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The general m™-order linear recurrence relation can be written as
m
R, :Za,-R,,_,-, form=>2, 1
i=1

where the a,'s are any complex numbers, with a,, = 0. If suitable initial values R_,, 5y, R_(,_3),

..., Ry, R, are specified, the sequence {R,} is uniquely determined for all integral ».
The auxiliary equation of (1) is

x" = zm:a,x”’” . 2
i=1

Let ay, a,, ..., a,, be the m roots, assumed distinct, of (2) and define a; by

Then the fundamental {U,} and primordial {V,} sequences that satisfy (1) are given by the
following Binet formulas [1]. For any integer n, we have

m an'+m—2 m
U,=>—~— and V,=) a, 3)
ISR J=
sothat U_(, 2 =U_(p3y=-=U,=U;=0and U; =1. AlsoV,=a, and
Vi=aV,_ +--+a,_V, +ia;, for1<i<m. @)

In this paper we answer a question of Jarden, who in his book [2] (p. 88), see also [1], asked
for the value of U,,—U,V, for the m"-order linear recurrence relation. For example, when

m=2,where a, =a, =1, {U,} and {/,,} are the Fibonacci and Lucas sequences, respectively. In
this case, we have
U,,-Uy,=0.

For the general third- and fourth-order linear recurrence relations we have, respectively,
U2n - UnVn = a; -n and U2n - UnVn = (_l)na: {U—nV—n - U—Zn}‘

For the general m™-order linear recurrence relation, we have the following, very appealing
theorem.
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Theorem: For any integer n, and m> 2, we have

m-2 k
_1)
U UV = (1) ( phpl ok |
= Oln =D 2 f;okllkzt...k,.uklzkz..,ikf oV n Vil otnea-iym

where a,, is the constant term in the auxiliary equation and the inner summation is taken over all
partitions of 7 = 1k; +2k, +--- +ik; so that k; is the number of parts of size j. Here, k =k, +k, +

---+k; is the total number of parts in the partition. The coefficient of U_,, , ;),, inside the
second summation sign, is taken to be 1 when i =0.
In order to prove the above theorem, we use the following lemma.
Lemma: Using the above notation, we have
—1* .
3 CD s b= goro<ism-1),
okl kL k2% T a,
=—— fori=m.
am
Proof of Lemma: First, we note that
opl (i Ve Ta, )
1 2 3 J
)

_N (@) bk, 1k
‘E’“Z@.‘; k\ky) . k119208t VAV -V

Therefore, we need to evaluate the function,
3 7
fx) ="
=1 !

Using the fact that {//,} satisfies the recurrence relation (1), with the help of (4) it is not hard to

see that the generating function g(x) =X V_ x", for V_,, is given by

—-n>

ma,, +(m-1)a,,_x+(m-2)a, ,x* +--+2a,x"* +ax""

g(x) = a ta,_x++ax" —x" (6)
Letting
h(x):H%;_li“Z"—:xz+"‘+g—;x'""l—ix’", .
from (6) and (7) we have
g() =m—’;'((;))x. ©

Now, since V, = m, from (8) we have

0 ]

n1_m—g(x) _h'(x)
B T
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Integrating, and using 4(0) =1 to eliminate the constant of integration, we have

—Z Vo x" =logh(x).

Therefore,

exp{-i %x"} = h(x). )

n=1

So, from (5) and (9) we have

-y (-1* bk 1k
h(x)_gxzkllk2' I vayk | ph (10)

Using the expression for A(x) given by (7), we can equate the coefficients of x in (10) to complete
the proof of the lemma. O

Proof of Theorem: From the Binet formulas (3) for U, and V,,, we have

2n+m-2 2n+m-2 2n+m-2
a a a
u,,-uy,=|— +—2 T
Q Q, @y,
n+m-2 n+m-2 n+m-2
a a a,
(—1———+ Z et J(af+a§'+---+a:’n) 11
o a, m
n+m—2 n

=-Z %

l#] j

where the summation is taken over all 1<i, j <m, such that i # j. Therefore, to prove the theo-
rem, we need to show that the right-hand side of the theorem is given by the right-hand side of
(11). First, we require some new notation. The a, in (2) are given by

a=-0"Zaa,..qa,

where «; are the roots of (2) and the summation is taken over all possible distinct products of i
distinct ;'s. Now define g;(n) and ¢;(n) by

am=)"Tala)...a’ and ¢(m)=Xaja;.. a"

11

so that a,(n) = (=1)"*'c,(n). Now, by the lemma, for any integer n, we have

k

> (_l)k —Vhvh vk =@ g 0<i < (m-1),

”(i)kl!kzl...killlzz A am(n) (12)

=- ! fori=m.
a,(n)
Using (12), we can rewrite the theorem as
n am—l n
U2n - UnVn = (- l)(m+l)( +1) Z ( ) (m-—2—1)n (13)

i=0 a(n)
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Since
Cl,’:, =(=1 (m+1)ncm n),
-1 N (n) (1)
Qi (}’1) = (_ l)m+,+ Coni (n)7
and
a,(m)=(=1""c,(n),
we have, from (13) and (14),
U2n n n ( l)m+IZ( 1) Con— z(n)U—(m—2—-1)n (15)
i=0
By the Binet formula,
m azn —mn+2n+m—2
U. m=-2-iyn =~ Z—————:__——)
A
which, when inserted into (15), gives
1n—mn+2n+m—2
Up=Ub,=(= 1)'"“2( e, (H)Z
=1 J
(16)
2n+m—2 m-2 )
oS TS e, mal
Now we note that
1 1 1 - c(n)
X+—jlx+— 1] x+ =y ~~x
ay a; ) = Cu(m)
(a7
L cm—i(n) m—i
= x
2 o
So if we let x=—1/a’ in(17), forany j =1, 2, ..., m, we have
Z 1 ¢, (ma§™™" =0. (18)
i=0
From (18), we easily obtain
m=2 . )
D™ Y D 6 (e = e (ma)” +eo(n). (19)

i=0
Now we note that ¢,(n) =1 and ¢;(n) = X, /. Therefore, using (19) in (16), we have

n+m-2 n m 2n+m 2 n+m—2 n

a;

2n+m-2

U2n—UnK1:iaj—& { Za”a"”“} i ia Z _Z
J=1 j j=1 i=1 j J=1 f ity J

Which agrees with the right-hand side of (11). Hence, the theorem is proved. O
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