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1. Introduction and Summary

In a recent paper, Philippou and Antzoulakos [4] introduced and studied the
sequence of multivariate Fibonacci polynomials of order k and related them to
the multiparameter mnegative binomial distribution of the same order of
Philippou [3], in order to derive a recurrence relation for calculating its
probabilities. This sequence of polynomials includes, as a special case, both
the sequence of Fibonacci polynomials of order k and the sequence of Fibonacci-
type polynomials of the same order of Philippou, Georghiou, and Philippou [9]
and [10], respectively.

In this paper, we introduce a generalization of the sequence of multivari-
ate Fibonacci polynomials of order k (see Definition 2.1), and we derive an
expansion in terms of the multinomial coefficients and a recurrence for the
general term of the (r - 1)-fold convolution of this sequence with itself (see
Theorems 2.1 and 2.2). Next, we relate these polynomials to the multivariate
negative binomial distribution of order k of Philippou, Antzoulakos, and
Tripsiannis [8], and we derive a useful recurrence relation for calculating its
probabilities (see Proposition 3.1 and Theorem 3.1). Analogous recurrences
follow directly for the type I, type II, and extended multivariate negative
binomial distributions of order k of [8] (see Corollaries 3.1-3.3).

The present paper generalizes results on multivariate Fibonacci polyno-
mials of order Kk (see Remark 2.1) and Fibonacci-type polynomials of the same
order (see Remark 2.2). At the same time, several results of Aki [1],
Philippou and Georghiou [6], and Philippou and Antzoulakos [4] on recurrences
for the probabilities of univariate geometric and negative binomial distribu-
tions of order k are generalized to the multivariate case.

Unless otherwise stated, in this paper k, m, and r ara fixed positive inte-
gers, n; (1 < 7 < m) are integers, n;; (1 < 2 <mand 1 £ j £ k) are nonnegative
integers as specified, x;; (1 << <mand 1 < j < k) are real numbers in the
interval (0, «), 1 denotes the . m-dimensional vector with a one in every
position, and g, (1 < ¢ < m and 1 < j < k) denotes the m-dimensional vector
with a J in the <™ position and zeros elsewhere. Also, whenever sums and
products are taken over 7 and j, ranging, respectively, from 1 to m and from 1
to k, we shall omit these limits for notational simplicity.

2. Generalized Multivariate Fibonacci Polynomials
of Order k and Convolutions

In this section, we introduce the sequence of generalized multivariate
Fibonacci polynomials of order k, to be denoted by

k
H(ﬂ)(f_l’ LICIC ] gm)’
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along with the (» - 1)-fold convolution of H(m(xl, e gm) with itself, to be
denoted by

k
RN CIPENRE
and we derive a multinomial expansion and a recurrence for the nfh term of

,gk)P(xl, «+«» x,). In some instances, we shall use the notation H,gk) and H(k
instead of h(k)(x e gm) and Hé??(gl, s gm), respectively.

Definition 2.1: The sequence of polynomials Héw(g s «ees X,) 1is said to be the
sequence of generalized multivariate Fibonacci polynomials of order k, if

0, if some n; <0 (1 <7 <m),

Hékkgl, cees x,) =41, ifn=1,

> . }:J LJHEMJ (s oves x,), elsewhere,

where n = (ny, ..., n,) and x, = (xil, e xik), =1, ..., m.

For m =1, n; =n (20) and x; = «, Hgo(gl, ...»> Z,) reduces to H;kkg), the
sequence of multivariate Fibonacci polynomials of order k of Philippou and
Antzoulakos [4].

Lemma 2.1: Let H(kkx ...> Z,) be the sequence of generalized multivariate
Fibonacci polynomials of order k, and denote its generating function by

G (Bps cees Tps Ty cens L)

Then, for 0 < T < 1 (1l <72 <mand 1l < J < k) and E:ii:jxij < 1, we have
£ty «.. T
G (brs ovs Bys Zps wees 2 = — T ] <,
1 - z:ii% xi.ti T =1, cu., M

Proof: It can be shown by induction on 7y, ..., Ny that 0 < x;; <1 (1 <7 <m
and 1 < 4 < k) and 2;2;z;; < 1 imply 0 < B < 1, which shows the convergence
of gk(tl, ey tm, Lys eees x ) for at least It ] < 1, since for these t;

