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INTRODUCTION

A palindrome is a finite sequence of positive integers which is unchanged when written in
reverse order. Sometimes such sequences are referred to as symmetric (see [3] and [5]). The
objective of this paper is to show how some simple properties of palindromes can be used to
obtain results in elementary number theory. We give new elementary proofs of known results and
what appear to be some new results.

In §1 we prove some elementary properties of palindromes and their associated finite contin-
ued fractions. In §2 we apply the properties established in §1. The reader will note that the
application of Proposition 4 of §1 constitutes a method for obtaining the results of §2.

1. ELEMENTARY PROPERTIES OF PALINDROMES

Let n be a nonnegative integer. We call a sequence of positive integers a = {a(0), a(1), --.,
a(n)} oflength n+1 a palindrome if a(i) = a(n—i) for 0<i<n.

Example: Let n be a nonnegative integer and define the sequence « by

. n n!
a@) =\ |=———,
® (’) (n—i)li!
for 0<i<mn. The condition for & to be a palindrome is the well-known binomial coefficient
identity (;‘)=(n'_’ ,.).
We are especially interested in sequences of positive integers generated by the division
algorithm (see [1]). Explicitly, if P and Q are relatively prime integers such that 1< QO < P. Then

(see [1], p.325) P and Q uniquely determine two sequences of positive integers « and r as
follows:

P =a(0)0+r(0), 0<r(0)<Q;
Q= a(r(0)+r(), 0<r(1) <r(0)
F(i—2) = aliyr(i—1)+7(), 0<r(@)<r(i—1); (1)

r(n-3) _ a(n-Dr(n-2)+r(n-1), l=r(r-1)<r(n-2);
r(n-2)=a(mrn-1)=a(n).

Since a(n)=r(n-2)>1, we have a(n)>2. We call a the sequence of quotients and r the
sequence of remainders determined by the pair (P, Q). For any integer ¢ we define

_(c 1
(6 )

The equations in (1) are equivalent to
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Aa(i)(r(ri(;)l)) = (;8 : %))), for0<i<n,
where r(-2) = P,r(-1)=Q, and r(n) =0. Hence

Aa(O)Aa(l) o Aa(n)(%)) = (5) 2

Let « be any sequence of positive integers of length #+1. If we define

E O\ _
(Pi—l Qj—]) h Aa(i)Aa(i'l) ot Aa(O)) (3)

then it is known (see [6]) that

P10, =[a(0), a(l),..., a(n)]= a(0) +

a(l)+
a(2)+ -, 1 4

ai-1)+

a(i)
a finite simple continued fraction. The elementary properties of continued fractions that we need

can be found in [1]. In what follows we denote the greatest integer function by [ J.

Lemma 1: Let a={a(0), a(l),..., a(n)} be a sequence of positive integers of length 7+1> 2.
If

£ 0,
Aa(n)Aa(n-l) Aa(O) = (Pn—l 0 _1),

then P,/ (), is not an integer and [P, / Q,] = a(0)

Proof: Using (3) and (4), we have P,/Q, = a(0)+1/[a(1), a(2),...,x(n)]. So we need
only show that [a(1), a(2), ..., a(n)]> 1 to obtain the result. To that end, we note that because
n+1>2 [a(), a(2),...,a(n)]= a(2) > 1. Thus,

[a(]), a(2), ..., a(n)]= a(Q) +1/[a(2), a(3), ..., a(n)]> a(]).
Now, since (1) > 1, the conclusion follows. O

The following Lemma, accounting for a difference in notation, can be found as an exercise in
[6, p. 251]. Since we use it in an essential way, we provide a proof for the sake of completeness.

Lemma 2: If a and J are two sequences of positive integers of lengths n+1 and m+1, respec-
tively, then

AxmyAain1) - Aa0) = ApemyApm-1) -+ Ap(0) 5)
ifand only if n=m and a=p.

