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Rather extensive l i s t s of ident i t ies involving Fibonacci number s 
have been given by K. Subba Rao [l] and by David Zeitl in [2] . Addi-
t ional ident i t ies a r e p resen ted h e r e , with the feature that summat ion 
by pa r t s has been used for effecting the proofs (except for identity £3). 

Let f = 0 and f, = 1 and let f =f , + f , for n > 2. Then o 1 n n-1 n-Z 

& 2 kfk = nfn+2 - fn+3 + 2 
k=0 

(2) 1 (Dkkfk = l - l l V ) ^ . ! + l-D*'1*^ - Z> n = 2 

k=0 

<3> 2 ( - i ) k f 2 k = [ ( - D n ( f 2 n + 2 + £ 2 n ) - i ] / 5 
k=0 

(4) I ( - l ) k £
2 k + l = ' [ < - 1 ) n < f 2 n + 3 + f 2 a + l > + 2 ] / 5 

k=u 

<5) * k f 2 k = ( n + 1 ) f 2 n + l - f 2 n + 2 
k=0 

(6) * k f 2k+l = ( n + 1 ) f 2 n + 2 - f 2 n + 3 + 1 

k=0 

(7) 1 ( - D ^ k = ^ ^ Z n + Z + <n+1>f2n>/5 
k=0 

(8) £ <-Dkkf2k+l = t - D ^ Z n + S + <n + 1>f2n+l>/5 " l ' b 

k=0 

214 



1965 ON I D E N T I T I E S I N V O L V I N G 215 

n 2 , , 2 (9) 2 k f 2 k = ( n + 2 ) f 2 n + 1 - ( 2 n + l ) f 2 n - 2 
k=0 

(10) 2 k 2 f 2 k + 1 = ( n 2
+ 2 ) f 2 n + 2 - (2n+l ) f - 1 

k=0 

t") X 1 4 = < 2 n + 1 > f
2 n f 2 n + l - 4 + l + 1 

k=0 

n k n (12) 2 X (-1) kf ^ = (-1) (n+l ) f ,« , , * ' i n m + 3 k v ' x ' m + 3 n + l 
k=0 

- ( ( - l ) n f .-a . 9 + f i ) / 2 > m = 2 3 3 , . „ 8 vv ' m+3n+2 m - l 7 / 

n , 
(13) 3 X ( - l ) K k f , . , = ( - l ) n ( n + l ) f , A ,„ A ' i n m+4k x ' x m + 4 n + 2 

k=0 
- ( ( - l ) n f m + 4 n + 4 + f m ) A m = 2 . 3 , . . . 

(14) 121 2 ( - l ) k k f m + 5 k M - D n [ ( 5 5 n + 3 5 ) f m + 5 n + 1 
k=0 

- 2 5 f m - 5 n + 2 + ( 2 2 n + 1 8 ) W 5 n ] 

- [ 2 0 f m + l - 1 7 f m - 1 0 f m - l ] - m = 1 ' 2 ' 

n k 
(15) 2 2 :f. = fn+4 - (n+3) 

k=0 k =0 K l n 

n K 
(16) 2 k 2 f = ( n + D f + 4 - f + 6 + 5 - n ( n + l ) / 2 

k=0 k x = 0 k l 

(17) 2 k \ = ( n 2 + 2 ) f n + 2 -. ( 2 n - 3 ) f n + 3 - 8 
k=0 

(18) 2 k 3 f k = ( n 3 + 6n - 12)f + 2 - ( 3 n 2 - 9n + 1 9 ) f n + 3 + 50 
k=0 
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(19) 2 k4f, = (n4 + 12n2 - 48n + 98)f 
k=0 k n ^ 

- (4n 3 - 18n2 + 76n - 159)fn+3 - 416 

(20) 
k=o k n n + 1 

(21) 2 _ 1 
, S n

 fk fk+l = 2 fn+2 fn+l fn k=0 

(22) 
n ? l 
2 f f i , , = i (f , , f ,, f - (-1) f . + 1 ) 

, „ k k+2 2 n+3 n+1 n n-1 
k=0 

(23) 
v

2
n
 £J = i < + l £ n ^ - 1 > n £ n - l + 1 ^ n - X 

k=u 

{24) 5 kf ^EiKtiV^'Vi'-iW: 
k=0 k 

2 
n+1 

+ (~l)n(3f - 2f , ) + 5 
^ ~ n n _ 1 4 

The well-known method of summat ion by p a r t s i s es tabl ished from 

the identity 
u k A v k = A (ukvk) - v k + 1 A u k 

On summing the re r e su l t s 

£ u, A v, = u. v, 
k = 0 k k k k 

n+1 n 
" S v k+l A u k 0 k=0 k + i k 

Of cour se , a suitable choice of u, and A v, is e s sen t i a l jus t as it is 
in in tegra t ion by p a r t s . In o rde r to find v^ from Av]j r e su l t s in [ i j 
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and [2] have been used when needed. Also, any constant term in v, 
can be omitted in the two terms of the right member. 

To prove (1), let u ' = k and A v = f . Then A u , = 1 and 

k-1 
v, = 1 f. = f. x l -1 . k i = Q 1 k+1 

Omitting the constant -1 from v, , we find 

1 k f k = kfk+i 
k=0 k k + 1 

n+1 n 

n " * H k + Z = < n + 1 » f n t Z - W 1 - V 0 k=0 

nf , 0 - (f ,„ - f x o) + 2 n+2 x n+4 n+2; 

= nfn+2 " fn+3 + 2 

To prove (2), let u , = k and 

, k . k - 1 
A V ( - 1 ) \ = 2 (-D'f. - 2 (-1)% K i=o i=o x 

A k 
Then Au, = 1 and v, = (-1) f, ? - l . Omitting the term -1 from v., 
with k > 2 

x k-2 

2 (-l)kkfk = I (~l)kkfv - 1 = M - l ^ f . 
k=0 k=2 k-2 

n+1 n , 
- 2 ( - i ) \ . r i 

2 k=2 K l 

n _ 1 k 
( - D V D ^ . ! + 1 (-D \ - 1 

k=l 

= (-l)n(n+l)f + (~l)n~l£ 7 - 2 
n-1 n-2 

To prove (3) and (4), together, write in (3) u, = (-1) and 

k k-1 
A v k = * hi' * f2i 1=0 i=0 
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k - 1 So that A u k = 2 ( - l ) " and v k = f2k^ Then 

A= X (-Dkf2k- S ( - ^ z k ^ - ^ z k l 
k=0 Z k k=l Z k Z k " i 

= ^ ' ^ z m r ^ ^ 

n+1 n 
- 2 X ( - l ) k + 1 f 2 k + 1 " ^ 

1 k=0 ^ k + i 

where 

B = X (-1) f 
k=0 2k + r 

In (4) let u k = ( - l ) k and A v k = f 2 k + 1 so A U R = 2 ( - l ) k + 1 and vfe= f^. 
Then 

B = k ? 0 <"1)kf2k+l = ("1)kf2k 

= ^ ^ W z + ^ ^ Z n + Z 

n+1 n , . 
- 2 X (- i r+ 1f . 

0 k=0 

- 2A 

2k+2 

Solving gives the r e s u l t s . 
To obtain (5) let u, = k and then v, = f-, , . This gives 

n 
2 k f 2 k = k f 2 k - l k=0 

n+1 n 
- X 

0 k=0 2 f2k+l = ( n + 1 ) f 2 n + l " f 2 n + 2 

The o thers a r e proved s imi la r ly , except that (23) was obtained 
from (21) and (22). Note that the same method could be used to extend 
the r e s u l t s . 
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