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Introduction

For a rather striking geometrical property of the Fibonacci sequence
fo=f1=l and fn =fn_l+fn_2 (ﬂ=2, 3, ...),
consider the lattice points defined by #y = (0, 0) and
Foo= (Fno1s Fnd)s X, = (Fn-1s 0, Y, = (0, £,) (=1, 2, 3, ...).
Then, as we shall prove: for each n 2 1, the polygonal path
Fol'1Fge e Fongn
splits the rectangle

Fokope1Fonv1¥on+1

into two regions of equal area. Figure 1 illustrates this area-splitting prop-—
erty for n = 0, 1, 2.
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Figure 1
In view of the above, it seems only natural to ask 1f there exist other
types of area-splitting paths, and how they may be characterized. To give some
answers, it will be convenient to introduce the following notation and termi-
nology.
We henceforth assume that every point with zero subscript is the origin.
In particular, Py = (0, 0) and each point P, = (x,, Yy,) has projections &, =

(x,, 0) and Y, = (0, y,) on the axis. We shall also assume that a polygonal
path has distinct vertices (that is, 7, # F, for n = m).
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AREA-BISECTING POLYGONAL PATHS

A polygonal path PyP1P,... will be called nondecreasing if the abscissas
and the ordinates of its vertices Py, P;, Py, ... are each nondecreasing se-
quences. An area-bisecting k-path (k > 2) is a nondecreasing path PyP;P,...
that satisfies

(l) Area{POPle. . 'Pnk+ank+l} = Area{POPle. . 'Pnk+ lynk+l}

for each integer n = O.

An area-bisecting k-path is an area-bisecting Nk-path for each natural num-
ber N. The converse, however, is false. In Figure 2, any area-bisecting &4-
path beginning with PyP,P,P3P,Ps cannot be an area-bisecting 2-path because
area{XP1PyP3X3} is not equal to area{Y P P,P3Y3}.

P (9, 5)
Pig(2 3) °p, (9, 3)
(1,1)
7 bp, (2, 1)
PO >

(0,0)
Figure 2

To characterize the situation when (1) holds, consider any segment £, P,y
of the path PyP;P,... (Fig. 3). Since

xm ym
(2a) 2~ areally By By 1 X041} = Tpy1Umel = Tnlm -
Tm+l  Ym+l
and
L Ym
(2b) 2+ arealYnB By 1Yp41} = Tpy1¥me1 - Lnlm ~
Ln+l  Ym+l
Y
P"?+2
Ymsl PW.+1
Y- =17,
Py
P
Py .
PO L Lms1
Figure 3

we see that (1) holds for each n > 0 if and only if the determinantal equation
L1 Y1 Ly Y2

L2 Yo L3 Y3

Lnk ynk

(3) + ...+

LTok+1 Ynk+1

holds for each » > 1. This can be summarized as follows.
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Theorem 1: A nondecreasing path PyP;P,... is an area-bisecting k-path if and
only if

Lnk+1 Ynk+l Lnk+2 Ynk+2 L(n+ Dk Yn+Dx

(4) -+

Lnk+2 Ynk+2 Lnk+3 Ynk+3

Ln+D)k+1 Y+ Dk+1

for each n =2 0.

Remark: PyPyP,... is an area-bisecting k-path if and only if its reflection
about the line y = x is an area-bisecting k-path.

To confirm that the Fibonacci path FyFiF,... is area-bisecting, set Py = F|
and let P, be the point F, = (f,-1, fn) for each m 2 1. For k = 2, condition
(4) reduces to

on—Z f2n—1 f2n—-1 f2n 0
Ton-1 Ton Fon  Fons1
for each n > 1. This is clearly true since f; = f;-1 + f;-, for each 7 > 2.

Verification that FygF1F,... is an area-bisecting 2-path can also be obtained by
letting o = B =1 = k - 1 and setting s; = fy and s, = f; in the following.

