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In t h i s paper we provide a matr ix method to solve l i n e a r recur rences with 
constant c o e f f i c i e n t s . 

Consider the l i n e a r recur rence r e l a t i o n with cons tant c o e f f i c i e n t s 

(1) 
ln + k ~ alun+k-l + a2un+k-2 + + akun + (1.1) 

(1.2) 

where o^ and Ci are constants {% - 0, 1, 2, . .., k) and where <hn>nGN is a given 
sequence. 

In order to solve this recurrence relation generally, we first find the 
general solution <um>meN of the corresponding homogeneous relation 

(2) 
\Un + k alUn+k-l + a2Un+k-2 + 

CQ9 Ul 

+ akun 

^0 ^0' "1 ^1-
and then find a particular solution ^u^>meN of (1) satisfying the initial con-
ditions. Then <um + u^>meN is a solution of (1). 

The general method (see [1]) for solving recurrence (2) requires, as a 
first step, solving the corresponding characteristic equation 

(3) Xk - a ^ ' 1 - a2Xk~2 - ... - ak = 0. 

Generally, when k > 3, it is rather difficult to find the roots A^ of (3). 
Now we construct a matrix A such that (3) is the characteristic equation of 

A9 and then obtain the general solution of (1) from Am. 
Let A be the kx k companion matrix of the polynomial of (3): 

0 
0 

0 
. ak 

1 
0 

0 
ak- -1 

0 
1 

0 
ak-
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-2 

0 
0 

0 
0̂ 2 

0 
0 

1 
a 1 J 

Then the characteristic equation of A is (3) and, by the Hamilton-Cayley theo-
rem, 

(4) Ak - uxAk~l - a2Ak~2 - ... - akI = 0. 

Consider the following k* 1 matrices: 

C = (cQ, ol9 ..., ok_l)t , B- = (0, 0, ..., 0, fy)*, j = 0, 1, ... . 
Let 

(5) AmC + Am~1BQ + Am~2Bl + . . . + Ak~1Bm_k = (a{m\ . . . ) * . 

We w i l l p r o v e t h a t <a>me^ s a t i s f i e s ( 1 ) . By e q u a t i o n ( 4 ) , 

-This paper was written while the author was a v is i t ing scholar at the University of 
Wisconsin. 
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k k 
AmC = £ a^-^C, Am-*-lBj = £ M"^'1"^-' J = 0, 1, 2, ... . 

Hence, ^=1 ^=1 
(6) (a^n + k \ . . . ) * = 4 n + / c C + An+k~lBQ + An+k~1Bl + . . . + ^ B n _ x + A ^ " 1 ^ 

k k k 
== E a ^ n + k ~ ^ + - L uiAn + k~l~iBo + • • • + Y.aiAk~iBn-l + Ak~lBn 

i=l i= \ i = 1 

== al(An + k-lC + f F ^ - 1 " ^ . ! ] + a2Mn + / c"2C + " ^ ^ + k " 2 _ i S { . 1 \ 

k I n~1 \ 
+ J^oiiA k"lBn.l + a 3 L4 n + fc-3(7 + E ^ n + ?c~3~ % - i ) 

i=2 V i = i / 

S i n c e 

and 

i = 3 \ ^= 1 / 

+ ^kAk'2Bn.k+l + ^ " l B n . 

(i+1) 
0 . . . 0 1 0 . . . 0 

A1 , i = 05 1, 2S . . . , fe - 1, 

AvBj = ( 0 , . . . ) * , when 0 < i < k - 2S 

Then, from ( 6 ) , we h a v e : 

(a(" + k>, . . . ) * = a 1 (a< n + k - 1 ) , . . . ) * 

+ a 2 ( a ( n + k - 2 ) , . . . ) * + ( 0 , 

+ a 3 ( a ( n + k - 3 ) , . . . ) * + ( 0 , 

. . ) * 
. . . ) * 

+ a J a ' " ' , . . . ) * + ( 0 , . . . ) * + (bn, • Y 
T h i s i s 

a(n + fe) = a1a( M + k _ 1 ) + a 2 a ( n + k _ 2 ) + • • • + a k a ( n ) + bn, 

and ( 1 . 1 ) i s s a t i s f i e d . 
By ( 5 ) , 

(a^, . . . ) * = A°C = ( e 0 , . . . ) * 

(dl\ . . . ) * = AC = ( c 1 5 . . . ) * 

t h a t i s , a ( i ) = ct , i = 0 , 1 , 2 , . . . , fe - 1 , and ( 1 . 2 ) a l s o h o l d s . Thus , 

