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A n + 1 = [<n-s>] (r. s = 0, 1, . . . . n) . 

a m a t r i x of o rde r n+1; for example 

A , 
0 0 0 1 
0 0 1 1 
0 1 2 1 
1 3 3 1 

Let 

(1.2) £n + 1(x) ="de t (x I -A n + 1 ) 

denote the c h a r a c t e r i s t i c polynomial of A , . Hoggatt has communi-
cated the following resu l t to the w r i t e r . 

Let F = 0, F . = 1, 
o 1 

F ,. = F + F . (n > 1) n+1 n n-1 

denote the Fibonacci n u m b e r s . Define 

(1.3) 
n, r 

F F . . . . F ,, 
n n-1 n-r+1 

F , F 9 . . . F 1 2 r 
(r > 1), F n ft = 1. n, o 

Then we have 

n+1 

(1.4) WX> = Z <-X> F - X r ( r + l ) / 2 ^ n + l - r 
n+1, r 

r = o 

In the p re sen t paper we prove the t ru th of (1 .4) . Moreover we 
show that 

(1.5) n + L f„+ 1(x) = n ( x - a J p n " J ) , 

81 
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w h e r e 

( 1 . 6 ) a = ( l + / 5 ) / 2 , p = (1 -. y /5 ) /2 . 

T h u s the c h a r a c t e r i s t i c v a l u e s of A , , a r e 
n+1 

( 1 . 7 ) a , a P, . . . , aP , (3 

S ince t h e y a r e d i s t i n c t i t fo l lows t h a t A , , i s s i m i l a r to a d i a g o n a l 

m a t r i x , 

2 . We r e c a l l f i r s t t h a t fo r a n y m a t r i x A of the n th o r d e r w i t h 

c h a r a c t e r i s t i c r o o t s X,, XOJ . . . . X we h a v e 
1 2 n 

(2 . 1) t r ( A k ) = Xk + . . . + X k (k = 0, 1, . . . ) , 
i n 

k k 
w h e r e t r ( A ) d e n o t e s the t r a c e of A . M o r e o v e r o n c e t h e s e t r a c e s 
a r e k n o w n i t i s a s i m p l e m a t t e r to ge t the c h a r a c t e r i s t i c p o l y n o m i a l . 
We s h a l l a c c o r d i n g l y a t t e m p t to e v a l u a t e 

( 2 . 2 ) t r < A n + l ) ( k = 0, 1. . . . ) • 

F o r k = 1 i t i s e v i d e n t f r o m ( 1 . 1 ) t h a t 

<2-3> t r < A n + l > = S <n-r> = F n + l . 
r 

F o r k = 2 we h a v e 

t r (A 2
+ 1 ) = T < r ) ( s ) = T <n~rxn~s> 

n+1 ^ n - s / x n - r —̂» s % r 
r , s r , s 
X" ( n - r ) l ( n - s ) ! _ V nl ^ ( - k ) r ( n - k + l ) r , 

~ 2 - , , „ ,, x2 ~2-k«(n-k)J 2 - r!(-n) ' 
r s ( ( n - r - s ) ) . ' ' r 

r , s xx ' ' k r 
w h e r e 

( a ) r = a ( a + l ) . . . ( a + r - l ) . 
S i n c e [1] p a g e 37 

z 
we get 

( " n ) r ( a ) r ( c - a ) n 
TTfcl = ~JZ) x r ' n 

r 
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2 , ^ n! ( - 2 n + k - l ) k 

^ ^ n + i * X ki (n-k)i Fnj ; 
k k 

n! ( n - k ) ! ( 2 n - k + l ) ! 
( n - k ) ! n! ( 2 n - 2 k + l ) 

k 
X k! (n 

Y1
 (2n-k+l 

2L. l k 
k 

s o t h a t 

< 2 ' 4 > t r < A n + l > = F 2 n + 2 ' 

In t h e n e x t p l a c e we h a v e 

J. / A 3 V -v^ # * w s w t . ^-» , n ~ r w n - s w n - t x 
t r < A n + l > = S (n-s>(n-t>W = S ( s ) ( t ) ( r > • 

r , s, t r , s, t 

but i t d o e s no t s e e m p o s s i b l e to e v a l u a t e t h i s s u m by t h e a b o v e m e 

We s h a l l i n s t e a d e m p l o y the m e t h o d u s e d in [2] . 

