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Let ny,...,7,,... be a sequence of independent integer-valued random variables. Let S, =
m+--+n,, A,=ES, B?=varS,  P(m)= P(S,=m), and f(f,m;) denote the characteristic
function of the random variable 77, .

The local limit theorem (LLT) is formulated as P,(m) = (27B2)" -exp{~(m — 4,)* / 2B} +
o(B;") when n — oo uniformly for m.

The first results on the normal approximation of binomial distributions belong to de Moivre,
Laplace, and Poisson. Very general theorems on the LLT were obtained by von Mises in [1].
Assuming additionally that the summands are i.i.d. and have a finite variance, B. Gnedenko [2]
derived necessary and sufficient conditions for the LLT. The next step, for not i.i.d. but uniformly
bounded variables, was made by Yu. V. Prohorov in [3]. Besides those mentioned above, the
LLT problem was investigated by W. Feller [4] and C. Stone [5]. More complete bibliographical
information can be found in [6].

It is well known that for uniformly distributed random variables the LLT is equivalent to the
central limit theorem [9], [10]. Hence, it is reasonable to ask whether this holds in general. The
answer is negative. Using the Fibonacci sequence, we will construct below another sequence of
independent asymptotically uniformly distributed random variables which satisfies the central limit
theorem, has the uniform asymptotic negligibility (UAN) property but for which the local limit
theorem fails to be valid.

Let [1;1,...,1,...] be a continued fraction representation of the number ¢ = (1+\/§)/ 2. De-
note by P, /(Q; the convergents of the continued fraction of ¢, which can’be represented by the

table below.
j 1213

Poloj1|112[3]5]8

O |1|of1]1]2]3]5

It follows from the table that P, (j=0,1,2,...) is the Fibonacci sequence and F,_; = 0, for j>1.
Let us now consider a sequence of independent integer-valued random variables represented
by
L gl"'w gn]’
2. §n|+1: ] §n|+n2 >
)

J- tf,,‘+..‘+nj_l+1, EEE) §nl+---nj>

k. gn,+-~+nk_|+ln (R '5n,+-~+nk'
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Each value of the line j is assumed to take the values 0, O;, P, with respective probability
values of (P, ~2)/ P;,1/ P, 1/ P;. Thus, if &, is in row j, then

P - 2+¢"% &%

t j—
1) == ——
(P,-27+2 25,-2)
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Notice that
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We will take n; as
=[P+, @)

where [a] represents the integer part of a.
Let N, =m+---+n, and

k
B,f,k =var Sy, = Z([Pf/z]Jr 1) var &y, = O(P™).
1

First, we will verify that the sequence has the UAN property. For an arbitrary »n, we can
choose a number £ such that N,_, <n< N, . Hence,

max
1<j<n

k
& —E&|<B, and B} >3 (PP +0Nn; /P,
1

Therefore,

max
1</<n

@—EQ‘/B,,SC/P,X‘}—)Oasn—»oo,, 3)

Here and in what follows ¢ denotes a positive constant. However, the same symbol ¢ may also
stand for different constants. The preceding limit result is the UAN property. One may also
check that Liapunov's condition,

(2+6)
7 2+6
(ZEI ¢, -E¢|] J /Bn -0,
j=1
for some 6 > 0, holds.

Next, we will investigate the property of the sequence being asymptotically uniformly dis-
tributed. We use the Dvoretzky-Wolfowitz test [8], which states that this is so if, for an arbitrary
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fixed #>0 and z=1,2,..., -1, the characteristic function of the sums of the independent ran-
dom variables tends to zero at the rational point 2z« , where a = z/A.

It will be assumed, without loss of generality, that z and 4 are mutually prime numbers.
Clearly,

| F@m/h, &) | <11 B +|(B-2)/ P+ exp(2miQz 1) B
Assume (), is not a multiple of #. We can then write zQ, =mh+k,1<k <h-1. Hence,
|(P,—=2)/ P, +exp(2mizQ, | h) | F}| < é??;?ill (P,~2)/ P, +exp(2nik / h)/ P
= 15%351] (P, =3)/ P, +(1+exp(27ik / h)) | P,|
=(P,-3)/ P, +1Sr}clg}3<_1{1+exp(27zfik IB)|/ P,
<(P-1-p)/ P,
where p = p(h) = 2(1-cos(z/ h)). That is,
[f(znz/h, §Nj)‘s 1-p/ P,

