with the
set of possible lottery tickets for the Florida state lottery. That is, the
set of all possible six distinct integers from 1 to 49. The calculation given
below can be generalized to "» integers from 1 to »n are chosen." The generali-
zation will be given at the end of this article. For clarity, however, we will
use Florida's lottery as an example of the technique involved.

In what follows, we let [ be the set of all possible Florida lottery
tickets. That is,

L = {(tl’ tz, t3, tq, ts, te) : 1 < tl < tz < tg < tq < ts < t6 < 49}.
We also define the function f on L by:
f(tl’ tz, ta, tq, tS’ te) = mil’l{ti+l - ti . ’u = 1, 2, 3, 4, 5}.

Thus, if ¢ € L, we can think of f(¢) as the '"smallest space'" on the ticket %.
Our purpose is to determine the mean smallest space with respect to the members
of L. That is,

Lo
49
(%)

will be determined.

Determination of the Mean of the Smallest Spaces of L

Consider the set of 5-tuples,
D= {(dy, dp, d3> dy» ds) :5 <dy +dy +dg + dy +ds < 48; d; 21},
and the function F: L » D defined by
F((ty, tg, t3s tys Ty, tg)) = (to—t1, ty=ty, ty—t3, T5— Ty, te- tg).

It is clear that F is a function from L onto D. This will enable us to effi-
ciently determine

> F )

terL
by use of a particular partition of D. If d € D, we note that
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#{t € L: F(t) = d} = 49 - s,
where # is used to denote the number of elements in a set and where
d = (dy, dy, d3, dy, ds) and s =dj + dy, + dg + dy, + ds.
For d = (dy, dy, d3, dy, dgs) € D, we define

S(d> = dl + dz + ds + dq + ds
a(d) = min{dl, dz, d3, dq, d5}
m(d) = #{i:d; = a(d)}.

When the context is clear, we will just write s, a, or m. We now see that

&) = a@@®),

and that
5 < 8 < 48,
1 <a<9,
and 1 <m< 5.

For each triple (Z, J, k) with 5 <7 <48, 1 £ 4 <9, and 1 <m <5, we de-
fine

and note that
D= {Dyjr :5<7<48; 1<j<9;1<k=<5]

is a partition of D. Since

(%) SF@) = Y (49 - DFED )

teD Dijk €9
we proceed to determine the right side of (%) by first considering each k = 1,
2, 3, 4, and 5. For this, we use the following theorem. Its statement and
proof are found in [1: Theorem 2.4.3; pp. 145-46].

Theorem: For integers r, Pis Loy weesy Ty, the number of solutions to
£y + Xy + e +x, =1

x, z2r, for 1 =1, 2, ..., n
is
(n -l+r-r -r,-...- rn)
n -1
Thus, if we let s and a be given, we use the above theorem to find the number
of solutions to

dy +dy +dy +dy, +ds =s
d; 2r;3 2 =1, 2, 3, 4, 5,
for m=1, 2, 3, 4, and 5. For example, if m = 1, d; = a for some 7 and dj 2 a
+ 1 for j # 2. Since there are (?) ways to choose the d; and, by the theorem,
Ty + Xy 3+, =8 - a

x; z2a+1; 4 =1, 2, 3, &4
(s 5a - 1)
3
solutions, it follows that

#5001 = 5(° 7% 7).
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Similarly, we obtain

#Ds,a,Z ( s - 5a -1 s - 5a - 1>,

©F )
>< 51a—1> _ lo(s—Sla— l>’
) )

S-SOa—l 5(5—5061—1‘)’

[ R Rt

It should be noted here that we will use the convention
<n>= I, dif n = -1;
-1 0, otherwise

<i)=o if © < k.

Thus, for fixed s and a,
5 5
~ (5\(s - 5a -1
> e = 3 (7)) ,
PSS 3;1 k< 4 -k )
and by [2: Formula 21; p. 58], we have

kil#psak _ (S - 5401 + 4> _ (s - 54a - l>

48 9 5
PFCD) =_ZS -21 kZlm ~ DF#Dp) = Z Z (49 - )4 z#puk
1= J= =

tel i=5 j=1
which is, by the above,

48 9 . . . .
) , . - 57 + 4 7 - 57 -1
=Y 49 - D) g[ v - }
iz;5 J-Z::l ( 4 > ( 4 >
and by telescoping the inner sum,

Z 2(49_i<i~5[:j+4)=§:1

= 10(

w
I

#Ds, q,3 =

and

5
Mo, aa = (;
#5005 = (2

and

Hence,

;‘290(49 h 7,><7, - 5[;7‘ + 4

i; j=1 J
_ 54 - 57
JEl( >

by [2: Formula 25; p. 58]. We have, then, that the mean "smallest space™ on a
(Florida) lottery ticket is

;‘;Lf(t) j§1<54 p 5j>
() (¥)

which is approximately 1.88.

Distribution

Of interest, also, would be a list of how lottery tickets are distributed
with respect to the "smallest space” concept. For example, how many of the

(42) Florida state lottery tickets have a "smallest space” of 37
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This can be answered readily by noting that by omitting the j factor in the
summand of (%) and summing with a fixed j, we have that the number of Florida
lottery tickets with a "smallest space" of a is

,;jzk:eg(49 - 7’)#Dijk’
J=a
which simplifies to

(4 —65a> _ (4 —65a>

Hence, we can construct the following list of how the Florida lottery tickets
are distributed with respect to the "smallest space' idea.

smallest space number of such tickets

6924764
3796429
1917719
869884
340424
107464
24129
2919

84

Thus, it can be observed that close to 917 of all possible Florida state
lottery tickets have a "smallest space" of 1, 2, or 3. It seems, then, that it
might be wise to choose a lottery ticket that has a '"smallest space" of 1, 2,
or 3 and avoid those with a "smallest space' greater than 3.

wo~NoOTU~WN -

Conclusion

As stated earlier, the above could be generalized to a lottery where r num-
bers from the sequence 1, 2, 3, ..., n are chosen. Using the same technique as
before, it is easily shown that the mean of the "smallest space" of all possi-
ble lottery tickets where »r numbers are chosen from 1, 2, 3, ..., 7n is

(=)
Tl (n - (-0 - 1))
2 r
n
r
and that the number of such lottery tickets with a "least space" of a is

(n - (r - 1)(a - l)> _ (n - (r - l)a).

r r

Jj=1

Of course, another approach in investigating lottery tickets might be to
analyze the collection of lottery tickets with respect to the "largest space"
on a ticket. This should also be of interest, and we encourage the reader to
make such an analysis.
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