©

G (Fr oo B3 B s ER S D nmf:: A A
= ¢, - )7t
Next, using Definition 2.1, we have
gk(tl, cees bps Lys e x,)
R TETTE TR D SRR RO Tl A
=
¥

1 Np=1
st npzm+l

1]

kd n m (k)
PRI D TP DR SERRIN JAup DED DL IFE b

_ - ny ng+g T (k)
=ty e Ty b TpXgmyy 3L eee 2L by eee B B H)

J .
Ty ee By + L Xm o tlg (Brs eees £5 &1 cees )

from which the lemma follows.
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Now let Hé?;(gl, ««.5 Xp) be the (r - 1)-fold convolution of the sequence
Hék (gl, .;.,_gm) with itself, i.e., Hé@r = 0 if some n;, < 0 (1 < %2 <m), and
for n; 21 (1 <72 <m) a

B9, if p o= 1,
. n
2.1y #2, =

where ¢ = (cl, cees C)

As a consequence of (2.1) and in view of Lemma 2.1, we have

hd i ny 1y 77 (K _ P\~
(2.2) ¥ e 3 E e B @ s &) = (- T Tpet )
ny=0 Ny=0
Expanding (2.2) about ¢; = ... = ¢, = 0 and using procedures similar to those

of [5] and [8], we readily find the following closed formula for Hy ' ps in terms
of the multinomial coefficients.

Theorem 2.1: Let Hé??(gl, --+» Z,) be the (r - 1)-fold convolution of the se-

quence HSO(QI, ... Z,) with itself. Then

nyp + - +n +r -1 %

H(k)
E.jn.j=m Nyls vews Bpps = 1
J T4 7

n+1l, r(fl’

n; =0, 1, ... (1 <72 <m.

Proof: Let |t;| <1 (1 <i<m, 0 <x,; <1 (1l <<<mand 1l < j < k), and let

iJ
ZLEinJ < 1. Then

el S E T (s s )
0 Np=0

(1- zog ey t))", by @,

M

n)

=n§;0(n T TN By el)' since | T8 e <1

n
=2 (n T 1> )2 ( N >ninj(x~;jtg)nij ;
n=0 n F-Z-Vz..=n M1ls s> ok
A by the multinomial theorem,
-3 > I A B W P E IO
n?;o n?;O Z;nigl " ( N1ls eses Mpgs 2 — 1 A A

=1, ..., m

m “en =
=0 n,=0 Ydng =ny n11» > Pmies T 1

=1, ..., m

n

_ o< N n - nyp + e +uy tr-1 Ny
= Z .5 e Z/ tll DY t Z ( m nlngﬂclf 3
1=

by replacing n; by n; - Ezj(j - ny; (1 <72 <m). The theorem follows.

We proceed next to show that Hé?L satisfies the following linear recurrence

with variable coefficients, using procedures similar to those of [4] and [6].

Theorem 2.2: Let Hé?;(gl, .--> x,) be the (r - 1)-fold convolution of the se-
quence Hékkgl, ..., Z,) with itself. Then
Hé?L =0, if some n; < 0 (1 << < m), kaL =1,
and zk) (k) r -1 B x)
Byvi,» = X zjxiJHzﬂ—i-u r Ng ZJ"WSJ' Hﬁﬂ-is: r’

if n; 2 0 and some ny, 21 (1 <7, s <m).
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Proof: From the definition of Hépp, we have

(2.3) Hg?r =0, if some n; <0 (1 <7 <m) and H§kL = 1.
Now, using (2.2) twice, we have

(k) (k) (k) .
(2.4) H, +1, Hrl+l,1’+l - Z 2. le nAl-g., v+l n; = 0 (L =72 <sm,
since the generating function of the right-hand side reduces to that of Hﬁ?l »
Next, differentiating both sides of (2.2) with respect to ¢, (1 < 8 < m), we
get

(2.5) n, h(k) Ly = r}j beJH;?l_J ey Mgz 0andn, 21 (1 <4 =258 < m) .

Combining (2.4) and (2.5), we obtain
(k) ~ (k) r -1 .
Hi+l,1“= Zilj‘x Hrz+l—J,r+—ZijJ'H

[€9) .
. sin+l-g.,r’
s n+l

if n; 2 0 and some ny > 1 (1 < ¢, s < m),
by means of (2.1), which along with (2.3) establishes the theorem.

