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In [1], a solution of Problem B-705, the evaluation of the series X, a,, /(n*(%)) for the
Fibonacci numbers a, = F, and the Lucas numbers a, = L,, proposed by H.-J. Seiffert, is given.
The proof is essentially based on the power series expansion of (arcsinx)?. The same method
yields, in the case a, = 1, the Catalan-Apéry representation 72 =18 X5 k72 / (%) (see [3]).

Now it is possible to deduce a more general formula by using the Taylor series expansion

2D
(Zarcsm ) IZV(k . 1) x¥, <2, meN,. )]
Here #(k, m) denote the central factorial numbers of the first kind, which are defined by (x[:=1)
(see [2], [4])
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Observing that arcsin(a/2)=3z/10 and arcsin(f/2) =-z/10, as well as Binet's formula F, =
(@"=p") /5 and L, =a”"+ " [a=(1+~/5)/2, B=(1-+/5)/2], and noting the representation
(1), one can readily deduce

Theorem 1: For m €N, there hold
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The particular case m = 1 yields
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For m = 2, one obtains the solution of Problem B-705, and the case m =3 in (2) gives, by formula

(xxii) of [2],
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Observe that, for large k, (3)/(16F(2k +1)) ~ 47¥ k732 (see [3]).
Vice versa, the Fibonacci and Lucas numbers can be expressed in terms of the central
factorial numbers and 7z as follows.
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Theorem 2: For n €N, there hold
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Here T(k,n) are now the central factorial numbers of the second kind, given by
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The central factorial numbers of the first and second kind are connected by the orthogonality
formula ZQ’:O t(n, k)T (k,m)=46, ., N := max(n, m) (see [2]; [4], p. 213).
To prove Theorem 2, one inserts the values x =37 /5 and x = - /5 into the expansion (see
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and again uses the formula of Binet and L, = a” + ", respectively.
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