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1. INTRODUCTION 
Imagine a pa r t i c le the number of whose col l is ions with other p a r -

t ic les during the t t ime i n t e r v a l i s given by <£(t). Assume that this 
pa r t i c l e p o s s e s s e s a p roper ty , p, which it can t r a n s m i t by col l is ion to 
eve ry pa r t i c l e with which it co l l ides . F u r t h e r suppose that eve ry pa r -
t ic le that has rece ived p rope r ty p by col l is ion can a lso t r a n s m i t it by 
col l is ion. Assume that for an indefinite per iod of t ime eve ry pa r t i c l e 
posses s ing p roper ty , p, coll ides only with those pa r t i c l e s not p o s s e s s -
ing this p rope r ty . The number of new pa r t i c l e s to which proper ty , p, 
has been impar ted is given by the following model , 

2. THE MODEL 
Let A. be the number of col l is ions with new pa r t i c l e s in the t ime 

i 

in te rva l i < t <, i + 1 by pa r t i c l e s possess ing proper ty , p, at t = i. 
The new pa r t i c l e s do not s t a r t the i r pr iva te t imes until the end of the 
t ime in te rva l of thei r init ial collision* 
(1) A0 = 1 

\ = 0(D 
A2 = 0(2) + <pZ(l) 

A3 = 0(3) +20(2 )0 (1 ) + 03(1) 

A4 = 0(4) + [20(3)^(1) + 0 2 (2 ) ] + 30(2)<£2(1) + <p4(l) 

A. = F ( h . , 0 ) 

The model is obtained as follows: 
Up to t = 1, An genera tes the inc remen t A, , whose magnitude 

is 0(1), the number of pa r t i c l e s with which A0 collided in the f i r s t 
t ime in te rva l . 

A t t h e t i m e t = 2, An has collided with <£(2) m o r e new pa r t i c l e s 
during the second t ime in te rva l and A has collided with <fi(l) new 
p a r t i c l e s , since i ts col l is ions a r e subject to the phase rule cons t ra in t 
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of i ts own pr iva te t ime . Therefore when t = 2 in public t ime , 

^2 A, = 0(2) + 0(1)0(1) = 0.(2) + 02(1). 
When t = 3, An has collided with 0(3) m o r e new pa r t i c l e s during 

the thi rd t ime in te rva l for it is in phase 3 of i ts p r iva te t ime , each 
pa r t i c l e of A-. = 0(1) has collided with 0(2) m o r e new p a r t i c l e s , p r o -
ducing 0(1)0(2) new pa r t i c l e s a l together , because A is in the s e c -
ond phase of i ts p r iva te t ime . Each par t i c le of A? coll ides with 0(1) 
new pa r t i c l e s since it is in the f i r s t phase of i ts pr ivate t ime , thus 
producing 

A., 0(1) - (0(2) + 02(1))0(1) = 0(2)0(1) + 03(1) 
p a r t i c l e s . Therefore when t = 3, we have 

A3 = [0(3)] + [0(1)0(2)] + [0(2)0(1) + 03(1)] 
= 0(3) + 20(2)0(1) + 03(1) . 

Now if we subst i tute 0(t) = t into the model display (1), we obtain 
(2) AQ = 1 

\ = 1 

A , = 2 + l 2 = 3 2 
k3 

*4 

A. = 3 + 2 2 ' 1 + I 3 = 8 

A, = 4 + 2 • 3 • 1 + 2 2 + 3 • 2 • I 2 + l 4 = 21 

Neglecting An, one obse rves that the number s 1, 3, 8, 21, 55 
U 

quence 
U ,-, = 3U M - U a r e the a l t e rna te t e r m s of the Fibonacci s e -n+2 n+1 n 

1 ,1 ,2 , 3, 5, 8, 13, 21, 34, 55, . . . , F n + 2 = F n + 1 + F n 

so that the sequence of cumulat ive sums (including An) is 
1, 1 + 1 = 2, 1 + 1 + 3 = 5, 1 + 1 + 3 + 8 = 1 3 , . . . , 

U ,-, = 3 U in - U which is the other set of a l t e rna te Fibonacci num-n+2 n+1 n 
b e r s . The proof of these s t a tements will follow as a specia l case of 
the theorem in the following sect ion. 

3. ANOTHER SPECIAL MODEL 

If we a s s u m e that the t ime genera to r is 0(t) = kt (k a posi t ive 
in teger) , the same model display (1) yields 
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(3) AQ = 1 

Ax = k 

A2 = k2 + 2k 

A0 = k 3 + 4 k 2 + 3k 3 
k 4 + 6 k 3 + 1 0 k 2 4- 4k 

A. = P . (k ) 
i i 

Note : T h e c o e f f i c i e n t of k in the p o l y n o m i a l P (k) i s the n u m b e r 

of d i s t i n c t c o m p o s i t i o n s of i n t e g e r n in m p o s i t i v e i n t e g e r s . The 

c o e f f i c i e n t s a r e a l s o t he a l t e r n a t e r i s i n g d i a g o n a l s of P a s c a l ' s a r i t h -

m e t i c t r i a n g l e u p w a r d f r o m left to r i g h t . 