Remark 2.1: For m = 1, ny, =n, and ; = x = (£;, ..., *), Theorems 2.1 and
2.2 reduce to the main results of Phlllppou and Antzoulakos [4] on multivariate
Fibonacci polynomials of order k (see Theorems 2.2 and 2.3), namely,

(k) - ny + -0+ +r -1 "
(2.6) 40 (@ )y ( e e I Jef7, n =0,
jing=n
and
(k) - J (k)
(2.7)  H, ) (%) = Zioln + J(r = DIH,D 5 (x)s no2 1.
Remark 2.2: For m = 1, ny =n, and x; = (X, ..., ), Theorems 2.1 and 2.2 re-

duce to Theorems 2.1(a) and 2.2 of Philippou and Georghiou [6], respectively,
since for these values

B0 @) = 2P @),

ny, r

where F f“ (x) denotes the (r - 1)-fold convolution of the sequence of Fibonacci-

type polynomlals of order k with itself.
We note in ending this section that the sequence Fém defined by

0, if some n; <0 (1L <72 <m),
(k)

F,20=41, ifn =1,
(k)
2. ZJFn is elsewhere,
may be called the multiple Flbonacc1 sequence of order k, since for m = 1 and

ny = n (20) it reduces to F K the Fibonacci sequence of order k (see, e.g.,
Philippou and Muwafi [7]). It may be noted that

(2.8) Frf’;jl= 3 (”11+"'+””’<> n; =0, 1, oo (14 <m.
ZJ’” -n nll, ceey nmk
which follows from Theorem 2.1 for r» = 1 and xz;; =1 (1 <727 <mand 1 £ J < k).

3. Recurrence Relations for the Multivariate Negative
Binomial Distributions of Order k

In this section, we employ Theorems 2.1 and 2.2 to derive a recurrence
relation for calculating the probabilities of the following multivariate nega-
tive binomial distribution of order k of Philippou, Antzoulakos, and Tripsian-
nis [8].
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Definition 3.1: A random vector N = (N}, ..., N,) is said to have the multivari-
ate negative binomial distribution of order k with parameters vr, qi1s -+ 9ok
(r >0, 0<g <1forl£i§mandl§j$k,andqll+...+qij<l),tobe
denoted by MNB,(r; gy15 .5 q,)> if

PNy =701y «uey, Ny = n,)
_ » 7’111+---+7’ka+¥’—1)“ n nij
ijjrg:n < N1ls eoes Mg r-1 v quj ’
n; =0, 1, ... (1 £2 < m,
where p =1 - 91 = T Qe

Analogous recurrences are also given for the type I, type II, and extended
multivariate negative binomial distributions of order k of [8], denoted by

MNBk,I(P; Ql’ LR E] Qm)’ MNBk’II(P; Ql’ e Qm)’ and
MENBk(r; s e qu).

These distributions result by applying to the parameters of MNBy(r; gy ---»
qu) the follcwing transformations, respectively:

(a) q;; =P/7'q, (0 <@ <lfor1<is<m £,9 <1landP=1- L;0);

(b) q;; = @;/k (0 <@; <1 forl=<is<m 20 <landP=1- 2;0,);

(c) q;; = PP, ... Pj—lQij (Py =1, 0 < Qij <lforl <Z<<mandl < J <Kk,
L;9;; <land P; =1 - 2,4, for 1 <j <k).

]

We note first the following proposition that relates the multivariate nega-
tive binomial distribution of order k to the generalized multivariate Fibonacci
polynomials of the same order.

Proposition 3.1: Let N = (N}, ..., N,) be a random vector distributed as

MNBR(P; qll’ s e 3 qu)’
H(k)

9, v be the (r - 1)-fold convolution of the sequence Hgo with itself.

and let
Then

(k)
P(IVl = Mgy oeees v, = nm) = pPHQ+l,r(gl’ e gm),

S
]
(=]
[

w

“
[
IN
)
IA
3

.

where q; = (qil, ey qik)’ T =1, cuey M.
Proof: The proof is a direct consequence of Theorem 2.1 and Definition 3.1.

We proceed now tc derive a recurrence relation for calculating the proba-
bilities of MNBy(r; qiys - qu).