Proof: We will proceed by induction on the length of the sequence a. If n+1=1,
thenn=0 and
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a(0) 1)_ (B On
( 1 0)_Aﬂ(M)Aﬂ(m—l)'”Aﬂ(0)_(Pm_l 0. )

Thus, a(0)= P, /0, is an integer. So, by Lemma 1, m<1. Now det (f (1)) = -1, for any integer
¢, where det( ) is the determinant. So, if m =1, we would have —1= det(4,q,) =det( A4z Ag0))
=1 Thus, m=0 and a(0) = £(0)

Now assume our result is true when the length of « is less than n+1, withn>1. We first
note that m>1. Because, if m =0, we argue as above, with the roles of a and f interchanged,
and conclude that n= 0. Multiplying both sides of (5) on the left by 4;, we have

| P O,
Ay Aoy = A gy - Agoy :( B Q:)'

Because {a(0), a(1), ..., a(n), 1} and {B(0), B(1), ..., f(m), 1} both have length bigger than 2, we
have by Lemma 1 that a(0)=[ P,,,/ O,., 1=/(0). Finally, multiplying both sides of (5) on the
right by the inverse of 4,,, we have

Aatmy Aatn- " Aaqy = Apony Apon-1) ** Apary-
Hence, by the induction hypothesis, {a(1), a(2), ..., a(n)} = {1, B(2), ..., f(m)} and, thus,
n=mand a=4. 0O

Proposition 1: If « is a sequence of positive integers of length n+1, then « is a palindrome if
and only if the matrix

) . Ag(nyAan-1) *** Aa(o) (6)
is symmetric.

Proof: Since each A, is symmetric, the transpose of (6) is

A

a

©Aaqty " Aan)-

So by Lemma 2 the result follows. O

Proposition 2: 1If a is a palindrome of length n+1 and

P, 0 )
A,nA A= " no 7
a(n)“a(n-1) (0) (Pn—l Qn—l ( )

0p =(-1)" (mod R)).

Proof: By Proposition 1, P, , =(,. Since the determinant of 4, is -1 for all i, we have,
by taking determinants in (7), (-1)"*' = PO, , - 02 and, thus, 0? = (-1)"+P,Q, ,. O

Then

Now we give an elementary proof of an easy extension of a result which can be found in [3].

Proposition 3: Let P and Q be integers such that 1< Q < Pand Q> = +1 (mod P). Then there
exists a palindrome « of length n+1 with

P Q0
Aa(n)Azz(n—l) Aa(O) = (Q 0, _1)

where 07 = (-1)" (mod P). Further, « is uniquely determined by P and Q.
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Proof: Let a be the sequence of quotients in the division algorithm determined by the pair

(P,0). Set

B, 0,
Aa(n)Aa(n—l)“'Aa(O):(P 1 Qn—l) v

Taking the transpose in (2) we have (I 0)4,., 4ynt) ** Auy = (P O). Thus, P,=P and
0,=0.

Taking determinants in (8), we have (-1)""' = PO, ~0? and, thus, P,_,Q = (-1)"+PQ, ,.
Further, because 0 = =1 (mod P), we have

B, =—(ED)(-1)"Q (mod P). ®
Next, because

P P,_
Aa(O)Aa(l) Aa(n) = (Q 0 _11),

we have P/ P,_, =[a(n), a(n-1), ..., a(0)]= a(n). We know, from (1), that a(n) >2 and, thus,
P_,<P/2. Now,if Q< P/2,then (9)implies that 0= P,_;. So, by Proposition 1, « is a palin-
drome.

Suppose P/2<Q<P. Then1<P/Q <2 and a(0)=[P/Q]=1. Next, if we multiply both
sides of (8) on the left by

- 1 0
AlAa(n)—lAa(ln) = (1 _1)
we have

P
A]_Aa(n)—-lAa(n—l) ‘” Aa(o) = (P - ‘F;'I—l Q - Qn-—l )

Taking the determinant, we have P(Q -0, ,)—(P - PF,_,)0 =(-1)" and, so,

(P-DF —P(F— 9= (G}
Hence, (P-Q)P, ,=(-1)"" (mod P). Because P—(Q=-0 (mod P), we have (P - 0) =+l
(mod P) and, thus,

P, =—(xI)(-1)™" (P~ Q) (mod P). (10)
Since P~Q<P/2and P,_; <P /2, (10) implies that P—Q =P, ,. Thatis, Q=P - F,_; and, so,
by Proposition 1, {a(0), (1), ..., a(n—1), a(n)—1,1} is a palindrome.

Now we prove uniqueness. Let « be the palindrome constructed above and £ another of
length m+1 with

P 0O P Q
Aumy Aaen-n) *** Aao) :(Q Qn—l) and Agimy Apomy =+ Apco) :(Q R)‘
Taking determinants, we have PQ, —(0*=(-1)"" and PR-Q*=(-1)""". Thus, 0*=(-1)"
(mod P) where, because P > 2, we must have (-1)" = (-1)". Hence, P(Q,_,— R) =0 and, thus,
R=0Q, . Finally,byLemma2, a=4. O
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Corollary 1: Let P and Q be integers such that 1<Q < P and O* =+1 (mod P). If « is the
sequence of quotients in the division algorithm determined by the pair (£, J), then ¢ or {0(0),
a(l), ..., n—1), a(n)—1, 1} is a palindrome.

