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0. Introduction 

This work can be considered the natural extension of a previous study about 
the same subject. In fact, the authors have studied [4], from a mathematical 
point of view, a particular numerical triangle, called DFF, characterizing the 
transfer function of an electrical ladder network formed by a cascade of N 
identical coupled cells. 

The present paper deals with the study of another new triangle named DFFz 
from the authorsT initials and from the fact that it characterizes the equiva-
lent impedances determination of the same type of electrical network. In par-
ticular, this triangle is strictly related to Thevenin's equivalent impedance 
which can be expressed by the ratio of two polynomials: the one related to DFFz 
and the other to DFF triangle. 

The DFFz triangle is shown to have a noteworthy interest from the mathe-
matical point of view, because some of its properties are connected with Fibo-
nacci numbers. 

1. The Generating Polynomials 

The DFFz triangle can be formed in the following manner (with an> k being 
the general coefficient). 

We define [3]: 

(1.1) aUi k = 0 if n < k 
(1.2) aHt k = 1 if n = k 

(1.3) anjk = n + 1 if k = 0 

while the other elements of the triangle can be derived from the recursive 
formula 

n- 1 

(1.4) anyk = an.lik + £ aa>k_1 i f n > k, 
a= 0 

In this manner, we have the DFFz triangle for values of anjk: 
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Thus , f o r example , a^ 1 = 4 and a 6 2
 = 126. 

The g e n e r a t i n g p o l y n o m i a l Pn(x) i s d e f i n e d [1] a s 
n 

(1.5) Pn(x) = £ an,kxk> 
k = 0 

where 7 
DkPn (x) 

( 1 . 6 ) an> k =- fc! ;c = 0 

From t h e DFFz t r i a n g l e , i t i s p o s s i b l e t o o b t a i n t h e e x p r e s s i o n s of t h e 
p o l y n o m i a l f o r s m a l l v a l u e s of ns namely , 

( 1 . 7 ) 
Po0*0 = 1 
Pl(x) = 2 + x 
P 2 ( # ) = 3 + i*x + x1 

P3(x) = 4 + 10a; + 6x2 + a:3 

and so on . 
From ( 1 . 1 ) , ( 1 . 2 ) , ( 1 . 3 ) , ( 1 . 4 ) , and ( 1 . 5 ) , we have 

n n n n - 1 
(1.8) Ylan,kx k = lL an-l,kxk + 12 E aa,k-lxk 

fe= 1 fc= 1 fc= 1 cc= 0 

From (1.8), using (1.1), (1.2), (1.3), and (1.5), we have 
n-l a + 1 

k-l (1.9) Pn(aO - anj 0 = Pn_!(^) - an - 1 0 + x X IX,fc-i 
a = 0 Zc= 1 

2T 

w - 1 
(1.10) Pn(*) - in + 1) = Pn_x(^) - n + *£>„(*) 

a= 0 

«- 1 
(1.11) Pn(tf) = 1 + Pn_l(x) + X ^ P a W 

a =0 

which is the recursive formula for the polynomials. 
With the initial condition PQ(X) = 1, it is easy to obtain the polynomials 

(1.7). Furthermore, we can also use (1.6) to find the triangle coefficients. 
In order to find the polynomials, we must apply the previous method. Let 

(i.i2) f(x, t) = f; pn(x)tn. 
Then 

Dn[f(x, t)] 
( 1 . 1 3 ) Pn{x) = -

n\ t = o 
From ( 1 . 1 1 ) and ( 1 . 1 2 ) , we have 

n- 1 
( 1 . 1 4 ) f(x, t) = X [1 + Pn-l(x)]tn + X £ E P a W t n 

rc= 1 n = 1 a = 0 

t S [ l + P „ _ 1 ( a : ) ] t n " 1 + x £ t n [ P 0 ( x ) + P i (a:) + • • • + P „ - i ( a r ) ] 
n = 1 n- 1 

t 
n= 1 

t 
n= 1 

t [ l + / ( a ; , £ ) ] + x _ t 

- t 2 + t ( 2 + x) 