Theorem 3.1: Let V= (Ny, ..., Ny) be a random vector distributed as

MNBR(P; qll’ LRI ] qu):

and set
Poop =PW, =nys cons Ny =np).
Then
0, if some n; < -1 (1 <7 < m),
P, , ={p* difn = .o =n,=0,

r -1

z; zjqijpz—ji,r + ijqupﬁ'is’l’” if n; 2 0 and some

ng 21 (1 <<, s <m.
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Proof: 1f some n; < -1 (1 £ ¢ <m), (W) =nys «.., Ny =ny,) = 0, which implies
Py, p=P®) =0. 1Ifny = ... =mny = 0, Definition 3.1 gives Eﬁ,P = pT. If
n; 2 0 and some n, 2 1 (1 <7, s <m), we have

’

P% .= pfﬁégl’p(gl, eees gm), by Proposition 3.1,

(k)
pp{zi quinﬁ+l_ii’ Adys wees @)
(k)

E:jqujHﬂ+l‘is:P(ﬂl’ ceas gm)}y by Theorem 2.2,

r =1
Zizjqijpﬁ'ii +

, Mg

r -1
Mg

+

E:jqujEZ—is,r’ by Proposition 3.1.

Using the transformations (a), (b), and (c), respectively, Theorem 3.1 now
reduces to the following corollaries.

Corollary 3.1: Let ¥ = (Ny, ..., N,) be a random vector distributed as

MNB, (75 qys -vvs G0

and set
By p = PWy =mny, ooy Ny =my).
Then
0, if some n; < -1 (1 < 7 <m,
P@,p = pkr, if ny = «o0 =n, =0,
L d-1 r - - J-1
R L P e R S K| A L
if n; 2 0 and some ng 2 1 (L <7, 58 < m).
Corollary 3.2: Let N = (N, ..., N,) be a random vector distributed as
MNBk’II(r; Gis oo G s
and set
Pﬂ,r = P(]Vl T NLs seas Nm = nm).
Then
0, if some n; < -1 (1 << <m),
Py, =4p% 1if ny = «c. =ny =0,
a 3 . Qi r -1 .qS
ZLZJTPE—JVPJF Mg 259 % Pa-go e

if n; 2 0 and some n, 2 1 (I <4, s < m).

Corollary 3.3: Let N = (N, ..., Vy) be a random vector distributed as

MENB, (5 Gyys -5 Q)
and set
Pﬂ,r = P(Nl F My ey Nm = nm).
Then
0, if some m; < ~1 (1 << <m),
Por=4(p; -+ P75 if ny = -co =ny=0,
r -1
TiZjPy s Pyt 5,0 F g Ly oo Py, 00
if n; 2 0 and some ng 2 1 (L <7, s = m).
For m = 1, Theorem 3.1 and Corollaries 3.1-3.3 reduce to known recurrences

concerning respective univariate negative binomial distributions of order k
(see [4] and [6]). For k = 1, Theorem 3.1 (or any one of Corollaries 3.1-3.3)
provides the following recurrence for the probabilities of MNB(r; qus o> qm),
the usual multivariate negative binomial! distribution,
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, if some n; < -1 (1 <7 <m),

0
P o= pl’ if n1=...=nm=0’

s
Ziqi"ﬂ"—li’ r + Mg qsp’_l -lss 12

if n; 2 0 and some n, = 1 (1 <7, s < m),
which does not seem to have been noticed before.

Remark 3.1:-For r = 1, Theorem 3.1 and Corollaries 3.1-3.3 provide recurrences
for the probabilities of respective multivariate geometric distributions of
order k of [8], defined by

MG(Gyys «vvs Quz) = MNBr(Ll; Gyqs «vvs G )s

mk,l(q:[, e Qm) = MNB]{,I(I; ql, LB ] qm)’
MG, 11 (qys «vvs q,) = MNBy 1 (15 gy ooy G0
and MEGk(qll, ees qu) = MENB (1; Gyps o> qu).

The resulting recurrence for MEGk(qll’ ey qu) has also been obtained in [5],
via a different method.

We note in ending this paper that another derivation of Theorem 3.1, with-
out employing the sequence of generalized multivariate Fibonacci polynomials of
order k, has been obtained by Antzoulakos and Philippou (see [2]).
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