Proof: 1t follows from (1) that o«(n) > 2. Further, the palindrome referred to in Propositioin
3 was shown to be either o or {0(0), (1), ..., c(n—1), a(n)—1,1}. O

Proposition 4: Let o be a sequence of positive integers of length #+1 and » a nonnegative inte-
ger such that

rQ
AsmyAain-1y " Aoy = (p 0 —1)’ (1mn)

n-1

where 0% = %1 (mod P) and 1<Q < P, with P >2. Then we have exactly one of the following
possibilities:
(@) o is a palindrome and Q% = (~1)" (mod P).
(B) on)=1, {o(0), o(1),..., c(n—2), o(n—1)+1} is a palindrome, and 0% = (~1)"*"' (mod P).
() a(n)>1, {a(0), (1), ..., c(n—1), o(n)—1,1} is a palindrome, and 0% = (~1)"*' (mod P).

Proof: If a(n)> 1, then o is clearly the sequence of quotients in the division algorithm for
the pair (P,(Q). Hence, by Corollary 1, either o or {o(9), ol(1), ..., (n—1),0(n)—1,1} is a
palindrome. Now, if o is a palindrome, then by Proposition 2, 0% = (~1)" (mod P). Next, if
{(0), a(l), ..., a(n—1), (n) -1, 1} is a palindrome, then multiplying both sides of (11) by

4 (10
A Ay~ 1450 = (1 ) ]),

we have

P 0
AlAa(n)—lAa(n—l) Aa(O) = (P -P_, 0-0 _1)-

So, by Propositions 1 and 2, P— P, ; = Q and 0* = (~1)""" (mod P).
If oi(m) = 1, then multiplying both sides of (11) on the left by

- - 1 0
Aa(n—1)+1Atx(ln—1)A1 = (1 — 1)

we have

P 0
Aa(n—1)+1Aa(n—2) Aa(O) = (P -P., 0-0 _1)» (12)

So, again, {a(0), o(1), ..., a(n—2), a(n—1)+1} is the sequence of quotients in the division algo-
rithm for the pair (P, ). Hence, by Corollary 1, {c(0), c(1), ..., a(n—2),0(n—1)+1} or ois a
palindrome. If n=1, we understand {0(0), (1), ..., (n—2), e(n—1)+1} to be {a(0)+1}.
Now, if {(0), &(1), ..., (n—2), a(n—1)+1} is a palindrome, then (12) and Proposition 2 give
0% = (-1)™ (mod P).
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Next, we show that two of these possibilities cannot hold at the same time. Clearly (b) and
{c) cannot both be true. If (a) and (b) or (a) and (c) hold, then O0? = (~1)" (mod P) and O =
(=) (mod P). Thatis I =—1 (mod P), which is impossible since P >2. 0

If o is a sequence of positive integers of length 7+ 1, we obtain a sequence o, of length » by
deleting o(0). Specifically, o, (i) = o(i +1) for 0<i<n—1. Thatis, ¢, = {o(1), ®(2), ..., a(n)}.
Further, if o(n) > 1, we form a sequence o of length n+1 by deleting o(0) and replacing oi(n)
by {a(m)—1,1}. That is, of = {a(1),..., 0(n-1), a(n)— 1,1}, where a*(}) = o(i +1) for 0<i <
n-2, c*(n—-D=oa(n)-1and a*(n)=1

Proposition 5: If o and o, are both palindromes, then o(7) = o(0) for 0<i<n.

Proof: 1f0<i<n-1, theno(i+D) = ()=, (n-1-)= o). O
Proposition 6: If o(n)>1 and both & and o are palindromes, then we have two possibilities:
fa) Ifnisodd, then (0)=o(n)=2 and a(i)=1for 1<i<m-1

(b} If n is even, then a(0)=a(n)=c>1. Further, a2k-)=1for 1<k <n/2 and o(2k)=
c—~1forl<k<n/2.

Proof: If O<i<n-2, then o*(i-D=a(i)=o(n-i)=a*(n—i-1)=o*@+1) = o(i +2).
Hence, 1=o*(n)=a*(0)=0(l)=a(2k-1) for 1<k<[n/2]. Further, o(2)=0(2k) for
1<k <[n/2], where a2) = o*() = o*(n—1) = o(n) ~ 1= o(0) - 1.

