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1. Introduction

We show how an old theorem about the GCD can be used to define primes and
to construct formulas for primes. We give new formulas for the characteristic
function of the primes, the n™ prime p,» the function m(x), and the least
prime greater than a given number.

These formulas are all elementary functions in the sense of Grzegorczyk [6]
and Kalmar [12] (Kalmar elementary). From a theorem of Jonmes [11], it will
follow that there exist formulas with the same range built up only £from the
four functions

(1.1 =z +y, [x/y], X =Y, 2%,

by function composition (without sigma signs). There also exist polynomial
formulas for the primes, but that is another subject (see [10]).
The constructions here use a theorem of Hacks [7]. (He indicates on page

207 of [7] that this result may have been known to Gauss. See also Dickson [2]
vol. 1, p. 333.) Hacks [7] considered sums of the form:

"SMee
Definition 1.1: H(k, n) = 2 ) [—n—J
=1
Here |x| denotes the floor (integer part) of x. Hacks proved that sums of this
type could be used to define the GCD of k and n, i.e., (k, 7).
Theorem 1.1 (Hacks [7]): H(k, n) =nk -k -n + (k, n).
Proof: The proof of this theorem requires the following two lemmas.
Lemma 1.1: Suppose kX L n. Then H(k, n) = (k- 1)(n - 1).

Proof: ki = kj (mod n) implies © = J (mod n). Thus, the set {ki: ¢ = 0, 1, 2,

ey n - 1} is a complete residue system mod 7n. The sum of the remainders in
this system must be equal to n(n - 1)/2.
Hence, let ki = r; (mod n) where 0 < r; <mn, (¢ =1, 2, ..., n = 1). Then
we have .
. ke ne _nn - 1)
ki = [ ” Jn + 7 and igolﬂi ==

Summing the first equation, we find

n—l. n-1 . n-1 ke 1 n-1 ke 4 n-1
SR M L PR o L R T
i=0 i=0 i=olL 7 i=oL 7 =0
Therefore,
nn -1 _n, nn - 1)
k 7 > H(k, n) + 5 .

*Work supported by Natural Sciences and Engineering Research Council of Canada Research Grant
A4525 and the N.S.E.R.C. Program of International Scientific Exchange Awards.

194 [Aug.



AN OLD THEOREM ON THE GCD AND ITS APPLICATION TO PRIMES

Multiplying by 2 and dividing by »n gives the result:
k(n - 1) = Htk, n) +n - 1.
Lemma 1.2: H(ad, bd) = adbd - abd + dH(a, b).

Proof: Integers 7 such that 0 <7 < bd - 1 can be written in the form 7 = bg + J
where 0 < ¢ < d and 0 < J < b. Hence, we have

H(ad, bd) 2bdzl[ 7“J 2 Z [a 7uJ - z‘:lbilla(bq + J)J

i=1 =1 q=04=0

1]

) jil%ilaq ‘2 i:hgill J

q=04=0 j=0qg=0

ZZabq + ZZd[ab JJ

q=0 J

ad - 1) 1
5 + 2d 2H(a, b)

adbd - abd + dH(a, b).
Corollary 1.1 (Hacks [7]): H(k, n) =nk - k - n + (k, n).

Proof: Write k = ad and n = bd where a L b and d = (k, n). From Lemma 1.1, we
then have H(a, b) = (a - 1)(b - 1). Using this together with Lemma 1.2, we
have

2ab

abd(d - 1) + dH(a, b)

H(k, n) = H(ad, bd) = adbd - abd + d(a - 1)(b - 1)
= qadbd - abd + abd - da - db +d =nk - k - n + d.

From Corollary 1.1, it follows that the function H is commutative (symmetric),
H(k, n) = H(n, k). The function H has other interesting properties. Using an
argument similar to the proof of Lemma 1.2, it is easy to show that

(1.2) H(gk, k) = gk(k - 1), H(k, gk) = qk(k - 1),
(1.3) H@k +r, k) = gk(k - 1) + H(r, k).

2. Characteristic Function of the Primes

From Lemmas 1.1 and 1.2, we see that

Lemma 2.1: 1 = (k, n) = (k- 1)(n - 1) = H(k, n).
1 (ky n) = (k- 1)® - 1) < Hk, n).

Now let m = n - 1 (or m = L/ﬁj, to be more economical). Then, by Lemma 2.1, %
is composite if and only if

(Ak)[1 <k <mand (k- 1)(n - 1) < HK, n)].

Hence, 7 is composite if and only if

k-1 ien k-
(2.1) (3k)[l <k <mand 0 < 2 2: [ T J 2: n - l)]

A

=1 1=
It follows that 7n is composite if and only if

k-~ .,
(2.2) (Hk)[l <k <mand 0 < 2:1<2[£ZCHJ -n + 1>], m = L/%J.

