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1. INTRODUCTION 

The A*h convolution sequences for Fermat polynomials of the first kind (a%l(x)) and the second 
kind (b^lix)) are defined in this paper. Generating functions, recurrence relations, and explicit 
representations are given for these polynomials. A differential equation that corresponds to 
polynomials*of type (^fiO)) is presented. Finally, # h convolutions of mixed Fermat polyno-mials 
of (C^(JC)) are defined. In some special cases, polynomials of (c^O)) are transformed into already 
known polynomials of [a^m(x)) and of (b%l(x)). 

2. POLYNOMIALS a^Jx) 

A. F. Horadam [2] defined Fermat polynomials of the first kind ^(x) and the second kind 
B„(x) by 

(2.1) AJx) = x4_,(x) - 24_2(x), A_,{x) = 0, Ao(x) = 1, 

and 

(2.2) B„(x) = xflU(x) - 2b„_2(x), B0(x) = 2, B&) = x. 

Their generating functions are 

(2.3) {\-xt + 2t2)-l = fjAn{x)t" 

and 
i _ 9 / 2 °° 

(2.4) . = Y B„(x)t". 
\-xt + 2t2 ~ "V ' 

From (2.1) and (2.2), we can find a few members of the sequence of polynomials A^x) and 

Al(x) = x9 A2(x) = x2-2, ,43(x) = x3-4x, A4(x) = x4-6x2 + 4, 
and 

B?(x) = x2-4, 53(x) = x3-6x, 54(x) = x 4 -8x 2 +8 . 
H. W. Gould [1] studied a class of generalized Humbert polynomials Pn(m, x,y, p, C) 

defined by 

(C-mxt+ytmY = ±Pn(m,x,y,p,C)t\ 
n=Q 

where m > 1 is integer and the other parameters are unrestricted in general. The recurrence rela-
tion for the generalized Humbert polynomials is 
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CnP„ -m(n-1 -p)xPn_l + {n-m-mp)yPn_m = 0, n >m > 1, 
where we put P„ = Pn(m, x, y, p, C). 

In this paper we consider the polynomials [a™m(x)) defined by 

ai%(x) = P„{m,x/m,2,-(k + l),l). 

Their generating function is given by 

(2.5) F(x, t) = ( l -x / + 20~(*+1) = I O * > " -

Comparing (2.3) to (2.5), we can conclude that 
af)i (x) = Ai (x) [Format polynomials (2.1)]. 

Development of the function (2.5) gives 

n=0 n=0 n-

= y y (_2y ^+ IM«-iy x«-» 
w=0 V 

Comparison of coefficients of f in the last equation shows that polynomials [a^m(x)) possess 
explicit representation as follows: 

<*iw=|(-2y^^x-
/ = 0 I ! ( / I - IWI) ! 

If we differentiate the function F(x, t) (2.5) with respect to t, and compare coefficients of tn, 
we get the three-term recurrence relation 

The initial starting polynomials are 

<tfi(*) = 0, ^ ^ J f " , /i = l,2,. . . ,ro-l. 
« ! • • 

Then, if we differentiate the polynomials a^m(x) (2.6) s times, term by term, we get the 
equality [1]: 

Dsa^m{x) = (k + \)sal+
s%(x), n>s. 

Let the sequence (/r)"=o be given by fr =f(r), where 

'«-f'+»i(#H-l + 7J 
f(f) = (n-a 

m m-\ 

Let A be the standard difference operator defined by Afr = fr+l - fr9 and its power by 
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A°fr=fr, Akfr = A(Ak-lfr). 

We find that the next property of af^m{x) is very interesting. 
The polynomial a^m(x) is a particular solution of the linear homogeneous differential equa-

tion of the m^ order [4], 
m 

(2.7) /w )+IX*y *>=(), 
s=Q 

with coefficients as ($ = 0,1,..., /w) given by 

(28) «, = T V % 
2ms\ 

From (2.8), we get 
1 (n+m(k + X) 

an = — n \ 0 o i 
2m V m Jm_x 

2m V m )m_x \ m J^ 
Since 

we see that 

m-\ 

m 
f(t) = - tm + term of lower degree, 

1 (m-\ 
2m\ m 

m-\ 

For m = 2, the differential equation (2.7) is 

1 2^ „ 2* = 3 . « 1 _ 8 / —xyf+-(n + 2k + T)y = 0r 

and it corresponds to the polynomials a^\(x). 
For m = 2 and A: = 0, the equation (2.7) is 

^-lx^-lxy^l(ri^2)y = 0, 

and it corresponds to Fermat polynomials of the first kind A„(x). 

