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Since interesting identities for certain number theoretic func-
tions can be derived from their generating functions, in particular gen-
erating functions for Dirichlet series, the following problem seemed
to be of interest.

Problem: Find a generating function G which yields the Fib-
onacci numbers in the coefficients of a Dirichlet series.

First we note that we must write the series in the form

(1) G(s) = X f c n 7,

since the series diverges for ¢, = 1, the fn's increase too rapidly.
Part of the goal is, as a result, to find a simple expression to use for
c_.
n

One attempt at the solution proceeds as follows. Consider the

more general difference equation,

(2) Uy, u u = au + burl

1’ n+l

from which we can write
_ n _ _.n _ _
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with 212, = -b, zlJrz2 =2, z, '7'/ Zs- Substituting into the Dirichlet

series we have
(3) Su ¢ n :A(zl)zczn— +A(ZZ)2czn

where the function A 1is defined by

.A(zl) = (uozf—ulzl)/(zf+b) = (ul—zluo)/(zz—zl) .
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Since ¢ ~must be chosen to guarantee the convergence of the series
in (3), it is convenientto select c,=c and then !czzl <1, lczll <1,
Hence equation (3) can be written

@

n_-s
(4) h u c'n = A(Zl) F(azz, s) + A(ZZ) F(azl, s) ,
n=1
where F(z,s) is a function discussed by Truesdell [2] . Further
F(z,s) = X zon % = 2 $(z,s,1),

n=1
where ¢ denotes the Lerch Zeta-function - some of the properties of
which are known [1:1.11] . This allows the result to be expressed in
various forms.
The difference equation (2) can be rewritten for M u =V, in
the form

2
0 V1o ¥ = acvn+bc Vo1 (n 2 1)

For the Fibonacci case it is convenientto set c = 1/2, so that the gen-

erating function for Z—nfn, that is

)

G(s) = 2 (z'nfn) n %,

n=1
can be written in the form

(5) G(s) = (2//5) %F[(1+ V5)/4,s] - F[(1-V5)/4, s]§ .

To make efficient use of this generating function one needs to
have available identities involving the function F(z, s), especially such
identities as involve products. Analogoustothe (-function, an infinite
product expansion for F(z,s) in terms of s, with fixed =z, might be
helpful.
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