(7) <wm>meS = <a^hmes 

i s a s o l u t i o n of ( 1 ) . Now we f i n d a c o m b i n a t o r i a l e x p r e s s i o n f o r a ( r a ) . 
f o rmula ( 5 ) , 

,(m) _ „ „(m) (8) aKm> = c 0 a i 7 + c^fl + e 2 a ^ + (m) . „ n(m) 

From 
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We consider the associated directed graph D of A with weights 04, c^* . . . 5 a^ as 
drawn in Figure 1. 

Figure 1 

The Associated Digraph D of A 
(Arcs with no assigned weight have weight 1.) 

The definition of D is given as follows. If A = [a^j]9 then D is the digraph 
in which there is an arc (i, j) with weight a^ from i to j if and only if aij 
* 0 (i, Q - 1, . .., ri) . The weight of a walk in D is defined to be the product 
of the weights of all of the arcs on the walk. A™- is the sum of weights of 
all walks with length 777 from i to j (see [2]). We now have 

Lemma 1: a^) = a<"? + W). 

Proof: Consider the sum of weights of all walks with length 77? from 1 to j 
(j = 1, 2, 3, . .., n). For 1 < m < k - 1, 

a(m) = J1 if W = J - 1 
!j (0 otherwise. 

Clearly, 
(m + l-j) /l if m = j - i 
JJ (0 if j < m < k - 1. 

Now let m > k - 1. The walks of length m from 1 to j must be of the form 

1 -> 2 -> ••• > j -> ••• •> fc •> ••• ->J. 

Eliminating the path from 1 to j , we see that the preceding walks are in one-
to-one correspondence with the walks of length m - J + 1 from j to j . 

Since the weight of the path 1 -> 2 ~> 3 •> ••• •> J is 1, we have 

lj JJ 
J 

L e m m a 2; a(.m) = E « , . v . / ^ ^ " 1 1 (j = 1, 2, ..., fc - 1, fc), 
^ = 1 

where 

/(t) = 0 {t < 0 ) , /(0) = 1, 

and /<*>- Z /«! + « 2 + ••• + **\ a«i a|2... a 8 k 

s^> 0 (i =1, 2, ..., fc) 

Proof: From the digraph £>, it is not difficult to see that there are k classes 
of circuits from vertex k to k in D as given in the following table. 
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NAME 

Cz 

CIRCUIT 

k -> k 
k •> ( k - 1) •> 

k + ( k - 2) -> ( k -

k •* 1 -> 2 -> . . . 

k 
l) + k 

-> k 

LENGTH 

1 
2 
3 

k 

WEIGHT 

a 2 
a 3 

Hence, any walk with length m from k to k must consist of S]_ C]_Ts, S2 CV S ' •••> 

The walks with length m from j to j, 1 < j < k - 1, have one of the j fol-
lowing forms: 

NAME 

Form 

Form 
Form 

Form 

( i ) 

(2) 
(3) 

( J ) 

J -*- • • • + 
p a t h - -

where k •> • • • 

Q + • • • + 
j + . . . + 

j -> . . . -> 

k -> 

> k 

k + 
k -> 

k -> 

CIRCUIT 

. . . + k - > - l - > 2 + • • • + < / 

means pass ing through many c i r c u i t s 

. . . + k -> 2 ^ 3 ^ . . . -> j 

. . . ^ k -> 3 -̂  4 -> . . . -> j 

. . . + k + j 

Clearly, the front path and the back path in form (£) 5 where i = 1, 2S . . . , j , 
together give a circuit C^-i+i. Namely5 there must be a circuit of length 
k - £ + 1. Thus9 for any fixed i (1 < i < j ) 3 

st>l, t = k-i + l 

st >0 (t = 1, ..., Zc) 1 < J < L 

For c o n v e n i e n c e s l e t 

f = f ( a i * OL2S , . * 3 ak) 

(t = 1, . . . , k) 

Hence5 

sL +2s 2 
st >0 ( t = 1 

i = 1 J J 

Lemma 3: For / w
5 we have t h e f o l l o w i n g r e c u r r e n c e : 

fw - «% - X ^-i+J (m-k + i-l) 

i= 1 
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Proof: Acco rd ing t o t h e p r e c e d i n g a n a l y s i s , 

aim) = E (Sl+ Sz+ ' " + Sk)aSlaS2 aSk = f{m) 
kk

 Sl + 2s2+.--+ksk=m \Sl9 S 2 , . . . , Sk) I 2 " ' k J ' 
s > 0 (t = 1, ...,k) 