3. POLYNOMIALS b^Ux) 

In this section we introduce a class of polynomials (b^l(x)\ k eN. 

Definition 3.1: The polynomials b%l(x) are defined by 
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(3-1) F(x,t) = 
f ! _ 2 r V^ 

-JL^ii'V-
«=o \-xt + 2f 

Comparing (2.4) to (3.1), we can see that 

bn°l(x) = Bn(x) [Fermat polynomials (2.2)]. 
Expanding the left-hand side of (3.1), we obtain the explicit formula 

(3-2) o * ) - Z(-2yf *,+* V-L,m w . 
7=0 V ' 

For /w = 2 and k = 0, the formula (3.2) is 

That is, 

Bn(x) = A„(x)-2An_2(xy 

and it corresponds to the known relation between the Fermat polynomials ^(x) and Bn(x). 

4. MIXED FERMAT CONVOLUTIONS 

A. F. Horadam and J. M. Mahon [3] studied a class of polynomials [^-b\x)), mixed Pell 
polynomials. Similarly, we define and then carefully study polynomials (c££(x))9 mixed Fermat 
convolutions, where all parameters are natural numbers. 

Definition 4.1: The polynomials (4*'£(x)) are given by 

<4 1 ) f ( ' ' " ° ( i ' ; + 2 < r g S c " " ( " ' ' 
pn condition that s + r > 1. 

The polynomials (c£i?(*)) have some interesting characteristics, some of which are described 
in the results that follow. 

Theorem 4.1: The polynomials (c%„\xj) have the representation 

(4.2) O x ) = 2 (-2)fr T %^>(*). 
/=0 V J 

Proof: By using (4.1), we obtain 

w=0 

oo r—j 

(i-xt+2tmy+s~J yi-xt+2f 

= i2(-2yfr7-/)r^y)(^-
w=0 /=0 

If we compare coefficients of ?w in the last equality, we have (4.2). Using (4.1) again, we obtain 
the following representation: 
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c^\x) = ^atl]m{x)b^{x). 
k=0 

Also, w e see that 

F(x,t) = - (\-2tmy 
(l-xt+2tm) „=0 

From the last equality, w e can conclude that 
w=ov=o 

/=0 V J 

The Fermat polynomials of the first and of the second kind satisfy a three-term recurrence 
relation. But, mixed Fermat convolutions satisfy a four-term recurrence relation of unstandard 
form, which we prove in the following result. 

Theorem 4.2: The polynomials c^\x) satisfy the recurrence relation 

(4.3) <•;>(*) = -Imrcttr~l\x) + x(r + s&tfix)-2m(r + s)#%2(x), n>m. 

Proof: If w e differentiate F(x, t ) , (4.1), with respect to t, w e get 
00 00 00 

Z O ) ' " " 1 = -Imrt^^c^-^xr+ir + sXx-lmr-^c^ixy. 

Comparing coefficients of f in the last equality, we have (4.3). 

If we differentiate F(x,t), (4.1), with respect to x, k times, term by term, we find that the 
polynomials c^\x) satisfy the equality 

(4.4) Dkc^(x) = {r + s)kc^\x) («>*). 

Special Cases 
Starting with the equality 

(l-2tm)r+s (i-2tmy (i-2tmy 

we get 
(l-xt + 2tm)2r+2s (l-xt+2tm)r+s {\-xt+2tmy+r' 

n=0 «=o A«=o 
oo / n 

=1 i^u^w n=0\k=0 
\f, 

From the last equality, w e obtain 

(4.5) C,i+r)W=I^<
)
m«^)(x). 

k=0 
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For r = sy the equality (4.5) is 

k=0 

From the equalities (2.5), (3.1), and (4.1), we obtain: 

(4.6) c^\x) = a^\x\ forr = 0 
and 

(4.7) c^{x) = b^\x), for 5 = 0. 

According to (4.4), (4.6), and (4.7), we get the inequalities 

^ ^ \ x ) = {s)kal\k^(x), forr = 0 
and 

For r = 0, the equality (4.5) becomes 

fc=0 

According to (4.3) and (4.5), we have 

k=Q 

From the equalities (4.2) and (4.7), for j = s = 0, r = k +1, it follows that 

i=0 ^ ' 

Finally, from the equalities (4.2) and (4.6), for j - r = 0, s - k +1, we see that 
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