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signed sheets within two months after publication of the problems. 

PROBLEMS PROPOSED IN THIS ISSUE 

H-471 Proposed by Andrew Cusumano & Marty Samberg, Great Neck, NY 

S t a r t i n g w i t h a s equence of f o u r o n e s , b u i l d a s equence of f i n i t e d i f f e r -
ences where t h e number of f i n i t e d i f f e r e n c e s t a k e n a t each s t e p i s t h e t e rm of 
t h e s e q u e n c e . That i s , 

Si S2 S3 

1 1 1 1 1 1 1 1 1 1 1 1 
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 

1 2 4 7 11 16 1 2 4 7 11 16 
1 2 4 8 15 26 42 

Now, reverse the procedure but start with the powers of the last row of differ-
ences and continue until differences are constant. For example, if the power 
is two, we have 

1 4 9 16 25 1 4 16 49 121 256 etc. 
3 5 7 9 3 12 33 72 135 
2 2 2 9 21 39 63 

12 18 24 
6 6 

The sequence of constants obtained when the power is two is 

2, 6, 20, 70, ..., 

while the sequence of constants when the power is three is 

6, 90, 1680, 34650, .... 

Let N be the number of the term in the original difference sequence and M 
be the power used in forming the reversed sequence. Show that the constant 
term is 

X(N, M) = SJLLMIL N = l 2, 3, ..,, M = 2, 3, 4, ... . 

For example, 

x(2, 3) = ^ = 90. 2° 
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H-472 Proposed by Paul S. Bruckman, Edmonds, WA 

Let Z(n) denote the Fibonacci en t ry -po in t of the n a t u r a l number ft, t h a t i s , 
the smal les t p o s i t i v e index t such t h a t n\Ft. Prove t h a t n = Z(ft) i f and only 
i f ft = 5 or ft = 12 ° 5 , for some u >. 0. 

H-473 Proposed by A. G. Schaake & J. C. Turner, Hamilton, New Zealand 

Show t h a t the following [ 1 , p8 98] i s equivalent to Fermat !s Last Theorem. 
"For ft > 2 the re does not e x i s t a p o s i t i v e in t ege r t r i p l e (a9b9c) such t h a t 

the two r a t i o n a l numbers r/s, p/q9 with 
r = o - a , p = 2? - 1, 

i= 1 i= 1 

are penultimate and final convergents5 respectively, of the simple continued 
fraction (having an odd number of terms) for p/q*u 

Reference 

1. A. G. Schaake & J. C. Turner. New Methods for Solving Quadratic Viophantine 
Equations (Part I and Part II). Research Report No. 192, Department of 
Mathematics and Statistics, University of Waikato, New Zealand, 1989. 

Editorial comment: Please note that in the May 1992 issue of this quarterly, 
the first solution (A Triggy Problem), which is actually Problem 446, was 
erroneously identified as Problem 466. 

SOLUTIONS 

Sum Problem 

H-435 Proposed by Ratko Tosic, University of Novi Sad, Yugoslavia 
(Vol. 27, no. 5, November 1989) 

(a) Prove that, for n > 1, 

F , + V F • F. . . . F- • F-
0<vY< ... <tk<n K K k l z l 

1 <k < n 

I — I 

where Yx\ is the greatest integer < x. 

(b) Prove that, for ft > 3, 

y r-nn _ kF • F- . F- • F- 9 • ik 

v < %i< . . . < ik<n 
l<k<n 

^ n + 3 + ^ i ; % - 3 e 

Solution by Y. H. Harris Kwong, SUNY College at Fredonia, Fredonia, NY 

(a) Let Sn denote the sum on the l e f t of the given i d e n t i t y . Note t ha t Sn can 
be r e w r i t t e n as X ^ o ^ r c , ^ 5 where 
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Sy, v — . Z-J. FA FA . . . FA J 
n>K J 2 , . . . , j k + 1 > 0 J l <?2 Jk + 1 