=1

When n is prime, these expressions are all 0. So, by summing over k, we can
see that 7 is composite if and only if

(2.3) 0< Y (2[%”J—n+1>, m=|/n].

O<i<kgm
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Alternatively, by summing the constant term, (2.3) can be rewritten to say that
n is composite if and only if

(2.4) 0 < i (k)il<2[7f_k”_J>> _(n - l)ém = VL. S

k=1 \i=1

This is equivalent to the statement that »n is composite if and only if

(2.5) 0 <mm- 1)1 -n) + 3 ZT"J m = |V/n].

O<i<k<m k

Since these expressions are zero when 7 is a prime, they characterize primes.
We summarize (2.3) in Theorem 2.1.

Theorem 2.1: Let g(n) be defined by

(2.6) gn) = (2[2’{”J—n+1>,

O<i<ks<m

where m = L/ﬁj or m=mn - 1. Then, for all n» > 1, »n is prime if and only if
g(m) = 0. And n is composite if and only if g(n) = 1.

The subtraction function £ = y or the sgn(x) function can now be used to
obtain a characteristic function for the primes. A characteristic function for
a set is a two-valued function taking value 1 on the set and value 0 on the
complement of the set.

The proper subtraction function « = y is defined to be x - y for y <
0 for x < y. The sign function sgn(x) is defined by sgn(x) = +1 if x >
sgn(x) = -1 if x < 0 and sgn(0) = 0.

Now define h(n) to be h(n) = 1 = g(n) or define h(n) = 1 - sgng(n). Then it
follows from Theorem 2.1 that %(n) is a characteristic function for the set of
primes.

x and
0, by

Theorem 2.2: Let h(n) be defined by

(2.7) hn) =1+ Y, (2[lknJ -n+ 1),

O<i<k<m

where m =n - 1 or m = L/EJ. Then n is prime if and only if A#(n) = 1. And »n
is composite if and only if A(n) = 0. (These statements hold for n > 1.)

We can use the function % to construct a formula for the function w(x),
[T(x) = the number of primes < x]. From Theorem 2.2, we have

Theorem 2.3: The function 7m(x) is given by

(2.8)  n(@) =§2h(n) - i(l =y (zvz'(”J - 1)) :

n=2 O<Zi<k<m

Proof: The idea of (2.8) is that the characteristic function /A counts the primes
< x. [We start the sum at n = 2 instead of at n = 1 because h(l) = 1.]

3. Formula for the nth Prime

Define C(a, n) =1+ (a + 1) = n. Then C(a, n) is the characteristic func-
tion of the relation a < n. That is, if a < »n, then (C(a, n) = 1. I1Ifn < a,
then C(a, n) = 0.

Now m(Z) < n if and only if 2 < p . Hence C(mn(Z), n) = 1 if and only if
7 < p, - The nth prime p,, is therefore given by the following formula:

k k
(3.1) p, =2 Cn(R), n) = <1 =(m(L) +1 = n))
=0 0

L=
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when k is large enough (k 2 p, - 1). It is known that
p, < n(log(n) + log(log(n))) for n > 5

(see Rosser & Schoenfeld [13]). So we can take
k=n?2 or k= 2n log(n + 1).

Using Theorem 2.3 and the fact that A(l) = 1, we have

(3.2) p, =zzf:0(l :«jéh(g‘)) > n>>

Thus we have, from Theorem 2.2,

Theorem 3.1: The n'™® prime, p,> is given by

(3.3) p, =24§k.:0<1 = ((j}j:,ll - 0<i‘§k<m<2r7;jJ -J+ 1>>>= >) for 7 > 1.

4. Next Prime Greater than a Given Number

The function g of Theorem 2.1 has the property that it is nonnegative and

g(n) = 0 if and only if n is a prime. The function % also has this property.
Hence, we can use either % or g in the following construction of a formula for
the next prime greater than a number g. (The number ¢ can be any integer, it

does not need to be a prime.)

Theorem 4.1: The next prime greater than g is given by the function
29

J
(4.1) N(q) = _Z (1 - Zo(n =1 = g(n))>-

Jg=0
Proof: From Bertrand's Postulate, we know that for every g = 1 there is a prime
p such that g < p <2q. Fix g and let p denote the least such prime p. Put

fy=m =+ g)( = gn)).

Then f(n) = 0 for n = 0. Also f(n) > 0 if and only if g < n and g(n) = O,
i.e., if and only if »n is a prime greater than g. Now

L= (£ + f(1) + --- + f(§)) = 1 for § < p.
But
L= (f(0) + f(1) + --- + f(§)) = 0 for p < .
Hence, p is equal to the sum
2q9
(4.2)  N(q) = 2:(} = (fO) +FA) + - + f(j)a,
Jj=0

a sum of exactly p ones.

Bertrand's Postulate is a theorem that was proved by P. L. Chebychev in the

nineteenth century. See Hardy [8, p. 349] for a modern proof (due to Erdds
(41 .
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