Corollary 1.1: Let S, = (s,, S,+1) for the positive sequence
(5) 81, Sy, and s, = B, + as,_, (n = 3).
Then S(¢S515,... is an area-bisecting k-path if and only if:

(i) k is even and a = 1 for nondecreasing {s,:n > 1}
or
(ii) S% = 5.8, [which is equivalent to S535;S,... being embedded in the
straight line y = (s,/s7)x].

Proof: First, observe that s% = 5183 yields
2 - = 2 -
83 = (632 + ocsl)s3 = Bs,85 + a8y = 8,5,

and (by induction)

(6) Sr%+l = 5,842 (n=1).
Since this is equavalent to
Sn+1 82
= — >
(7) 5, . (n 21),

s% = 8,83 1s equivalent to 505152... being contained in the line y = (sz/sl)x.
Conditions (i) and (ii) each ensure that Sp5155... is nondecreasing. More-
over, by (4), this path is an area-bisecting k-path if and only if

Spuk+1  Suk+2 Sn+1k-1 Sn+Dk Stn+Dk S(n+Dk+1

I

(8)

Spk+2  Snk+3 Stn+Dk  Sm+Dk+1 S+ k+1  Sm+Dk+2

for each n =2 0. Now observe that for each m =2 2,

- g2 = - I
(9) S m+2 Sm+1 OL(‘S.m—lsnw]. Sm)

follows from 8,,p = BS,p41 + 08, and Sp4y1 = BS, + as,-1. Therefore, using (9)
in successively recasting each determinant in (8) beginning with the rightmost
determinant, we find that (8) is equivalent to

(10) (L-a+o? - oo+ ¥ (8 018003 = Sha2) = 0
for each n 2 0. Im particular, (10) holds for all n 2 0 if and only if
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k-1 »
—q)t = =
(-a) 0 or s3 §183-
t=0
For real values of a, it is easily verified that

1
2:(—u)t = 0 if and only if k is even and o = 1.
t=0

Matrix-Generated Paths

Since the Fibonacci numbers can be generated by powers of the matrix

0 1 Trn-2 Tn-1
C = via (, = for each n =2 2},
" f%—l f;
1 1
the consecutive vertices {F, = (f,-1, fy):7n =1, 2, ...} of the Fibonacci path

are given precisely by the successive rows

(Fop-1 = (fon-25 fon-1) and Fyp = (fo,-15 fon)!

of (C2)":
) I fon-2 Fon-1 ( )
cr = = - n=1).
2n-1 2n
Thus, the Fibonacci path FyFiFy... is generated by {1 ;} in the following sense:

A path PyPiP,... is said to be matrix-generated by {zl y‘] if

2 Y

xy oy | Ton-1 Yon-1

= N for each n = 1.
Loy Yo Lon Yon

Example 1:

(1) If S, = (8, Sp+1) for (sy, sp) = (1, 2) and s, = 5,-7 + 258,_,, the
area-bisecting path S53S515,... (contained in the line y = 2&) cannot be matrix-
generated since the first row of

1 2 |2 5 10

24 10 20
is not S3 = (4, 8). Note, however, that [; i} generates an area-bisecting path

. . . 1 27
whose consecutive vertices are the successive rows of { } .

2 4
(ii) The area-bisecting path PyP;P,... cannot be matrix-generated when
w = (fn-2s fu-1) for the Fibonacci sequence beginning with f_; = 0, or when

w = (&,5 %,+1) for the Lucas sequence beginning with (&1, %5) = (1, 3) and %,
fp-1 + 2y-9p (n 2 3).

s av|

(iii) The path in Figure 4 cannot be matrix-generated because
Ty, a 0

T2 Y2 a b

is nonsingular, whereas points Pjy, P,

s P,4y1 are collinear if and only if {xlyl]

T2 Y,

is singular. Indeed, Py, P,, P, are collinear if and only if
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Pii(a,0)

Figure 4
abla - 1) =0

(iv) Suppose (Fig. 5) a nonsingular matrix U generates an area-bisecting
path PyPyP,... . Then for 6 > 0, the successive rows of {6U":#n > 1} also pro-
duce an area-bisecting path §y&1&s..., where &, = 0P, for each n» 2 1. However,
for 8 # 1, the path {g¢&1&o... cannot be matrix generated since oU™ = (8U)* for
all n 2 1 requires that U be singular.