3 i + ' " + Jk+l = n+l 

which i s p r e c i s e l y t h e c o e f f i c i e n t of xn + l i n 

T h e r e f o r e , Sn i s t h e c o e f f i c i e n t of xn + l i n 

" / _ _ _ £ _ _ \fe + 1 x l I l 

h = o \ L ~ X — X k=0 

Hence, we conclude that 
i n + 1 , , i 

J- v- n + 1 

1 

1 - 2x - x2 2/2Vl + (1 - /2)x 1 - (1 - Sl)x 

-^= E [(1 + /2)n - (1 - /2)"]xn. 
2/2 n=0 

n + l 

S" ' 2/2 .,-0 E ( " J ' ) I ^ - < ^ 1 - E „&Vi)*'-
£:=0 

(b) Let Tn denote the sum on the left of the given identity, then 

Tn = 2(-lf + 1 t Tn>k, 
where 

k= l 

which i s e x a c t l y t h e c o e f f i c i e n t of arn~"3 i n 

> 0 ^ ( - 2 ^ ) • • • ( - 2 ^ * ) ^ W 

E ^4(E^ V j = -1 / \i = l 
Hence, we have 

k-1 / l x \ 2 / -2a; 
x 1 - x - x z / \ 1 - x - x 

fc-1 

1 a? -2a: 
E c-ir+lr ^ = 2x3 - + — - — j ) y —? 

n ^ o V^ 1 - a; - x 2 / ^ - A 1 - x - x2 

2a:(1 - a ; ) 2 

fc-l 

2 - 3a; 2 - x 
(I - x - xl) (1 + x - a?2) 1 - a; - a;2 1 + a; - a; 2 ' 

I t i s c l e a r t h a t 
1 1 1 

1 + a; - a?2 (1 + otar)(l + frr) a 

where a = (1 + / 5 ) / 2 and 3 = (1 - / 5 ) / 2 . Thus , 
1 

Ll + aa; 1 + $a;J 

= E LJ1J*—r^—-** - E (-Dn^+1^, 
1 + x - a;2

 n = 0 a - 3 - n + i w = 0 

which i m p l i e s t h a t 

2 - 3a: 2 - x 
= E K 2 ^ + l - 3F n ) + ( - 1 ) * + 1 ( 2 ^ + 1 + * ; ) ] * » . 

1 -• a: - a;2 1 + x - a ? 2 n=o 

T h e r e f o r e , we c o n c l u d e t h a t f o r n >. 0 , 

^ = ( 2 ^ + 1 + F„) + (-l)n + l(2Fn + l - 3 F J = Fn + 3 + ( - l ) « / l * V 3 . 

AZso solved by N. A. Volodin. 
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Mix and Match 

H-454 Proposed by Larry Taylor, Rego Park, NY 
(VoL 29, no. 2, May 1991) 

Construct six distinct Fibonacci-Lucas identities such that 

(a) Each identity consists of three terms; 
(b) Each term is the product of two Fibonacci numbers; 
(c) Each subscript is either a Fibonacci or a Lucas number. 

Solutions hy Stanley Rabinowitz, Westford, MA 

Solution Set 1 
Here are six identities that meet the requested conditions, although they 

are probably not what the proposer intended: 

Fn FFn 
F*z\ 
FT? FT? 

E 3 Fn 

% \ 
F*0 \ 

FF, FLn 

+ 
+ 
+ 
+ 
+ 
+ 

* > 3 * > , , 

F?3
 FLn 

F F , \ 

*>. \ 
Fr Fp 

u 3 "n 
Fr Fr 

L3 Ln 

= FF FF 

= FF FT 

= Fr FF 
L3 hn 

= Fr FT 
L3 Ln 

= * > 5 **n 

- F*S % 

Solution Set 2 
If numerical identities are acceptable, then we have the following identi-

ties (found by computer search): 

F2F3 + FI^FQ = F5F7 

F2FQ + ̂ 5^u = ̂ 3^13 

F2FlQ + F5FU = F7Fl3 

F3F7 + FL+FQ = F2Fn 

^3^13 + ̂ 8^18 = ^5^21 

F5F2l + FQF3i+ = ̂ 13^29 

FQFlQ + FnF2l = F3F23 

^13^2 9 + ^18^34 = ^5^47 

where all the subscripts are distinct in each example. 

Solution Set 3 
The numerical identities in Solution Set 2 suggest the following identities 

involving one parameters £: 

[Fh+, Fk+i + F^+2
 F^i " Fh Fh+3 i f l i s n o t d i v i s i b l e by 3 

iFrp FT = Fr, FT + FT? Fr I f 3 I % . 