So, if n is even, we have proved (b). If » is odd, theno((n—-1)/2)=a(n—-(n—-1)/2) =
o(n+1)/2). Since one of (n—1)/2 and (n+1)/2 is even and the other odd, we must have
o) =1 for 1 <i <n—1. Further, since 1 = a(2) = 0(0) -1, we also have a(0) = o(n)=2. O

2. APPLICATIONS

In what follows, we sill prove four propositions. Propositions 7 and 10 are known results
and we give new elementary proofs. Propositions 8 and 9 are of the same general type as
Proposition 7 and are apparently new.

We define a sequence of polynomials as follows: J;(X)=0,Jy(X)=1 and J,,(X)=
X (X)+J,_(X) for k 20 or, equivalently, for k >1,

(Jik-l((XX)) f,fiigri):()f é)k- (13)

Remark 2: Tt is easy to see that {F, = J,_;(1)|k =0} is the sequence of Fibonacci numbers.
The following is an elementary proof of a result of Owings (see [2]).

Proposition 7: If P and Q are integers with 1< Q < P, 0% = —1(mod P) and P* =1 (mod 0),
then there exists an odd integer & such that

Q=F, and P=F,,,

where F, is the k™ Fibonacci number.
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Proof: 1f Q=1, then 0* =—1(mod P) and P> () implies that P=2. Hence, Q= F, and

P=F,. Next,if Q=2,then 0 = -1(mod P) implies that P=5. So Q=F,and P=F;.
From now on, we will assume that Q > 2. By Proposition 3 there is a palindrome o of even
length #+1 such that

P Q
Aa(n)Aa(n—l) Aa(u) = (Q o) _1)

and 0% = (-1)" (mod P). We will prove that o* is a palindrome. To that end, we note that

P-o(0
Aa(n)Aa(n_1) Aa(l) = (le 0- ao(cé)égl)

Since P— 0(0)Q = P (mod Q) and P? =—1(mod ), we have that (P — 0(0)0)* = -1 (mod Q).
Now, because () > 2, we have by Proposition 4 exactly one of the following possibilities:

(@ {o(1), a(2), ..., (n)} is a palindrome with (P — c(0)0)* = (=1)""" (mod Q);

() o(n)=1and {a(l), ..., o(n—2), c(n—-1)+1} is a palindrome with (P—c(0)Q)* =(-1)"
(mod Q);

(© o(n)>1and or* = {(1), ..., (n—1), a(n) - 1,1} is a palindrome with (P — a(0)Q)* = (-1)"
(mod Q).

The case (a) cannot hold since n—1 is even, and the two congruences, P —o(0)Q =P
(mod Q) and P?=-1 (mod (), imply that 1=—1 (mod Q). Contradicting that 0>2. Now,
suppose o(n) =1 and {c(1),..., (n—2), o(n—1)+1} is a palindrome. Since 7 is odd, it follows
that »>2 and, thus, a(n—1) = (1) = a(n—1) +1 yields a contradiction. Hence, we have shown
that ou(n) > 1 and o* = {0(1), ..., a(n—1), o(n)—1, 1} is a palindrome.

Because o and o are both palindromes and » is odd, we have, by Proposition 5, that
o(0)=0(n)=2 and oi) =1 for 1 <i <n-1 Hence,

-1
Ay Aan-n  Auqy = AT 4,

o

=i 8] =(0 )

But, from (13) we have

Hence,

n— — Jn— (l) J- (1) — Jn+ (l) Jn+ (1)
4 IAZ‘Ai(Jn_ia) J,,-i(l))"“z“(fni(l) J-i(l))'

We have already observed that F;,, = J,(1) for i 20. Thus, the result is established. O

Proposition 8: If P and Q are integers with 1< 0 < P, P2 = +1(mod Q) and Q* =—(£1) (mod
P), then there exist integers £ > 0 and ¢ > 1 such that J,(c) = Q and J,,,(c) = P.
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Proof: 1If O =1 then, for any P >1, we have J,(P)=Q and J;(P) = P. Next, if Q =2, then

Q% = —(+1) (mod P) implies that P =3 or P=5. If P =3, we have J,(1)=2 and J;(1)=3. For
the case P =5, we have J;(2) =2 and J,(2) =5.

