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1. Put

(1.1) Ay = [(nfs)] (r, s=0, 1, ..., n) ,

a matrix of order n+l; for example

0 0 0 1
A, =10 0 1 1
4 0 1 2 1
1 3 3 1
Let
(1.2) fn+1(x) = det(xI—An+1)

denote the characteristic polynomial of An Hoggatt has communi-

+1°
cated the following result to the writer.

Let F = 0; F = 1:
o 1
= >
Fn+1 Fn * I;‘n—l (n21)
denote the Fibonacci numbers. Define
(1.3 F__=-220 rtl p21), F_ =L
Fl FZ oo Fr
Then we have
n+l /
_ r(rt+l)/2 n+l-r
(1.4) fn-i-l(x) - Z (-1) Fn+1, r=* :
r=o

In the present paper we prove the truth of (1.4). Moreover we
show that

(1.5) £ 00 = I (x-al g™y
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where

(1.6) a = (1+/5)/2, B =0-/5)/2

Thus the characteristic values of An+1 are

(1.7) P AT S

Since they are distinct it follows that An+l is similar to a diagonal
matrix.

2. We recall first that for any matrix A of the nth order with
characteristic roots )\1, XZ’ e oo >\n we have

(2.1) tr(Ak)=>\11‘+...+>\1; k=0, 1, ...) ,

where tr(Ak) denotes the trace of Ak. Moreover once these traces
are known it is a simple matter to get the characteristic polynomial.

We shall accordingly attempt to evaluate
(2.2) t (Ak ) (k=0,1 )
. (A =0, 1, ...

For k=1 itis evident from (1.1) that
r
(2.3) tr(AnH) - Z (n-r) - Fn+l .
T

For k = 2 we have

tl'(A121+l) - Z (nfs)(n?r) - Z (n;r)(n;s)
T, s r,s
(- k) (n k+1)
- (n-r)! (n-s)
z r!s!((n-r-s)! ) Z ke (n k). Z
T, s T
where

(aL)r = a(atl)...(atr-1)
Since [1] page 37
(-n)_(a) (c-a)

' n
z r.r(c:)r - (c)n ’

iy

we get
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, (-2n+k-1)
2 _ n! k
tr(Ang) 7 2 TR N
k
_ n! (n-k)! (2n-k+1)!
- Z K (n-kK)! 0’ (Zn-2k+1)
- Z (ank+l) ’
k
so that
(2. 4) tr(AIZI‘H.) = Font2

In the next place we have
_ r s t _ n 1' n-t
tr(a’ arl) = GIIGIDG ) = D S TGy I
T, 8,t r,s,t

but it does not seem possibleto evaluate this sum by the above method.
We shall instead employ the method used in [2] .
Starting with the identity

(2.5) x" (1+x)" Z (n Ty x7°°

replace x by 1+x-1. We get

(2. 6) (1+x) " (1 +2x)" Z G T P t

Next multiply both sides by x' and sum over r. This gives
n

z xr(1+x)r(1+zx)n—r - Z (n-r)(n—ts)xn+r—t

s
r=0 r,s,t

The coefficient of x" on the right is equal to

nrns 2
Z( Z(ns nr = tr(AnH)



84 THE CHARACTERISTIC POLYNOMIAL OF A CERTAIN April

On the left we get

s'' s s s n
r+s+t=n r+s<n
say. Then
n r r+s n-r n-r-s
= 2
D Y Rl IO
n=o r, s=0 n=r+s

- Z (:) XI‘+S(I_2X)—S—1
s=

r, s=0

- Z xzs(l—x)_s—l(l-Zx)—s_l

5=0

1 _ 1 0.2 [32
1—3x+x2 c12 - Bz 1 - azx 1 - ﬁzx

1

where a, B are defined by (1.6). We have therefore

D’Zn+2 _ 6Ic‘.n+2. F2n+2
un = > > = = F
a - B F

2n+2
2
in agreement with (2. 4).

Returning to (2. 6), again replace x by l+x_1. We find that

T 5 . \0-T _ n-r,,n-s, n-t, n-j
(2.7) (1+2x) " (2+3x) = > N ) x
s, t,

Multiply by x' and sum over r. We get

n

T T n-r _ n-r, n-s, n-t, ntr-j

(2.8) Z x (1+2x)"(2+3x) = Z CoNCN j)x

r=o0 T, 8, %]

The coefficient of x" on the right of (2. 8) is evidently

- - -t 3
2 OO = )

T
r,s,t
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On the left we get

- ~r-t _t - —r-
D 8 TGt It M S U T SRR
rt+s+t=n r+s<n

say. Then as above

” n < r.,2s r+s -s-1
u X = Z (()277x" T(1-3%)
n=o r, S=0
” 2s -s-1 -s-~1 1
= Z (2x)“7(1-%) (1-3x) = v
f (1-x)(1-3x)-4x
1 1

1—4x-x2 (l—asrx)(l-ﬁgx)

1
W
W
(68 |
Wi

so that

a3n+3 _ 53n+3 ) F3n+3

a3—{33 F

3

It follows that

_ F31\.-!-3

) = oot
1 F3

3. We are now able to handle the general case. In (2.6) replace

(2.9) tr(Af’1+

x by 1+x_1 and we get

(3.1) (2437 (345" F = > (n’r)(n’s)(n}t)(nl;j)xn'k

s t
S, tr j: k
The general formula of this type is

r n-r
(3.2) (Fk_1+ka) (Fk+ka+1)

T

n
=S AN, S 1,203,000
k
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Indeed for k=1, 2, 3, 4, (3.2) reduces to (2.5), (2.6), (2.7), (3.1),
respectively. Assuming that (3. 2) holds for the value k we replace x

by 1+x'l and multiply the result by x?. The left member becomes

r n-r
(ka_l +XFk+Fk) (ka+ka+1 + Fk+1)

_ r n-r
= (Fy v xFe) (B T xF,) ’
while the right member becomes

n-rl n-r n-r n-r

Z (nl-‘-lr)(r Yoo ( rk—l)(r k)x k+1

This evidently completes the proof of (3. 2).

