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Burke and Bergum [1] called a (finite or infinite) family of /A-order linear recurring 
sequences a (finite or infinite) regular covering if every natural number is contained in at least one 
of these sequences. If every natural number is contained in exactly one of these sequences, they 
called the family a (finite or infinite) disjoint covering. They gave examples of finite and infinite 
disjoint coverings generated by linear recurrences of every order n. In the case of the Fibonacci 
recurrence un+2 =un+i + urn they constructed a regular covering which is not disjoint and asked 
whether a disjoint covering in this case exists as well. The following theorem answers this 
question. 

Theorem: There is an infinite disjoint covering generated by the linear recurrence un+2 - un+1 + un. 

We first state some easy properties of the Fibonacci numbers, Fx = F2 = 1, Fn+2 = Fn+l+Fn 

for« = l,2,.... Le t a = j ( l + V5)and/?=4(1-V5). Wehave 

(1) a < l , -1<J3<0 
and 

(2) a\0\=l. 

For the Fibonacci numbers, the Binet formula 

(3) F» = ̂ f f ("SN) 

holds. 
For all i eN, let uf u ui2 eN and the sequences (uUn)n^ be defined by 

( 4 ) UUn+2=UUn+l+UUn' 

Then we have 
( 5 ) uun = Fn-iuu2 + Fn-2Uui 

and 

(6) \n+l = a\n+Pn~2(P\2+\l) 

for all i9n E N , « > 2 . 

Proof of the Theorem: We will construct sequences (^ w)weN of natural numbers for all i eN 
generated by (4). 

Start with (ut n)n^ = (Fn+l)nEN and assume that (ut n)neN has been constructed for i = 1, 2, 
..., k -1 for some k eN, k > 2, and that uin = ujm if and only if m = n and / = j (/ <k,j< k). 
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Now we construct (uktn)nGN with the same property. Let Vt = {uJ9fl\n GN, j = 1,23..., /}. 
By (1), (3), and (4), we have N\^_ 2 * 0 . Thus, we can choose 

(7) i i w = min(N\Fw). 

We will show that there are uk^2 G N with 

(8) %,2>%,i 

and 

(9) ii^2>max{nt2|j = l , 2 , . . . , * - l} , 

such that the sequence (%jW)weN generated by (4) has the following property P: 

(P) If i < ky then uka n i=- uu m for all w, wi G N. 

Let M^ = max{%jl3 ul>2, u2^ ..., %-i,2}- Then % 2̂ > M^ is equivalent to (8) and (9). 
Let 5^ G R be sufficiently large. More precisely 

(10) Sk>Aa\A{>\) 

and 
(11) ^>5(^ - l ) ( ( log4^) / loga ) 2 +M, 

(e .g . :^ - ( (5 (^- l ) / log 2 a ) 2
 + l)M,). 

To prove the existence of %j2
 E(^4? ^ ] ^ N such that (%JW)WGN ^as property (P), we first 

count the number of those integers % ) 2 G ( M b ^ ] n N such that (ukt„)„^ does not have 
property (P). For these %? 2, there are m,n GN and i G {1,2,..., k -1} with 

(12) Uk,«=*l,m' 

From (7), (8), and (9), we get n > 2 and m > 3. By (5) we can write (12) as follows: 

^ K - 1 % , 2 + ^ - 2 % , l = Fm-lUi,2+Fnt-2UUl-

We obtain 

(13) n<m 

and by (3) also 
an-l~pn~l an-2-(3n-2 _am-l-pm-1 / " 2 - / ? f f l " 2 

^ — % , 2 + ^ % , 1 " ^ \ 2 + ^ «l,i-

Since «i i 2 ^ ̂  and |/?|< a/2, we get 

g^'-nr1 «""2-i^r2 «"~2+î r2 

la™"1 {a""2 

2a"-1 ''2 2a"-1 u M 
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Observing (10), this implies 

SSk +4(Sk +4«-1«M) * a"""'l(au
i,2 +"u> > ASa"""-1 

2Sk>am-"-1 

(14) ]^2SL>m_n_l 
log a 

We have uk n+1 ^ wz w+1. Otherwise we would get from (12) and (4) that uk £ = ut m_n+i for all 
£ G N . In particular, ukl = uim_n+l would contradict (7). 

Using this and (6), (12), (1), (13), (8), (9), (2), and uka <Sk,we get 

l-\Uk,n+l~Ui,m+l\ 

^i^r2(iM,2M%,ii+i^2i+iH-,ii) 
<i^r24%,2<a-^2>4^ 

a"-2<4Sk 

log 45^ „ 
log a 

Combining this with (14), we obtain 

tog 25^ ,^og2Sk log 4 ^ ^^Aog4Sk 
(15) m<—-—-+w + l< —-—^ + —-—- + 3<3—-—L . 

log a log a log a log a 
Now we will give an upper bound for the number of triples {n,mj) such that ukn -uim^ 

l<i<k-l. In this case (15) holds. First, fix / and m. 
Since 2<n<m, there are at most m - 2 possible values for n. Since 

3 < m < (3 log 45^ ) / log a, for fixed /', 
there are at most 

2^ loga J [ loga J 
' l o g 4 ^ 2 

log a 

possible pairs (w, n). 
Finally, since l<i <k-l, there are at most 

, lna4.V. X 

5(*-l) 
log4^ 
log a 

possible triples (n,m,i). To each triple such that uhn-uim, l<i<k-l belongs exactly one 
ukt2 ^(Mk, ̂ I n N , because for two different values of ukl and the fixed value of uk 1? the 
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recurrence (4) would give two different values of ukf„9 both of which cannot be equal to ut n. 
Consequently, there are at most 

5 ( £ - l ) | ^ - ^ 
^ log a 

values of % 2 e(Mkt Sk]nH such that ukin=ujm for some n,m,l<i<k-l. Therefore, the 
number of values ukA e(Mk} ^ ] n N such that uk * uim for all n, m, 1 < / < k -1 is at least 

Sk-Mk-5(k-l)\ (lQg4^ 
log a 

which is positive by (11), and hence the choice of such an uk2 is possible. 
This induction on k shows that there are infinitely many sequences (%?w)weN- Every natural 

number occurs in one of these sequences by (7). It occurs exactly once by property (P) which 
holds for these sequences. 
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