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A problem proposed by P r o f e s s o r Hoggatt is as follows: Does 
the re exist a pai r of t r i ang les which have five of thei r six pa r t s equal 
but which a r e not congruen t? (Here the six pa r t s a r e the th ree s ides 
and the th ree angles . ) The ini t ial impuls ive answer is no J The p rob-
lem a lso appea r s in | 1 | as well as in the MATH LOG. 

I have taken some t ime to work on the problem you suggested. 
I think you will agree that the solution I have is in te res t ing . One p rob-
lem, as you have stated it, is posed in a high school geomet ry text 
entitled, "Geomet ry" byMoise and Downs, published by Addison Wesley 
Company, (page 369)* 

In thei r solution key, they gave one possible pai r of t r i ang les 
that work: 

I d i scovered this after I solved the problem myself. But the above 
solution does not do jus t ice to the problem at all, since my old friend 
r is rea l ly the key to the solution. Note: Golden Mean = 96 = r in what 
follows. 

I at tacked the problem as follows: F i r s t , the five congruent pa r t s 
cannot contain all t h ree s ides , since the t r i ang les would then be con-
gruent , Therefore , the five pa r t s mus t be th ree angles and two sides 
which means that the two t r i ang les a r e s im i l a r . But, the two sides 
cannot be in cor responding o rde r , or the t r i ang les would be congruent 
e i ther by ASA or SAS. So, the si tuation mus t be one of two poss ib i l i t ies 
as I have sketched below: (My sketches a r e not to sca le . ) 
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t r iangle 1 

t r iangle 2 

poss ibi l i ty 1 

possibi l i ty 2 

In both c a s e s , by using re la t ionships from s imi la r t r i ang les , it follows 
that |:= or b = ka and c = kb = k a from possibi l i ty 2 and ~ = 3 or 

2 b d 
b = ka and d = kb = k a from possibi l i ty 1. 

So, the th ree s ides of the t r iangle mus t be th ree consecutive 
2 

m e m b e r s of a geomet r ic s e r i e s : a, ak, ak , where k is a p ropor t ion-
al i ty constant and k > 0 and k ^ 1. If k = 1, the t r i ang les would both 
be equi la te ra l and thus congruent . Therefore , k / 1. 

F r o m my previous a r t i c l e on the Golden Section (Pentagon, Spring 
1964) I worked out two p rob lems on right t r i ang les where the s ides 
formed a geomet r ic p r o g r e s s i o n and the constants turned out to b e / ^ " 
and y — «, So, I knew of two m o r e si tuat ions where the or iginal p rob lem 
could be solved. Then I began to consider var ious other values of k 
and I began to wonder what values of "kM will work. In other words , for 
what values of k will the number s a, ak, and ak be s ides of a t r i -
angle . Once we know th is , then another t r iangle with s ides ^ , a, ak 

2 3 k 

or ak, ak , ak wi l lhave five p a r t s congruent but the t r i ang les would 
not be congruent . 

I n o r d e r f o r a, ak and ak to be s ides of a t r i ang le , t h ree s t a t e -
ments mus t be t rue : 
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These a r e ins tances of the s t r i c t . t r i ang le inequality. 
1. a + ak > ak 2 (a + b > c) 

2. 

3. 

a + ak > ak 

2 
ak + ak > a 

[a > 0, k > 0, 

For Case 1, consider k > 1 

(a + c > b) 

(b + c > a) 

k ^ l ] 

(a) k > 1—>k > k ->1 + k > k 

the re fo re , a + ak > ak (condition 2 above) 

(b) k > l—>k + 1 > 1—>k + k > 1 

the re fo re , ak + ak > a (condition 3 above) 

(c) if k > 1 show a + ak > ak (condition 1 above) 

This pa r t revolves around the problem of finding out when 1 + k > k , 
2 or, graphical ly: For what x > 1 will 1 + x = y be above y = x ? 

2 • 1 

p™_^«—-
Jf— Y = 

2 
— y = x 

2 

1 + x 

Solving this problem produces the r e su l t that 

k < ~ or_ k < r . 
2 So, if 1 < k < r then the number s a, ak, ak a r e the s ides of the 

a 2 3 
t r iangle that can be matched with -- , a, ak or ak, ak , ak to solve 
the or iginal p rob lem. (Incidentally: 1 < v ^ < r . So this fits i n h e r e . ) 

For Case 2, consider k < 1 
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(a) 

(b) 

(c) 
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if k < 1—->k < k ~ > k < k + 1 Therefore ak < ak + a 
(condition 1) 

Apri l 

if k < 1 —> 1 + k > 1 —>a + ak > ak (condition Z) 

Now, if k < 1 show ak + ak > a. This i s , essentially,finding 
Z 

what values of k make k + k > 1. 
2 Again, graphical ly, for what x < 1 will the parabola y = x + x 

be above the line y = 1 ? 

pm X7p y = l 

— X = 1 

-1 + /5~ Solving this problem produces the resu l t that k > ~ . If you 
-1 + / 5 will follow this closely, ^ is the additive inve r se of the conjugate 

of ^ . (i. e, j r = ^ . Therefore , the conjugate of r is « 
1 4 - /"cT I _L /C, 

and its additive inve r se is -= . ) So, if ^ < k < 1 the p rob -

-1 + v/5 / l n < 1, so my second problem lem is again solved. (Again, 
fits h e r e . ) 

Therefore , the complete solution can_be summed up as follows, 
1 + \/5 - I + /5 if k is a number such that 1 < k < ^ = r or ^ < k < 1. 

Then the three sets of t r i ang les with s ides -r- , a, ak or a, ak, ak 
or ak, ak 2 , or ak 3 can be used to produce two t r i ang les with five 
p a r t s equal and the t r i ang les themse lves not congruent . 

So, the re a r e an infinite number of p a i r s of t r i ang les that solve 
this problem and once again, r p roves to be an in te res t ing number 
and a key to the solution of in te res t ing problems,, 
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