+ a?[l + / ( # , £ ) ] 1 - t 

t ( 2 + x) + 1 
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If we develop the denominator in (1.14) in p a r t i a l f r a c t i o n s , we obta in 

1, 
l/ty(#) - l / ty(#) (1.15) f(x9 t) = r . .. + L^^^L 

where 
t - b(x)/2 t - c(x)/2 

y(x) = (x2- + i\x)l^2-, b(x) = 2 + x + y, and c(x) = 2 + x - y. 
From the binomial expansion in (1.15), and after simplification, we also 

have 
(1.16) fix, t) = yb{x. ) l1 +,?1Uu)/2j } + yc(x)\l +

n5i c(x)12 - 1 

= y I—M t T 
/?l\yc(x)lc(x)/2] 

£ 
•>n + l 1 

n>iy(x) 

from which we have, using (1.12): 
2n+l ( l 

(1.17) P„(tf) 

2/2>U) !_*(#)/2J 

1 • * » , 
[c(x)]n+l [b(x)]n+l 

Jx2 + to ([2 + x - /^2 +.4x]n + 1 [2 + x + /x2 + 4x]n + 1) 

Furthermore, considering the binomial expansion, we are able to put Pn(x) 
in the following better way: 

(I-18> P"w = ̂ {(^¥b + 1)lofflte + 2,""v 

V^2 + 4X / ^=o VAZ/ j 

From t h i s equat ion, on d i s t i n g u i s h i n g the case of odd In from t h a t of even 
h, we can wr i t e 

(1.19) Pn(x) = j» \ /z/2 
/z = 0 (mod 2) 

+ 
h = 

From ( 1 . 6 ) , we have 
1 (2.1) ani k\2n 

£ [IVX + 2)n-hxh/2(x + 4) 
^ o d 2 ) V / 2 / 

£ ( " ) (* + 2)n-h + lx^-l^Hx + 4 )^- x ) / 2 

1 (mod 2) \ n j 

2. Determination of aR} k 

h E0 (mod 2) w w j = 0 

Z?*-'[* + 2 ]" -* + L ( ^ E ( ) ^ J ' [ ^ ( / 2 - 1 ) / 2 ( X + 4 )^ - 1 ) / 2 ] 
/z =1 (mod 2) \n'j=Q^3 ' 

Dk~J[x + 2 ] n ~ / z + ] 

J x = 0 
Considering L e i b n i z ' s formula, we may wr i t e 

(2.2) D*[xh/2 (x + 4)*/2 ] = £ ( J ' V ^ / 2 W x ^ 2 > - w 

• ( / ^ J t f ~m)\{x+ 4 ) ^ " ^ . 
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(2.3) Di[x&-WHx + 4)<*-i>/2] = £ (J')({h ~ 1}/2)mlx(^-i 
Jrr^n \m / \ m l 

) / 2 ) -m 
m= 0 

( 
(h - l ) / 2 \ , . 

a - m 
) ( j - m)!(x + 4 ) ( ( ? ! - 1 ) / 2 ) - J ' " 

( 2 . 4 ) Dk-\{x + Z)n-h] = (I _ ^ ( f c - j ' ) ! ( x + 2^-h-k+j_ 

( 2 . 5 ) Z)fe-^'[(a; + 2 ) " - ? ! + 1] = (H ~k^+- l)(k - j)l(x + 2 ) n - / ! + 1 - f e + J . 