S t a r t i n g w i t h the i d e n t i t y 

/ n c x r M , x n - r x ^ / n " r \ n " s 

(2.5) x (1+x) = 2^ < s ) x 

r e p l a c e x by 1+x . We ge t 

/-> L \ /i . \ r / i n \ n _ r XT , n - r w n - s * n - t 
(2.6) (1+x) (l+2x) = 2., ( s M t )x 

s , t 

Nex t m u l t i p l y bo th s i d e s by x and s u m o v e r r . T h i s g i v e s 

2 xr
(i+x)r(i+2x)n-r = x (n;r)(n"t

s^ 
r = o r , s, t 

n - r w n - s x n + r - t x s 

T h e c o e f f i c i e n t of x on the r i g h t i s e q u a l to 

J (n'r)(n"s) = y ( r )( s ) = M A 2 , , ) 
Z - s / x r ' £-* v n - s / x n - r ' v n+1 r , s r , s 
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On the left we ge t 

Z 0<T> ^ - Z 0 0 2n'r-S = «n 
r + s + t = n r + s < n 

s a y . T h e n 

Z n ^ - , r . r + s ^ , n - r w o x n - r - s 
U n X = Z ( s ) X Z < s ) ( 2 X ) 

n=o r , s = o n = r + s 

,r , r + s / T ^ , - s - l 
s 

r , s = o 
Z 0 * r + S ( I - 2 x ) -

Z 2s._ - s - 1 ._ _ - s - 1 x (1 -x ) ( l - 2 x ) 

2 A 2 

l - 3 x + x 2 a 2 - p 2 \ 1 - a 2 x 1 - (32
X / 

w h e r e a, p a r e de f ined by ( 1 . 6 ) . We h a v e t h e r e f o r e 

a 2 n + 2 _ p 2 n + 2 F 2 n + 2 
U n Q Z _ p . = - ^ = 2 n + 2 

i n a g r e e m e n t w i t h (2. 4 ) . 

R e t u r n i n g to (2. 6), a g a i n r e p l a c e x by 1+x . We find t h a t 

( 2 . 7 ) ( l + 2 x ) r ( 2 + 3 x ) n - r = £ (n~B
rnn~t

Bnn~f) x ^ • 
s, t, j 

M u l t i p l y by x a n d s u m o v e r r . We ge t 
n 

( 2 . 8 ) ] T x r ( l + 2 x ) r ( 2 + 3 x ) n " r = £ ( n g r ) ( n " t
S ) ( n : t ) x l l + r " j ' 

r = o r , s, t, j 

T h e c o e f f i c i e n t of x on the r i g h t of (2 . 8) i s e v i d e n t l y 

Z , n - r v ,n- sv ,n-t> ^ / A 3 , 

( s )( t )( r ) ~- t r ( A n + 1 ) . 
r , s, t 
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On the left we ge t 

, r w n - r v ^ Z s 0 n - r - s 

r + s + t = n r + s < n 

s a y . T h e n a s a b o v e 

£ 0<n"t
r) 2S2n"r_t 3t = I OO2^3' 

U n X = I <s>2 X <X"3 x> 
, r , , ,Zs r + s , , 0 x - s - l 

r , s = o 

= V ( 2 x ) Z s ( l - x f ^ ( l ^ x f 8 " 1 = 1 r 
*-* ( l - x ) ( l - 3 x ) - 4 x 

s = o 
1 1 

s o t h a t 

l - 4 x - x 2 ( l - a 3 x ) ( l - p 3 x ) 

1 / a 3 . p 3 \ 

a 3 - p 3 \ l - a 3 x l - (3 3 x / ' 

3n+3 0 3 n + 3 F 0 l 0 
a - (3 _ 3n+3 

It fo l lows t h a t 

( 2 . 9 ) 

U 
n 

3 3 a - ^ F 3 

, / A 3 x F 3 n + 3 

3 . We a r e now a b l e t o h a n d l e t h e g e n e r a l c a s e . In (Z. 6) r e p l a c e 

x by 1 +x and we ge t 

( 3 . 1 ) ( 2 + 3 x ) r ( 3 + 5 x ) n - r = £ ( n ; r ) ( n ' t
B , < n j t ) ( n k > x ° " k • 

s, t, j , k 

T h e g e n e r a l f o r m u l a of t h i s t ype i s 

( 3 . 2 ) ( F k . 1 + x F k ) r ( F k + x F k + 1 ) n - r 

n - r , n - r . , n - r . 
= y (n;r)( r \..( r

k - V ^=1,2 ,3 , . . . ) . 
^ r l r 2 r k 

r l \ 
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Indeed for k = 1, 2, 3, 4, (3. 2) reduces to (2. 5), (2.6), (2.7), (3.1), 
respectively. Assuming that (3. 2) holds for the value k we replace x 

1 n 
by 1+x and multiply the result by x . The left member becomes 

< x F k - i + x F k + F /< x F k + x F
k + i + Fk+i>n" r 

= < F k + x E W r < F k + i + x F k + 2 > n " r • 
while the right member becomes 

^ r l r2 rk rk+l 
r r — , rk+i 

This evidently completes the proof of (3. 2). 
r Next multiply (3. 2) by x and sum over r„ This gives 

n 
*•/,-, , -r̂  , r / r , , _ ,n-r (3.3) £ x (Fk_1+xFk) (Fk+xFk+1) 

r , r r . . . , r k 

n-r, n-r, , n+r-r, 

(n-r
)( V . t k-l

)x
 k 

r l r2 rk 

The coefficient of x on the right of (3. 3) is equal to 

7rwn-r, ^ r -s ^s ^n-r-t t 
Fk+1 

r+s+t=n 

r+s<n 

say. Then 

n=o r, s=o 

CO 

Z _2s 2s,, _ . - s - 1 , , „ x-s-l 

F k x d-Fk_ l X) d-Fk + 1x) 