By Lemma 2 , 

a 
k 

(m) _ v^ „ -p(m-k + i-l) 
kk Eak-i+lf 

i= 1 
Thus , 

k 

t = l 

Theorem: The s o l u t i o n of t h e r e c u r r e n c e r e l a t i o n (1) i s 
k J . .x m-k + l 

j = 1 i = 1 j = l 
(9) K„ = L«'J.i.Evi+i/("'*"'+i )+ I V / + 1 ^ - J , ) 

8 1 + s 2 + . . . + e k \ ? 1 „ e 2 „?* 
j=l J £=1 s1+2s2 + - - - + ^ = tfz-£+£-jVbl> b2> ' " " b ^ 7 fe 

y 2 ' 
s t >0 ( t - 1 , . . . , fc) 

/"-& + 1 , . , 
fST + S „ + - . . + S * \ s , fi2 ^ 

x2 * " * ak J = l w ~ Sl + 2sz+ ...+ksk=m-k-j + l^l> °2> " " °&' 
fit>0 ( t - 1 , ...,Zc) 

w» = a( m ) = T,c,_,a^ + E b.^ap-n 

Proof: By (7) and ( 8 ) , 
k m-k+l 

j = l J = i 

= L c j - i 2 > f c - i + N + Z* * j - i / (Lemmas 2 
«/= i i= i <? = x and 3 ) . ® 

Corollary 1: 

J = 1 i = 1 J = 1 

Proof: This formula follows by using Lemma 3 and (9). 

Corollary 2: The homogeneous recurrence (1) with constant coefficient has the 
solution 

j" = 1 i = 1 

Corollary 3: The recurrence relation 

(un+£ = aun + r + 6un + bn 
(10) ^ 

has the solution 

r- l fc- l . m-fc + i 

j = 0 j = r j = 1 

where 
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f(m) =• E (X + yW^ (m>0). 
kx + (k-r)y =m ̂  U ' -r)y 

x, y > 0 

Proof: Let ak = $, ak-r = a' a n d ai = ° s otherwise, in (1). By (9), 

"m = E«H^"*"J ' + 1 )+ E c, 1(6.f(m-fe-</ + 1 ) + a / ( r a - / c - ^ + 1)) 
J = 1 J = P + 1 

777-fc + l 

+ E V i f ~J) 

c7 = 0 j = r + l j = l (Lemma 3 ) 
p - 1 fc - 1 77? - fc + 1 

j = 0 j = r j = 1 
where 

f(ra)= E p t V ^ . « 
a;, z/ > 0 

When £>„ = 0 in (10), Corollary 3 coincides with a result in [3]. When bn = 0, 
a = $ = l , Z = l, fc = 2, and cQ = ci = 1, 

N/2] ,„ _ fc 

2x+y =m\ y i k= 0 
x, z/ > 0 

which is the combinatorial expression of the Fibonacci series. 

Example 1: Fn+5 = 2Fn+l+ + 3Fn + {In - 1) 

F0 = 1, Fx = 0, F2 = 1, F3 = 2, £\ = 3. 

Solution: k = 5 , Z = 4 , a = 2 , 3 = 3 , 2?n = 2n - 1 

c 0 = 1, cl = 0 , c 2 = 1, o3 = 2S c 4 = 3 . 

By Formula ( 1 0 ) , one e a s i l y f i n d s 

m 3 "»g>'5 'm - 4* - 5)3,2n-5*-5 + 3
 K B-£/ 5 1(» - ^ - l^n-^-i 

[ ( n - 8 ) / 5 ] , 0 [ ( n - 4 ) / 5 ] , . 
+ 6 y in - kx - 8\ 3 a ; 2n-5a:-8 + 3 y ITl - hx - ^^x^n-Sx-i, 

x= 0 \ x ' x=0 ^ x I 

+ " ^ \ . ; _ ^ [ ( n - ^ ' ) / 5 1 / n - 4a: - 4 - j \ , S o n - 5 * - W E ( 2 j - 3 ) E ( » - ^ - * - ^ ) 3 - 2 " -
j = 1 jr = 0 v x ' 
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