Q
' P (50,89)
Q@
“4(30,58)
“ (26, 38)
d
2 (8, 28)
918(0,0)
X
QO
Figure 5

Q, = 0F, = (0f,_1, 6fn); 6(8 = 1) = 0
Under what conditions on the entries of a 2 x 2 real, nonnegative matrix U
will the successive rows of U” generate the consecutive vertices of an area-
bisecting k-path? By definition, the path PyPP,... is generated by I:':l Zl] if
2 Y2
and only if
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Loy -1
xZn

This is equivalent to

Ton+1

(11)

L Lon+2
ThUS, P0P1P2‘ .

(12a)
(12b)

x2n+l
Lon+2

and (since path

(12¢)

Theorem 2: The

|

a

c

= cx

AREA-BISECTING POLYGONAL PATHS

Yom-1 | |1
Yon | L Lo
S
Yons1 | | *1
Yon+2 | | %2

is generated by [

=ac,, 1+ ben

2n -1 + den

9,

Yy |

|

-1

for each 7

xZn

T
x2

Yon+1

y2n+2

vertices are assumed to be
for k > 0.
Note that (12c¢) requires that (a, b) = (0,

(Epirs Ynrr) = (Xns Yy)

path POPIPZ"'

:]

d

is nondecreasing if and only if

a? + be  and

xZn -

>

1.

} for

yl} if and only
Y2

1 You-1
yZn

= ayy, -1+ byy,
= cyZn—l + dyZn

distinct)

1) and that (c,

b<d<ab+ bd.

>

all »n 1.

>

if for all = 1:

d) ¢ {(a,b), (0, 1)}.

generated by a real, nonnegative matrix

A nondecreasing U-generated path is an area-bisecting k-path if and only if:

(13) a< e <
(1)

or

(14)

Proof: Since

U2 =

ac + ed

) 1 -a Y |l
t=1

luf =0

24 pbe ab+ bd

be + d?

3

0 for k = 2m.

the conditions in (13) are necessary for the U-generated path to be nondecreas-

ing.

Lon+2 = Lop+l

and
Lon+1

Thus, ®9,4+9

- Lon

]

v

0.

>

Lontl = Loy

that Yon+2 Z Yon+1 2 Yzn for all n
For the nondecreasing U-generated path, (l12a) yields

xZn

Lon+1

268

Yon

]

Yon+1

X

2n
ALy, oy + D2y, ay,, 1 + by,

= Axpy, ~1 + (b - 1).702”

for all n = 0.
>

0.

To see that they are also sufficient, let P, = (x,, Y,) for =
(13) yields xp, 2 x; 2 0 and y, = y; 2 0.

= (¢ - A)&py-1 + (d = B)xp,z 0

Yon

> (0. Then

From (12a) and (12b), we also obtain

a(aaczn_g, + bxzn_z) + (b - l)(c.’ﬁzn_a + dxzn_z)
(a? + be - c)xg, -3 + (ab + bd = d)xy, -»

A similar argument establishes

£

2n-1 You-1

Lo

-a

n Yon
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for all n» > 1. Thus,

X _ Y _ X Yy
(15) 2n-1 2n-1 - lU'n and 2n 2n - -—a‘[]'n

Lon Yon

Tontl Yon+1

for all n 2 1. We now use (15) to simplify (4). For k = 2m, condition (4) re-
duces to

m
1 -a|u™« 3 |U]* =0 for all n = 0.
t=1
This is equivalent to (14). For k = 2m + 1, condition (4) reduces to

(16a)  |U|**/2 . {(1 - a) i U]t + |U[””‘1} =0 (n even)
t=1

(16b)  |upk+D/2, {(1 - a) i lv]® - a} =0 (7 odd).

t=1
Conditions (16a) and (16b) can hold for all n > 0 only if ,U[ = 0. Indeed,
iU[ #z 0 ensures that a > 0 and that ]Ulm+1 = -qg < 0. But then, by equating the
formulas for a in (l6a) and (16b), we obtain the contradiction
a = IU'/a or IU' = a2 > 0.

