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Burke and Bergum [1] called a (finite or infinite) family of nth-order linear recurring
sequences a (finite or infinite) regular covering if every natural number is contained in at least one
of these sequences. If every natural number is contained in exactly one of these sequences, they
called the family a (finite or infinite) disjoint covering. They gave examples of finite and infinite
disjoint coverings generated by linear recurrences of every order n. In the case of the Fibonacci
recurrence u,,, =u,,, +u,, they constructed a regular covering which is not disjoint and asked
whether a disjoint covering in this case exists as well. The following theorem answers this
question.

Theorem: There is an infinite disjoint covering generated by the linear recurrence u,,, =u,,, +u,.

We first state some easy properties of the Fibonacci numbers, /;=F, =1, F, ,=F,  +F,

n+l.
forn=12,.... Let a=1(1++v5) and B=1(1-v5). We have

1) a<l, -1<f<0
and
@ alBl=1
For the Fibonacci numbers, the Binet formula
3) ‘ F =22 (eN
NG (neN)
holds.
Foralli eN, let %, ;, 4, , eN and the sequences (i ),y be defined by
(4) ui, n2 = ui, n+l + ui, n
Then we have
(5) U, = F gt o+ Fy g
and
6) U ey = 0, + B BY, 5 1)

foralli,neN,n>2.

Proof of the Theorem: We will construct sequences (%, ,),ey Of natural numbers for all i N
generated by (4). :

Start with (¥ ,),ev = (Fr41)nen and assume that (%, ),y has been constructed for i =1, 2,
..., k—1for some k €N, k>2, and that 4, , =, , ifand onlyif m=nandi=j (i<k,j<k).
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Now we construct (, ,),oy With the same property. LetV; = {u, ,|n €N, j=12,..,i}.
By (1), (3), and (4), we have N\V,_, # &. Thus, we can choose

Q! w1 = min(N\V, ;).

We will show that there are #, , €N with

®) 0 > Uy )

and

©) U >max{y ,li=1,2,.. k-1},

such that the sequence (u; ,),ov generated by (4) has the following property P:
(0] Ifi <k, thenw, ,#u , foralln,meN.

Let M, =max{u, 1,1 5,4 ,,...,%.; »}. Then u, , > M, is equivalent to (8) and (9).
Let S, €R be sufficiently large. More precisely

(10) Sez4au,; (>1)
and
(11) S, > 5(k - 1)((log 4S,) /log @)’ + M,

(e.8.: S, =((5(k-1)/log* @)* + )M, ).

To prove the existence of u, , e(M,, S, ]NN such that (u, ,),y has property (P), we first
count the number of those integers u, , €(M,, S, ]NN such that (#, ,),n does not have
property (P). For these u, ,, there are m,n eNand i €{1,2,..., k -1} with

(12) uk,n :ui,m'
From (7), (8), and (9), we get n>2 and m > 3. By (5) we can write (12) as follows:

Foy o+ B gy y = F gt o+ Fp oty
We obtain
(13) n<m
and by (3) also
an—-l _ﬁn—l an—Z _ﬁn—2 am—l _ﬂm—l am—2 _ﬂm—Z

"T”k,ﬁ NG U= NG U 5+ 5 U .

Since u;, , <8 and |B|< /2, we get

_ - 2 -2 -2 -2
e e
k k,2 an—1+‘ﬁln41 i,2 an—1+|ﬁln—]l i1 an—l_lﬂln—l s
1 ,,m1 1 ,m2
2 -1
2 U, + = u—4a .
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Observing (10), this implies
8S, +4(S, +4a u, )= " " (am, , +u, ) > 4ga" !
28, > o™t
log2s§,
_logg_ak_ >m-—

n-1

(14)

We have u, ., #u, ,,,. Otherwise we would get from (12) and (4) that ; , =4, ,,_,., for all
£ eN. In particular, u, , =#, ,,_,., would contradict (7).
Using this and (6), (12), (1), (13), (8), (9), (2), and u;, , < §,, we get
1<ty i1 = 8y ol

=|au, ,+ ﬂn_z(ﬂ”k,z Uy 1) — Uy — ﬁm—z(ﬂ”i, 2+ )|

<|p? |Buy 5+ 1 1| +1B] 2 | Bu; 5+ |

<BI? (18w, oy 5|+ B ol + 1w 51

< ,Bl"_24uk, , <a D48,

a"*<48S,

<085 o
loga

Combining this with (14), we obtain

< log2s$, ntl< log2s§, +log4Sk 43 S3log4Sk .

loga loga loga loga

(15)

Now we will give an upper bound for the number of triples (n,m,i) such that u, , =u ,,
1<i<k-1. In this case (15) holds. First, fix i and m.

Since 2 <n <m, there are at most m—2 possible values for n. Since

3<m<(3log4S,)/loga, forfixedi,

2
1{3log4sS, 1 3log4s, APT log4S,
2\ loga log loga
possible pairs (m, n).
Finally, since 1<i <k —1, there are at most

2
S(k - l)(log4Sk]

logx

there are at most

possible triples (n,m,i). To each triple such that u, ,=u, ,,, 1<i<k-1 belongs exactly one

i,m>

U, €(My, S, 1NN, because for two different values of u, , and the fixed value of u, ,, the
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recurrence (4) would give two different values of u, ,, both of which cannot be equal to U ,.
Consequently, there are at most
2
5(k — 1)(19_5_45_k)

loga

values of u, , €(M, S,]NN such that u, , =u , for some n,m,1<i<k-1. Therefore, the

1

number of values u, , e(M, S, 1NN suchthat u, , #u, , forall n,m,1<i<k-1is at least

2
S, - M, —5(k - 1)(M) ,
loga

which is positive by (11), and hence the choice of such an #u, , is possible.

This induction on & shows that there are infinitely many sequences (u, ,),y. Every natural
number occurs in one of these sequences by (7). It occurs exactly once by property (P) which
holds for these sequences.
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EXE X

GENERALIZED PASCAL TRIANGLES
AND PYRAMIDS
THEIR FRACTALS, GRAPHS, AND APPLICATIONS

by Dr. Boris A. Bondarenko
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent

Translated by Professor Richard C. Bollinger
Penn State at Erie, The Behrend College

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406
references, an appendix with another 126 references, many illustrations and specific examples.
Fundamental results in the book are formulated as theorems and algorithms or as equations and
formulas. For more details on the contents of the book see The Fibonacci Quarterly, Volume 31.1,
page 52.

The translation of the book is being reproduced and sold with the permission of the author, the
translator and the “FAN” Edition of the Academy of Science of the Republic of Uzbekistan. The
book, which contains approximately 250 pages, is a paper back with a plastic spiral binding. The
price of the book is $31.00 plus postage and handling where postage and handling will be $6.00 if
mailed to anywhere in the United States or Canada, $9.00 by surface mail or $16.00 by airmail to
anywhere else. A copy of the book can be purchased by sending a check made out to THE
FIBONACCI ASSOCIATION for the appropriate amount along with a letter requesting a copy of
the book to: RICHARD VINE, SUBSCRIPTION MANAGER, THE FIBONACCI ASSOCIATION,
SANTA CLARA UNIVERSITY, SANTA CLARA, CA 95053.
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