We will prove these by proving the equivalent single condition: 

CD FFi + k hi + l " (-DFi FFi + 2
 FLi + 2 = Fh Fh + 3. 
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To v e r i f y i d e n t i t y ( 1 ) , we a p p l y t h e known t r a n s f o r m a t i o n 

^FmFn = Lm + n " ( ~ 1 ) Lm-n 

This identity can be shown to be true because, of the six terms, it can be 
grouped into pairs of terms that cancel. Specifically, 

( 2 ) L * i + i f + £ i + l = LFi+Li + 3 

Equation (2) follows from the identity 

Fi+l+ + Li + i = Fi + Li + 3, 

which is straightforward to prove. 
To prove equation (3), we use the fact that L_n = (-1) Ln> so that 

LFi + 2-Li + 2 = L-^i+2 + ̂ + 2 

since a simple parity argument shows that i^ + 2 ~ ^i + 2 ^s always even. Then we 
note that Fi + L.̂  + 2 = ̂ t + l (mod 2), which also follows from a simple parity 
argument. Thus, 

(-l)Li + i = (-1)^ + L i + 2 

and we see that equation (3) is equivalent to 

Fi + h " Li+l = ~ ^ + 2 + Li + 2> 

which we again leave as a simple exercise for the reader. 
For equation (4), we have similarly that F^ E L^ + 3 (mod 2), and hence equa-

tion (4) is equivalent to the easily proven 

Fi + 2 + Li + 2 = ~Fi + Li + 3, 

where again we note that F^ - L^ + q) is always even. 
Finally, we note a second identity analogous to (1): 

(5) FF FT - (-1)F* FF FF. „ = Ft FF o 

whose proof is similar and is omitted. 
Equations (1) and (5) appear to generate all the numerical examples I have 

found. If we let i, have the forms 3k - 1, 3k, and 3k + 1, we get the six iden-
tities : 

FF3k+3
 FL3k + FF3k+1

 FL3k+l = FF3k.x FL3k + 2 

FF3k + * FL3k+l
 = FF3k + 2

 FL3k + 2 + FF3k
 FL3k+3 

Fv„ FT + Fjp FT
 = FTP FT 

*3k + 5 L3k + 2 *3fc + 3 L3k+3 *3k+l L3k+h 

FF3k
 FL3k + FF3k.2 FF3k+1 = ^ . i ^ F 3 , + 2 

FF3k+l
 FL3k+1 = * V 3 k - i ^V3 f e + 2

 + FF3k
 FF3k+3 

FF3k+2 FI>3k + 2
 + FF3k FF3k+3 = ^ 3 f c + l ^ 3 * + -

which are probably the ones the proposer had in mind. 

Also solved by P. Bruckman and the proposer. 
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Squared Magic 

H-455 Proposed by T. V. Padma Kumar, Trivandrum, South India 
(Vol. 29, no. 3, August 1991) 

Characterize, as completely as possible, all "Magic Squares" of the form 

al 

h 
°1 

<*1 

a 2 

b2 

°Z 

dz 

a3 

h 
C3 

*3 

aK 

K 
°h 
d, 

sub jec t to 
l . 

2 . 

3 . 

4 . 

5 . 

6. 

7 . 

8. 

9 . 

10. 

1 1 . 

12. 

13 . 

14. 

15 . 

16. 

17. 

18. 

19. 