From e q u a t i o n s ( 2 . 3 ) , ( 2 . 4 ) , and ( 2 . 5 ) , and from t h e p r o p e r t i e s of b i n o m i a l 
c o e f f i c i e n t s , ( 2 . 2 ) becomes 

( 2 . 6 ) a n > , 
2 [ h =0 (mod2)V n / j = 0 m=0 \K- «7 ' 

\ m '\Q - mi J 

* . . i „ a > z o £or v)/2)((V-"/2)<-+«<*-""-'*' ^E 1 (mod 2) v , w j = 0 m= 0 

/o; = 0 

When x = 05 t h e m-sums (which c o n t a i n t h e 3;-term) e x i s t i f and o n l y i f 
m - (h - l ) / 2 and m = h/29 r e s p e c t i v e l y . So we can w r i t e 

(2.7, «..,. i_Jl)tUh-nmtV->h-k-i 

(h - l ) / 2 \/n - h + l \ 9 / z - f c _ j - i , ^ / n \ A / U - l ) / 2 \/n - h + 1\ 9 , 
x . = 1 ^ ^ U J A w " (& " D/2A fc-J / ft E l (mod 2) x j = (T 

E q u a t i o n ( 2 . 7 ) i s t h e wanted e x p r e s s i o n which p e r m i t s us t o d e t e r m i n e an> ^ 
by s u b s t i t u t i n g f o r n and k. 

3. The Proper t ies of an$k 

3.1 The row sums of the t r iangle are equal to 
Fibonacci numbers with even s u b s c r i p t s 

From t h e e x p r e s s i o n of Pn(x)s when x = 13 we have 

( 3 . 1 ) Pn(l) = * r [ ( 3 + /5)n + l - (3 - / 5 ) ^ + 1 ] . 

From B i n e t ! s f o r m u l a , we have 

( 3 . 2 ) F2n + 2 ~ ~7~ 

I f we n o t i c e t h a t 

(3.3) ( 1^ ) 2 =^ I , 
t h e n ( 3 . 2 ) becomes 

7l + /5\2n + Z _ (1 - V5\2* + 2 

1 
(3-4) F2n + 2 = — 

V3 + / 5 \ n + 1 _ /3 - / 5 \ w + r 
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In t h i s manner, we have 
Pn (1) = Fln + 2y 

where FQ = 0 , F2 = 1, Fh 3, ... . 

3.2 The sums of the triangle diagonals 
give the powers of 2 

From a direct inspection of DFFz triangle and (1.4), we have that the sum 
of the elements of an upward-slanting diagonal is equal to the sum of all ele-
ments which are above this diagonal PLUS ONE and, consequently, it is equal to 
the sum of all superior upward-slanting diagonals plus one. This sum value is 
a power of 2. 

In fact, if we define 
n 

12 = 12 an-r,r> 
r= 0 

it is possible to write 

E n = E n - 1 E « . 

= 2 ( Z n ~ 2 + £ n - 3 

E 1 + i + i 

* E1
 + 2) 

= 2 * - 2 ( X 1 + 2) 

= 2", 

s ince ^ = 2 . 
4. Conclusions 

The principal aim of this paper has been the determination of a closed ex-
pression of the general coefficient aUy £ of a new numerical triangle, named 
DFFz, which characterizes Theveninfs equivalent impedance of a ladder network 
whose elementary cells are directly coupled. Moreover, the authors present 
some of the interesting mathematical properties of the triangle, one of which 
is connected with Fibonacci numbers. 

Acknowledgment 

The authors would like to thank Mr. P. Filipponi for his skillful help. 

References 

M. Cerasoli, & G. C. Rota. Intvoduzione aVla pvobabilitd, 

"Asymptotic Methods in Enumeration." SIAM Review 16.4(1974). 
Ferri, & A. D'Amico. "A New Fast Method for Ladder Networks 

Characterization." IEEE Trans. CAS 38.11 (Nov. 1991). 
G. Ferri, M. Faccio, & A. DfAmico. "A New Numerical Triangle Showing Links 
with Fibonacci Numbers." Fibonacci Quarterly 29.4 (1991):316-21. 

1. 

2. 
3. 

K. Baclawshi 
UMI, 1984. 
E. A. Bender. 
M. Faccio, G 

£6 [Feb. 



FIBONACCI NUMBERS AND LADDER NETWORK IMPEDANCE 

5. J. Riordan. An Introduction to Combinatorial Analysis, Princeton: Princeton 
University Press, 1980. 

6. J. Riordan. Combinatorial Identities. New York: Wiley & Sons3 1968. 

1992] 67 