1 _ -1 • 
T~2 ~ TIZ ir, k 2 • 

< 1 - F k - l x ) ( 1 - F k+ l x , - F k x 1-<Fk-l+ Fk+l) x +<"1 ) X 
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But 

l - ( F k - 1 + F k + 1 ) x + ( - l ) k x 2 = l - ( a k + p k ) x + ( a p ) k x 2 = < 1 - a k x ) (1-pkx) 

and 
1 = 1 / a k _ p k 

U - a k x ) ( l - p k x ) " a k - ( 3 k \ l - a k x 1 - ( 3 k
x 

It fo l lows t h a t 

n . nk+k a n k + k F . ,_ 
(k) _ a - p _ nk+k 

U n ~TE I k F\ • 
a - p k 

C o m p a r i s o n w i t h ( 3 . 4) y i e l d s 

(3.5) tr(A^+1) = 5*±*. . 
k 

4 . We now r e t u r n to t he c h a r a c t e r i s t i c p o l y n o m i a l 

f (x) = d e t ( x l - A , . ) . n+1 n+1 

If we d e n o t e t h e c h a r a c t e r i s t i c v a l u e s by X , X,» . . . , X , w e h a v e 
o 1 n 

n X j=o J k=o j=o k=o 

, , nk+k a n k + k °° , 1
 n ., , .X1 

= £ x'^1 * k " P k •= £ x^"1 X a P 
k=o r k=o j ^ o 

= y 1 . 
~ x - a J

P
n - J 

I t foLlows t h a t 
( 4 . 1 ) f n + 1 ( x ) = n ( x » a J p n " J ) 

a n d t h e r e f o r e t he c h a r a c t e r i s t i c v a l u e s of A , a r e the n u m b e r s 
n - 1 

( 4 . 2 ) a , a p, . . , . , aP , p . 

We s h a l l now show t h a t 
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n+1 

(4.3) n (x-aJpn-J) = £ ( - D r ( r + 1 ) / 2 F n + l j r x n + 1 - , 
j=o r=o 

with F ,. defined by (1 . 3). 
n+1, r J \ i 

To prove (4. 3) we make use of the fami l ia r identi ty 
n-1 n 

(4.4) n d - q j x ) = £ ( - I ) r q r | > 1 » / 2 p x r , 
j=o r=o 

where 
/T n w l n - L ,, n - r + 1 . 

(4.5) [ n ] = (1-q ) d - q ) . - - ( l - q ) # 
( l - q ) ( l - q Z ) . . . ( l - q r ) 

If we rep lace q by |3/a we find that 

2 r-n-i r - n r _ 
L- r J nr 

Thus (4. 4) becomes 

^ ( l - a - V x ) = 2 ( - ! , ' a r ( r + 1 ) / 2 - « P r ( r " 1 ) / 2 F n j 

j=o r=o 
n-1 Now rep lace x by a x. Then 

" n d - a - J " 1 pJx) = X < - D r ( a P ) r ( r - 1 ) / 2 F n r x r 

j=o r=o 
n 

x r 

r ( r + l ) / 2 ^ 
n, r 

r=o 
2 (-D" '" F. .. x' 

Replacing x by x we get 

"n ( x - a a - J " V ) = X ( - l ) r < r + 1 ) / 2 r M x » - ' . 
j=o r=o 

This evidently p roves (4. 3). 
Incidental ly we have proved the s t ronger r e s u l t that (4.3) holds 

when a, (3 a r e any number s such that aP = -1 and 
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F = ^n-^)(-n~1-^'\)-..(^'r+1-^'r+l) 
n , r (a-P)(a' i-pZ).. .(ar-pr) 

If we now compare (4. 3) with (4. 1) it is clear that we have proved 

(1.4). 

5. It is of interest to note that the particular characteristic values 
a , (3 can be predicted directly as follows. We have 

Z , r . s n r ^ , r . £ 

W Q = a Z (n-s> Q 

n. - l . r n-r r n+r 
= a (1+a ) =• a (a+1) = a 

This shows that [ l , a, . 0 . , a ] is the characteristic vector corres-

ponding to a . Similarly [ l , (3, . . . , (3 ] is the characteristic 

vector corresponding to (3 „ 

However it is not evident how to find the remaining characteristic 

vectors when n > 1. We canfor example show that there are no other 

characteristic vectors of the type [ l , 7, . . . , 7 ] . Indeed assume 

that 

(5.1) X (n!s) ^ = X 7 r (r = 0, 1, . . . , n) . 
s 

Then since , 
I<n!B> ^s= A i + ^ 1 ) r = ^n-re»+Dr . 
s 

it follows from (5, 1) that 
^" 2 r (7+ l ) r = X7'n (r = 0, 1, . . . , n) . 

2 
Since the right side is independent of r we must have 7+ 1 = 7 , so 

that 7 = a or (3 . 
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