From now on, we will assume that O >2. By Proposition 3, there is a palindrome o of
length n+1 such that

P
Aoy Aty Aty = ( ; QQ_ 1)

where 0% = (~1)" (mod P). We will show that o* is a palindrome. To that end, we note that
Ay Ay = Ay = .
o(m) Zer(n-1) M (Qn—l Q - a(O)Qn—l

Now, since P~ o(0)Q = P (mod Q), it follows that (P — a(0)Q)* = —(~1)" (mod Q). Therefore,
because () > 2, we have, by Proposition 4, exactly one of the following possibilities:

(@ o, ={o(l), 0(2),...,(n)} is a palindrome with (P — 0(0)Q)* = (-1)""" (mod Q); 7
() o(n)=1and {a(l),...,0(n—2), (n—1)+1} is a palindrome with (P - o(0)Q)* =(-1)"
(mod 0);
(¢) o(n)>1and {()), ..., n—1), (m)—1,1} is a palindrome with (P-o(0)Q)* =(-1)"
(mod Q).
If either (b) or (c) holds, it follows, by Proposition 3, that(P — 0(0)Q)* = (=1)" (mod Q). Since
P-a(0)0 = P (mod Q) and P* =—(-1)" (mod Q), we have (-1)" = —(-1)" (mod Q), but Q0 >2
makes this impossible. So ¢, is indeed a palindrome.
By Proposition 5, o(i) = 0(0) =c for 0<i<n. Thatis, a¢={c,c,...,c}. Thus,

(e Y _(Jw(© J,©
A =(§ o) =(5 Q)
and hence our result. O

We need another sequence of polynomials as follows: H_;(X) =0, Hy(X) =1 and, for k£ >0,
H, (X)=(X+)H (X)—- H,_,(X). Equivalently, for k >1,

(0 ) (e )

Proposition 9: Suppose P and Q are integers with 1<Q < P, 0* =1(mod P), P* =1 (mod Q),
and P # Q+1. Then there exist integers £ and ¢ such that H,(c)=(Q and H,,,(c)=P.

Proof: By Proposition 3, there exists a Palindrome o of odd length #+1 such that
P Q )
AgemyAoinn *** Ageoy = .
o(n)“*o(n~-1) o(0) (Q Qn—l
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We will prove first that o* is also a palindrome. To that end, we observe that

P-o(0
Aot Aagrn = Aay = (Qg—l 0- Oﬂo((é)s)Qg_l)‘

Now Q> 2 since, otherwise, 0* =1 (mod P) implies that P =3. That is, P =(Q+1, a case we
have excluded. Next, P-a(0)Q =P (mod Q) gives (P - o(0)0)* =1(mod Q). Now, since
0>2 and (P- a(0)Q)* =1(mod Q) we have, by Proposition 4, exactly one of the following
possibilities:

(@ {o(1), 0(2), ..., o(n)} is a palindrome and (P — a(0)Q)* = (=1)"" (mod Q);
®) on)=1{c(l),..., (n—2), a(n—1)+1} is a palindrome and (P - o(0)Q)* =(~1)" (mod

OF
© om)>1 0 ={o(l),.., on—-1), a(n)—1,1} is a palindrome and (P-a(0)Q)* =(-1)"

(mod Q).

If (a) were true, we would have (P — a(0)Q)* = —1(mod Q), since n—1 is odd. However,
(P - a(0)Q) = P (mod Q) and P* =1(mod Q) give 1=-1(mod Q), contradicting the conclusion
that 0> 2.

Next, if (b) is true and #»>2, with o and {o(1), ..., (n—2), e(n—1) +1} both palindromes,
implies that a(n—1) = a(1) = a{n—1)+1, which is clearly impossible. So, if (b) is true, we have
n=2 and, thus, o= {1, x(1),1}. However, in this case, J=o1)+1and P = (1) +2, a case we
have excluded. Hence, o((n) > 1 and o is a palindrome.

Since o and o* are both palindromes and 7 is even, we have, by Proposition 6, that o(0) =
on)y=c>1L1=a(l)=02k—1) for 1<k <n/2 and a(2k)=c-1 for 1<k <n/2. If n=2,
then

2
+1 -1Y{(1 O
Aa(n)Aa(n—l) Aa(O) = A A4 = (c 1 0 ) (0 —1)'

An easy induction on #n gives, in general, that

(n+2)/2
c+1 -1 1 O
Aa(n)Aot(n—l) Aa(O) :( 1 0) (0 _1)-

k
Now, recalling that (X N 1 ”01) = ( éi:((XX)) :g:g(g)we have

A A | :(HH/ZH(X) —H,,(X) )(1 0): (Hn/zu(c) H,,(c) )
) ~orn=D #(0) H(X) —H, (N0 -1 H,p(c)  Hypy(0)

and thus our result. 0

Remark 3: 1In the above result ¢=[P/Q]. Furthermore, by Leme's Theorem (see [4]),
n<S5log;,(Q), and so k =n/2 <(5/2)log;o(Q) <(5/2)log,,(P/2).
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If D is a nonsquare, positive integer, then it is known (see [1]) that 6 = ﬂ\/ﬁ]lJm/B has an
infinite purely periodic continued fraction expansion. Let p be the smallest period of 8. Our

notation is 6=[ay, a, ..., a,;]. We now give an elementary proof of a known result (see [5]).