Next multiply (3. 2) by x' and sum over r. This gives

n
(3.3) z xr(Fk_l+ka)r(Fk+ka+1)n r
r=o
n-r n-—rl n—rk_1 n+;t'-rk
= D R ) [ P G I :
r,r r 1 2 k
El 1""! k

The coefficient of x on the right of (3. 3) is equal to

S Qe T

k k+1
r+s+t=n
_ r,,n-r, ..r-s _2s _n-r-s (k)
- Z (s)( s )Fk—l Fro Fraa Yn ’
r+s<n
say. Then
(k) n r,.r-s _2s r+s -s-1

Z Yn X 7 Z (S)Fk-l Fy (1-Fy )
n=o r, S=0

1 1
2 2 k 2
k+lx)-FkX 1-(Fk_1+Fk+l)X+('1) X

n

.
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1_(Fk—1+Fk+l)X+(_1)kX2 = 1-(ak+[3k)x+(aﬁ)kx2 = (l-akx)(l-ﬁkx)

1 1 a B

(l-akx)(l—ﬁkx) ) QR-Bk l—akx I—ka

It follows that
nk+k nk+k F
_a’ -8B

R T

"z

Comparison with (3. 4) yields

F
k _ T nktk
(3.5) tr(An+1) = —
k
4. We now return to the characteristic polynomial

fn+l (x) = det(xI - An+l)

If we denote the characteristic values by >\o’ A . )\n, we have

1’
n n
f' (X) © ] ©
nt1X 1 k-1 <k _ k-1 Kk
& Zx—)\. = Z x )\j_ Zx tr(An_H)
nt+l . ] _ . -
j=o k=o j=o k=o
> nk+k _nk+k = ® o
= Z x_k_1 -_—E——-k—-—a -P = x—k—1 ZaJkﬁ(n—J)k
k=0 a - P k=o j=o
n
1
~ eIpnd
J=0
It follows that
n
_ _ Jpn-]
(4.1) fn_,_l(X) = I (x-a'f ")
j=o
and therefore the characteristic values of An—l are the numbers
(4.2) e T S

We shall now show that
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n+l

n
j nn-j +1 -
(4. 3) 0 (x-ap™) = % (-1)Tr/2 F 1 rxn+1 r
j=o r=o
with Fn+1, . defined by (1. 3).
To prove (4. 3) we make use of the familiar identity
n-1 n
P 1\ E r(r-1)/2 rnq r
(4. 4) n (l-a’x) = > (-1)' g I
j=o r=o
where
n -1 -r+l
(4. 5) ] - G=aD0-9"")...0-a"""")
: - 2
: (1-a)(1-g")...(1-q")
1f. we replace g by f/a we find that
n rz-nr
[r] —>a Fnr
Thus (4. 4) becomes
n-1 n / /
ol - _\r Thrtl)/2 —nr r(r-1)/2 r
H(laﬁx)—Z(l)a B LI
j=o r=o

Now replace x by an—lx. Then

n-1
n (1--(111_‘]-1 ﬁJx)

j=o r=o

n
3 (DR ep TR

n, r

n
Z (_l)r(r+1)/2 F «F

n, r
r=o
. -1
Replacing x by x we get
n-1 n
-1 i +1)/2 -
n (x-a®J IBJ) - Z (_l)r(r )/ Fn i} BT
j=o r=o

This evidently proves (4. 3).
Incidentally we have proved the stronger result that (4. 3) holds

when a, f are any numbers such that af = -1 and
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n-r+1_ n-r+l

2). 5 (a B )
(a-P)(a”-B%).. . (a"-B")

If we now compare (4. 3) with (4. 1) it is clear that we have proved
(1.4).

. ) (an_ﬁn)(an—l_ﬁn—l

n, r

5. It is of interest to note that the particular characteristic values

o, Bn can be predicted directly as follows. We have

Z (nfs) O.S _ al’l Z (nfs) aS-I’l

S S

1. r n-r

P+a T = ™ T et = T

X n . . .
This shows that [1, Ay ooy a] is the characteristic vector corres-

ponding to an. Similarly [1, By <oy ﬁn] is the characteristic
. n
vector corresponding to 7,

However it is not evident how tofind the remaining characteristic

vectorswhen n > 1. We canfor example show that there are no other

characteristic vectors of the type [1, Yy eees 'yn] . Indeed assume
that
T s T

(5.1) 2 ()%= T (r=0, 1, .., m)

s
Then since . S n 1 -t .

DU 7= T = T v

n-s
s

it follows from (5. 1) that

Y2 )T Y™ (=0, 1, ..., n)
2
Since the right side is independent of r we must have Y+1 =7, so

that Y=a or P .
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