Choosing n;, by (2), we obtain

|rmingy)

The latter inequality holds only when Q, is not a multiple of 4. Let us count the number of such
Q,. Since P,,Q, - P,0, =1, it follows that Q,_, and {; are not simultaneously multiples of h.
Therefore, there are at least [k /2] members of the sequence (J,, ..., O, that are not multiples of 4.
Thus,

2n; 2P
<(A-p/ P)"7/ <exp(-2p).

k 2n,;
H‘f(ZﬁZ/h, §Nj)‘ " <exp{-kp} —> 0 ask — oo
J=1

Therefore, the Dvoretsky-Wolfowitz test is satisfied.
It should be noted that in [7] we find the following necessary condition for the LLT:

I=-B J ﬁ‘f(t,fj)izdteo
k=1
£, StL2r

for any positive &, which tends to zero as n— . We will show that this condition does not

hold.
Using Taylor's expansion when |1 — 27/ ¢|<1/ By, , we write

!

76.6)f =|r@rr0. ) +li-2n10] | 10,8 |

=2zl
+|t—27t/§0|2[’f(t’ &) ﬂlr/:e/z’
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Next, each term from (4) is estimated separately in the following manner:

st [ | 16,80 +ly 210 e[|

2 2 "
i -2tof || 106 | f
t=
where ¢; =270;_,/0,.

Using P,_Q; — P,0;_; = £1 and the elementary inequality cosx >1— x* /2, we may write

(pj_z)z+2+2(1’,—2)+2+2(PJ‘“2) (1-1/227/0Q,)*)

|7 80| 2

d d )
=1- (PJPZ D (27Z'/Qj)2 > 1—(27[/Qj)2 / P, (j=2).
J
We then have
' 2(P - 2 P 2
lreanf] =-2man e -0)- 2002
t=t J
. 2P(P.-2) . "
xsin27Q, ;- J(Pj )sm27z'QQ’j1Pj
_(2£-9) 2P(P 2) inf (- 1),_125 2(P, - Q)+2P(P 2) |27
A o)/ T T o
=ﬁQ—(l—1/1’l.—Qj./1’j?)s4ﬂ/Qj. (6)
J
and
" N2
[if(t, §Nj)‘2] =2 (Pj—2)costt+(—Pj—P—§)&costt & PQ) cos(P; — Q) <1f”(0 {,‘N
J J

(P-‘Z)Q (P Q)2
=2[(P,-2)+ ij P2 )
_ B 0’ -20, OF 2
=2| P -1+ =1 7 Pj) 2AP2+QY)/ P,

Using |tj —27r/¢7| SZﬂ/Qf and taking into consideration the estimations (5) and (6), we

have
2
‘f(27r/go, §N,)| >1-Q2r/ Q| P -87%1 O} - @n/ QPP + Q7)1 P,
Furthermore,
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lresf]  <llra.a)f ]+ -2er0]| 76600
t=27/p

<4n/Q;+4n(P} +07)/ O?P,
and
l:‘f(ta 'fNj)ﬂ 32(})/-2 +QJZ)/PJ
t=0

Taking the above estimations into account for expansion (4), we have
2
| 7,60 | 21-@x/ )P 8571 0} - 87° (B2 + 01/ O} F,
~(4n/0,+ 47r(Pj2 + sz.) / sz.Pn) /By, - 2(Pj.2 + Qf) / B,%,kPj..
By a simple transformation, we obtain
2
7@ & )| 21-c/ P ~cIB, P —cP 1B},
Using the elementary inequality exp(—cx) <1—-x for0<x <1/2, and ¢ >1In4, we have
£ 2n k -3 -1 -2
mf(t, )| zexp S (B By Y+ BB
= =
Hence, we conclude that, if & is sufficiently large, then

Iy, > By, J f[llf(taétj-)
)=

[t=27/p|<By)

gt > By, | exp(-c)dt =2e°.

\t=27/p|<By,

So we have shown that the sequence (1) of independent integer valued random variables con-
structed by using the Fibonacci sequence is asymptotically uniformly distributed, satisfies the
central limit theorem, and has the UAN property, but the local limit theorem fails to be valid for

(D).
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