Proposition 10: We claim that {a},a,, ...,a,_,} is a palindrome.

Proof: Set o={0(0), (l),..., c(p)}, where a(i)=a,for0<i<p-1 and o(p)=aq,.
Setting

P -1 Q -1
Aap-Aa(p-2) " Ao = (P;_z 2

we have (see [1], p. 329)

0P, ,+P,,

-1
0=[c(0), (), ...,(p-1),0]= —————BQ”_I 0.,
Thus, 6 is a root of the quadratic polynomial equation
f(X)= 0, X* +(Qpy = P, )X = P, , = 0.
However, the minimal polynomial of 6 over the rational numbers is
m(X) = X?-a(0)X +(a(0)-4D)* -4D)/ 4.
Because m(X) divides the polynomial f(.X), we have 0, , - P,

Pp—l = a(o)qp-l +Q -2 = Qp’

1= -0(0)Q,,. Thatis,

where

p 0
Ao(p) Ao " Aao) = ( P 5 Q,,:)’

p-1

So, by Proposition 1, o= {a,,qy, ...,a

-1, } is a palindrome. Thus, it follows that {a;, ...,a, |}
is a palindrome. O

Remark 4: If P is a positive integer such that P >1 and P is a product of primes congruent to 1
modulo 4 or twice such a product, then there exists an integer Q with 1<Q < P/2 and 0* = -1
(mod P). By Proposition 3, there is a palindrome oy = {(0), a(1), ..., a(n)} of even length
Ly =n+1 suchthat P/Q=[a(0), o(1),..., cn)]. We define the index of P by

I(P) =min{ L,|Q}.

It is clear that for any integer of our type, /(P) =2 if and only if there is a positive integer m such
that P =m* +1. The following seem to be natural questions:
(1) Are there infinitely many integers P of index /, for i an even integer bigger than 4?
(2) Let M be a positive integer such that M >2. Are there infinitely many primes P, with
P =1 (mod4)and I(P)<M?
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In (1) we have restricted ourselves to /(P) >4, because the curious reader will find it easy to
produce an infinite number of P with /(P) = 4. Further, (2) simply generalizes the question: "Are
there infinitely many primes of the form m” +1?

Remark 5: 1In Proposition 7 we describe all pairs of positive integers P and Q with P? =1
(mod Q) and O? =1 (mod P). This problem was posed by Tom Cusick of the University of Buf-
falo at a meeting of the Seaway Number Theory Conference in May 1991. We understand that he
also has a description by a different method.
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EXEXE XS

GENERALIZED PASCAL TRIANGLES AND PYRAMIDS:
THEIR FRACTALS, GRAPHS, AND APPLICATIONS

by Dr. Boris A. Bondarenko
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent

Translated by Professor Richard C. Bollinger
Penn State at Erie, The Behrend College

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406 references,
an appendix with another 126 references, many illustration and specific examples. Fundamental results in the
book are formulated as theorems and algorithms or as equations and formulas. For more details on the contents of
the book, see The Fibonacci Quarterly 31.1 (1993):52.

The translation of the book is being reproduced and sold with the permission of the author, the translator, and
the "FAN" Edition of the Academy of Science of the Republic of Uzbekistan. The book, which contains approxi-
mately 250 pages, is a paperback with a plastic spiral binding. The price of the book is $31.00 plus postage and
handling where postage and handling will be $6.00 if mailed anywhere in the United States or Canada, $9.00 by
surface mail or $16.00 by airmail elsewhere. A copy of the book can be purchased by sending a check made out to
THE FIBONACCI ASSOCIATION for the appropriate amount along with a letter requesting a copy of the book
to: RECHARD VINE, SUBSCRIPTION MANAGER, THE FIBONACCI ASSOCIATION, SANTA CLARA
UNIVERSITY, SANTA CLARA, CA 95053.

226 [AuG.