t he following c o n s t r a i n t s 
Rows, columns, 
al 

°1 
a\ 
°Z 
a 3 
a2 

al 

h 
4 
4 
4 
4 
4 
4 
a\ 

ai 

+ ah 

+ ^ i 
+ a2 

+ e„ 
+ ak 

+ a 3 

+ *1 
+ cx 

+ a\ 

+ 4 
+ «5 
+ 4 
+ C | 

+ bi 
+ bi 
+ b2 

+ di 
+ c„ 
+ b1 

+ d3 

+ ^3 
+ d2 

+ 0 l 

+ dx 

+ <Z§ 

+ df 
+ 4 
+ a§ 

+ e | 

+ 4 

+ «i 
+ *3 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

• 
and d i a g o n a l s have 1 

dk = b2 + b3 

dh = a2 + a3 

b2 - &i + c2 

dh = cx + d2 

dh = bx + b2 

d3 = bl + °\ 
a2 + b2 + a3 

o2 + d2 + <̂ 3 

4 - 4 + 4 
d | - a | + 2>§ 

4 = 4 + 4 
4 + 4 + 1̂ 
4 + 4 + 4 
4 + 4 + 4 
4 + 4 + *g 
a \ + dl + o2 

ala2 + ^3^1+ + ^1^2 + ^3^4- = 

a l ^ l + C l ^ l + a2p2 + C2^2 * 

+ c 2 

+ b2 

+ dx 

+ a 3 

+ cx 

+ \ 

- * -
= a 2 

+ ** 

+ 4 
+ al 

+ H 
+ 4 
+ 4 
+ 4 
+ *3 

°\C2 
a-3bz 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

:he same 

°3 " 

*3 = 
d2 = 

K = 
a2 -

°k = 

c 3 + 
a 3 + 

4 
*l 
% 

%-

4 = 
4 = 
4 = 
ak -

°3°h 
a3d3 

al 
c2 

a3 
al 

h 
K 

°h 
ak 

M 

M 

M 

M 

h 
+ 

+ c 

sum 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

^ 1 
c 3 
ak 

a2 

b, 

d2 

h 

cl 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

ah + bh 

d2 + d3 

b3 + bh 

dx + d2 

°3 + °h 

d3 + o \ 

bk + oh 

a2 + d2 

ixd2 + dzdh 

2<A + c A 

Solution by Paul S. Bruckman, Edmonds, WA 

We first apply constraints 1-9 and 17? which are linear in nature. We find 
that these constraints are satisfied with 4 degrees of freedom, that is, with 4 
of the 16 unknown quantities still undetermined. We may choose any 4 of the 16 
quantities as arbitrary and determine the other 12 from these, so as to satisfy 
1-9 and 17. For example, if we leave a p a2, a 3, and bl as arbitrary, our magic 
square will look as follows: 

= 3Z/2 
= 3X/2 
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al 

hl 

2 ~ a 3 

1 & 
2 " a l 

a 2 

-a2-b1 

a\ + a 2 

+a 3 - f 

2 ~ a 2 

- a 3 + & i 

a 3 

- a 3 

2 " a l 

2 " ^ 1 

k- ai 

-a2-a3 

a2 + a3 

-bx 

2 _ a 2 

a\ + a2 

I t i s a tedious but t r i v i a l exe rc i se to ve r i fy t h a t the q u a n t i t i e s shown above 
s a t i s f y c o n s t r a i n t s 1-9 and 17, and a l so c o n s t r a i n t s 10-12, 18, and 19. As for 
c o n s t r a i n t s 13-16, we may a l so ve r i fy t ha t these are s a t i s f i e d by the above 
q u a n t i t i e s , provided the following s i ng l e condi t ion ho lds : 

(*) M = 2k2 - 2k(2al + 2a2 + a 3 + bx) + kb\ + 4Z?1(a1 - a 3 ) 

+ 4a 2 ( a 1 + a 3 ) + 4(a^ + a | + a | ) . 

The condition in (&) removes one additional degree of freedom, thereby leaving 
only 3 undetermined quantities, say a-,, a~, and a3. If we require that the 
magic square's entries be integers, this imposes additional constraints on the 
entries, subject to the Diophantine solutions of (*). If» in addition, we 
require that the entries be distinct, further restrictions apply. 

As may be shown, the corner entries of any 3 x 3 square contained within the 
large square must add up to k9 as well as the corner entries of the large 
square itself. Moreover, the entries of any 2'x 2 square contained within the 
large square must total k. 

An example which satisfies all 19 conditions (though not the condition that 
a0 = the entries be distinct) is the following, taking k 

3, and a? = 5: 
18, M. = 208, ax = 4, 

4 

2 

4 

8 

3 

9 

3 

3 

5 

1 

5 

7 

6 

6 

6 

0 

If we take k = 34, M 748, ax = 5, 11, a3 = 8, we obtain a "conventional" 
magic square (where all entries are integers; in fact, the integers from 1-16) 
There are many such magic squares possible; this is only one such: 

5 

16 

9 

4 

11 

2 

7 

14 

8 

13 

12 

1 

10 

3 

6 

15 

Also solved by the proposer. 
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