We now p r o v e the fo l lowing t h e o r e m . 

T h e o r e m : If (f>(t) = k t , t h e n m o d e l d i s p l a y (3) h a s a s i t s n th r o w a 

p o l y n o m i a l P (k) s a t i s f y i n g t h e r e c u r s i o n r e l a t i o n : 
P n + 2 ( k ) = (k + 2 ) P n + 1 ( k ) - P n ( k ) . 

w h e r e P , ( k ) = k and P 2 ( k ) = k 2 + 2k. 

4, P R O O F O F T H E T H E O R E M 

Le t T (k) be t he t o t a l n u m b e r of p a r t i c l e s p o s s e s s i n g p r o p e r t y , 

p, a t t i m e t = n . C l e a r l y T , , (k) = T (k) + A . , , w h i l e c o l l e c t i v e l y 
r J n+1 n n+1 ' } 

t he T (k) p a r t i c l e s c o l l i d e w i t h A t 1 n e w p a r t i c l e s d u r i n g the n e x t n n+1 r to 

t i m e i n t e r v a l , e a c h p a r t i c l e c o l l i d e s w i t h k m o r e n e w p a r t i c l e s t h a n 

d u r i n g t h e p r e v i o u s t i m e i n t e r v a l so t h a t 

<4> A n + 2 = k < T
n

( k > + An+1> + A n + 1 = k T n + l < k ) + K+l ' 
T h u s , s i n c e A ,, = T - (k) - T (k) e q u a t i o n (4) y i e l d s 

(5) T n + 2 ( k ) = ( k + 2 ) T n + 1 ( k ) - T n ( k ) . 

But , s i n c e A , , = T , , (k) - T (k) i s t h e d i f f e r e n c e of two s o l u t i o n s of n+1 n+1 n 2 
(5), i t i s a l s o a s o l u t i o n o f (5) . Now, A = k = P 1 ( k ) and A 2 = k + 2 k = P 2 ( k ) 

a n d the p r o o f i s c o m p l e t e . If k = 1, t h e n (5) b e c o m e s 

<6> U n + 2 = 3 U n + l " U n 
If U, = P , ( l ) = 1, and U ? = P ? ( l ) = 3, t h e n the n u m b e r s g e n e r a t e d a r e 
t h e a l t e r n a t e F i b o n a c c i n u m b e r s p r o m i s e d a f t e r (2), w h i l e 

UQ = T Q (1) = AQ = 1, a n d Uj = T ^ l ) = \ + \ = 1 + 1 = 2 , 
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r e c u r s i o n re la t ion (6) yields the other set of a l t e rna te Fibonacci num-
bers as the sequence of cumulat ive suras, the total pa r t i c l e count. 

5. CONCLUDING REMARKS 
One is d i rec ted to advanced problem H-5Q December 1964, F ib-

onacci Quar te r ly , for the part i t ioning in te rp re ta t ion of the in teger n of 
the model for <p(t) - kt. 

Suppose one defines two se ts of Morgan-Voyce polynomials 
bQ(x) = 1, b}(x) = 1 + x; BQ(x) = 1, B ^ x ) = 2 + x , 

both sets satisfying 

(7) P
n + 2 ( x ) = (X + 2 ) P n + l ( x ) " P n ( x ) j n ~ ° • 

It is easy to es tab l i sh that 
P (k) = A = k B , (k) n n n-1 
T (k) = An + A, + . . . + A • = b (k) . n 0 1 n n 

Thus for k = 1, we again find B ,(1) = F n and b (1) = F~ ( 1 . See 
° n-1 2n n 2n+l 

c o r r e c t e d prob lem B-26 with solution by Douglas L ind in the E l e m e n t a r y 
P rob lem Section of this i s sue , where the binomial coefficient re la t ion 
mentioned in the note of Section 3 is shown. A future paper by Prof. 
M. N. S. Swamy dealing extensively with Morgan- Voyce polynomials will 
appear in an ea r ly i s sue of the Fibonacci Quar t e r ly . 
Acknowledgment: The author is completely indebted to Dr. V. E. 
Hoggatt, J r . , for bringing to his at tention the theorem and its proof. 
Additional r e fe rences to work along the lines of genera ted compos i -
tions -— some of which yield numbers with Fibonacci p rope r t i e s — w i l l 
be found in the r e fe rences at the end of this paper . (See note, page 94) 
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