Corollary 2.1: Let S, = (8,, S,+1) for the positive sequence

81> Sp, and s, = BS,-1 + as,-p (n 2 3) [given as (5) abovel].
Then S3S155... 1s a matrix-generated, area-bisecting k-path if and only if:
(17a) (i) k is even and B = s, 2 87 = & =1 (for 3% # 8183)

in which case

Soan-1 S2n 1 8
(17b) = (nz1);
Son Son+1 g prtl

or

(18a) (ii) s% + 3% = s3 and sy # s; (for s% = 5183),
in which case

s s on-2| 8, s
2n-1 2n S 1 2
(18b) " - (—2> n=1).
Son  Son+1 81 82 83
Proof: An inductive argument, beginning with
[0 «
[s; s3] = [s1 s3]
18
and [0 « 0 o |2
[s3 syl = [82 s3] = [s1 s3] >
1 B L1 B
establishes that
0 «a n-1
[Sn Sn+l] = [31 32] (n =2 2).
1 B
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In particular,

0 o 2n-2
[s2n-1 82n] = [81 s3]
L1 B
‘0 o 2n -1 0 o 2n -2
[s2, s2n+41]1 = [81 s3] = [sy s3]
1B 18
can be recast in matrix form as
Son-1 Son 81 &y 0 a |22 81 89 a ag |77t
Son  Son+l Sy 83 1 8 8y 83 B 8% +a

for all n 2 2. Therefore, S5¢p5152... 1is [Z; 2§]—generated if and only if
Sl So n 83 So o oB n-1

(19) = for all n = 1.
Sy, 83 Sp 83 B B2+«

(1) Assume that S% # s183. If 5p51Sy... is a matrix-generated, area-bisecting
path, then (Corollary 1.1) k is even and o = 1. Setting n = 2 in (19) and pre-
multiplying by

81 8o |7H
| 82 83 ’
we obtain
] S1 8o o of
| 8o 83 B B2 + a

Since o = 1, we see that B = s, and (l7a) holds. Conversely, (l7a) yields
81 So _! 1 B

Sy 53J B B2+ 1

and therefore (19). Since (l7a) ensures that (13) and (l4) hold (since a = s;
= 1), the path 535;55... is also area-bisecting.

(ii) Assume that s% = s183. Then (Corollary 1.1) the straight-line path SyS51S,
... is area-bisecting. Moreover, by (1l), the path 5y5;5,... is generated by

I 1 S2
| S2 83

if and only if

I

§1 82 Son-1 Son
| Son+2 S2n+3 82 83 Son Son+1

Son+l Son+2 }
% = 8183 is equivalent to (7), conditions (12a), (12b)

for all » 2 1. Since s
reduce to
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(20a)  sp441 = 5152,-1 + 8280,
(20b)  S2442 = 8182, + 8280,41>
(20c)  sp443 = 8282, + S35pn41>
(204d) Syl % Spo

for all n 2 1. From (20a) and (20d), we obtain the necessary condition (18a)
for 5p5155... to be matrix generated, The condition s% + s% = s5 in (l8a) is
also sufficient since, in the presence of (7), conditions (20a)-(20c) are equi-
valent for each fixed ny 2 1, and condition (20c) holds for ny if and only if
condition (20a) holds for #ny + 1. Since (18a) satisfies (20a) for np = 1, it
follows that (20a)-(20c) hold for all n 2 ng = 1. This ensures that (12a)-
(12c) hold for all n 2 1, which means that 53515,... is generated by

81 82
s2 83 ]
Finally, condition (18a) also ensures that

2
g1 92 <32>2 81 82

81

S2 83 S2 83

and (by dinduction) that (18b) holds.

