TWO FIBONACCI CONJECTURES
DMITRI THORO

San Jose State College, San Jose, California
Consider the problem of solving, in positive integers, the follow-
ing Diophantine equation (suggested by the Editor):
- XZ + VZ.

(1) F x +F_ v

First let us note that (1) always has the trivial solution (Fn’ Fn+1)’
i.e., x = Fn’ y = Fn+1' Does (1) ever have a non-trivial solution? If
n is fixed, we know from analytic geometry that there are at most a
finite number of solutions. However, we shall soon see that for in-

finitely many n (1) hasatleasttwo non-trivial solutions.

Theorem 1. If n>1 and n =1 (mod 3), then

Fn‘-l-2 s Fn+2
—Z )

Fov2, Faol
—

and

are non-trivial solutions of (1).

Proof. Since n=1 (mod 3), Fn-l = Fn+2 =0 {mod 2) which guarantees
that the quotients involved are indeed integers. One may immediately

verify that they satisfy (1).

Theorem 2. If (xo, yo) is a solution of (1), than u = Zxo - Fn,

V= Zyo - Fn+1 is a solution of

(2) R

Proof. Thisisan immediate consequence of the identity {Lucas, 1876)
Fn2 * Fnil - FZn+1‘

If u=u  and v=v_ isa solution of (2) with (ugs v,) # (Fye
Fn+1) (or any of the other 7 solutions of (2) obtained bychanging signs

or interchanging Fn and Fn_l_l)we shall call (udvo) a non-trivial solu-

tion of (2).
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Theorem 3. If nZl (mod 3), then (1) has a non-trivial solution if

and only if (2) has a non-trivial solution,

Proof.
(a) If (Xo’ yo) is a non-trivial solution of (1), then by Theorem 2,

u=2x -F , v=2y -F is a solution of (2). If 2x - F =%+ F
o n o n o n n

+1
then x = F_(and hence y_ = F
o n o

3

ntl OF 0) or x = 0, a contradiction.

If Zxo - Fn= =F 4 %, = Fn+2/2 or x_ <0 which is impossible

o

since F is odd and we are considering only positive solutions of (1).

+2
(b) Let us assume ug >0, v, >0 1is a non-trivial solution of (2).

FW is even if and only if w =z 0 (mod 3); thus by hypothesis F is

- 2n+l
odd. But =u +vo, hence u and VO must be of different

Font1 = %

parity. Moreover, for the same reason Fn and Fn-l-l must also be

of different parity. Thus (interchanging names if necessary) we may

be sure that

ug +Fn, Vo + Fn+l
2 2

is an integral solution of (1). 1If
u, + Fn
—z
we would, as before, get a contradiction.

The reader is invited to show that the number of non-trivial solu-
tions of (1) is always even.

Now the problem of representing a number as the sum of two
squares has received considerable attention. The following result,
knownto Fermatand others was proved by Euler:

If N= bc2 >0,where b issquare-free, then Nis representable
as the sum of two squares if and only if b has no prime factors ofthe
form 4k + 3.

Theorems on the number of such representations can be found in
virtually every introductory. text on number theory.

Thus by Theorem 3 if n# 1 (mod 3) and F is a prime of

2n+l
form 4k+l, the only solution of (1) in positive integers is (Fn, Fn+1)
since every prime of the form 4k+l is the sum of two squares in es-

sentially only one way.
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It is interesting to note that the pertinent identity

@ + %) (c? +d%) = (ac £ ba)? + (ad T be)?

was. given by Fibonacci in his Liber Abaci of 1202. This can be used
to expedite numerical investigations. However, one needs to beware
(or at least be aware) of such accidents as the following:

Let n>o, n= 2 (mod 3);
(1) If n< 32 (and n+# 17), then 2n+l is a prime.

(ii) If n< 17, both 2n+l and F are primes!

2n+l
Another useful result is
Theorem 4. anﬂ =1, 2, or 5 (mod 8).
Proof.  We shall use the identity F, , = FZ + F2, . If gis odd
roo.2 e shall use the identity 2ntl = Fp atl” gi ,
then g =1 (mod 8). Thus if Fn and Fn-l-l are both odd, F2n+1 =2

(mod 8). Since two consecutive Fibonacci numbers are relatively
prime, the only remaining possibility is that Fn and Fn-!—l are of
2n+l = 1 or 5 (mod 8).

The reader may prove that in general Fn Z 4 (mod 8).

different parity; in this case we get F

Finally, this problem suggests the following conjectures:
Conjecture 1. There are infinitely many values of n for which (1)

has only a trivial solution.

Conjecture 2. F2n+1 is never divisible bya prime of the form 4k+3.
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