Example 2: A nondecreasing path generated by matrix U that satisfies (1 - a)‘UI
= 0 is an area-bisecting 2N-path for each natural number JN. Since (14) holds

for [Ul = -1 when m is even, all nonnegative real matrices
a b 0o b
(a =2 0) and (d=»b>1)
¢ (be - 1)/a 1/b d

having determinantal value -1 that satisfy (l2a)-(l12c¢) and (13) also generate
area-bisecting 4N-paths for each natural number V. Thus,

3 1 3 2 0 2
5 , and
7 2 4 7/3 1/2 3

generate area-bisecting 4 -paths (n 2 1) that (Theorem 2) are not area-bisecting
2-paths.

Remarks: For the L32 i}—generated path PoP1Py..., let R = Area{Xy 1Pp-1F5X}
and Ly = Area{Yy_ Py-1P,Y;} for each k =z 1. Then

Ly k odd
Rk= s
Ly - (-1)%/2, &k even

and PyP;P,... is an area-bisecting k-path if and only if WV

L]
£~
—
=
\%
—
~

§-Splitting k-paths

The notion of area-bisecting k-paths can be extended in several ways, the
two most natural extensions being those given below as Definitions A and B. A
nondecreasing path is a &-splitting (8 = 0) k-path if:
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Definition A: Area{XlPle...Pnk+1Xnk+1} = §e Area{_YlPle...Pnk+1_Ynk+l} for all
n = 1;

Definition B: Area{POPle...Pnk+ank+l} = § e Area{POPle...Pnk+ll’nk+l} for all
n=1.

Although these definitions are equivalent (to the area-bisecting property) when
§ = 1, they yield different results for § # 1. Beyond generalizing our results,
motivation for investigating &-splitting k-paths also comes from the following.

Example 3: Find an expression for f(x) such that p = {(x, f(x)): x 2 0} is an
increasing path characterized by

Area{Z;} = &+ Areal¥;}
for each point (%, f(x)) € p. (See Fig. 6.)

P
¥
P
F=) (z, f(x))
Zx
R
By x
(0,0) x
Figure 6
Our area requirement is equivalent to determining f(x) such that
z f(x)
ff(t)dt =G fl(s)ds.
0 0

This can be recast as

(21) (L + %) j:f(t)dt = af (z).

Differentiating (21) with respect to X and rearranging terms, we obtain
ff@ 1
f@) e

Thus, for arbitrary positive constant C,

(22) flx) = cxl/s,

For § = 1, we obtain the area-bisecting linear paths f(x) = Cx. Equation
(22) also provides some means for constructing approximate &-splitting k-paths.
Let A(a, b) denote the shaded region in Figure 7. Then the trapezoidal areas
Ra = XaPanXb and La = YaPan—Yb satisfy

(23) |Area{R,} - 6+ Area{l,}| = (1 + 8)A(a, b).

To approximate a G&-splitting k-path, sum (23) over J consecutive points (j =
nk + 1 for Def. A; j = nk + 2 for Def. B), and obtain

Area { ZJ: Rai} - §* Area { Zj:Lai}

=1 =1

J
< (1 + 8) ) AMag, by).

=1

(24)
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g P
b
LCI
Yy
Pa
Ra
P, -
(O, O) Zq Ty
Figure 7

By way of illustration, consider f(x) = 22 for the case where & = 1/2. A
straightforward computation yields A(a, b) = (b - a)3/6 for consecutive points
P; = (x;, x%) with ;4 - 2; = b - a. Since Area{R;;} = Area{l;,} + (b - a)3/6
for each such sector,

J J ‘(b - a)3
Area { EZRxA} -1 Area { E:in} + Qﬁ_____l__
o 2 12
J(b - @)3/12 in construct-
by choosing the points on
1, 2, ..y J - 1.

For J such consecutive points, the error E(j, a, b)
ing a 1/2-splitting k-path can be made less than
y = x2 such that x;,; - x; < (12e/4)Y/3 for each ©

™

sfeskookskok

1992] 273



