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1. INTRODUCTION

Let uy=0,u4, =1, and u, = au,_, +bu,_, for any positive integer n>2. Also, for any non-
negative integer m, define
1, ifj=0,

(g
J),  |Emmel =1, m.

Uiy

In [1] Jarden showed that, for any positive integer £,
kzﬂ(_l)z‘(m)/z b(i—l)i/2(k ;l- 1) "S—i =0
i=0 u

In this paper we will prove Jarden's result by generalizing a proof by Carlitz [2]. In addition, we
will present a new like-power recurrence relation identity. Detailed proofs of the lemmas and the
theorem will be supplied at the end of the paper.

2. SEQUENTIAL RESULTS

Let
a+~a®+4b
a,f=———.
2
Lemma 2.1: Let n be a nonnegative integer. Then
n_ pn
u, = @’ -p .
a-p

Lemma 2.2: Let n>—1 be an integer. Then

_ r 2r—ngn—r
u,,+1—2(n_r)a b,

r
Lemma 2.3: Let n>2 be an integer. Then
@ u,+bu,_,=a""'+p""
(b) bunun—Z - bu:—l = an—lﬂn—l.

Lemma 2.4: Let k be a positive integer and 0 <r <n be integers. Then

- n—-r\(n-n -r S SR S _
(ux +bu,_)) (U, x +bu,)"™" = Z ( p )( . 1)...(" rk—l)ak" P2 =D Tk T
i 2 3

Nowos T
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3. MATRIX RESULTS
Let

,
A, = [(" ’: c)ar‘“c""b"'”], 0<r,c<n,
be a matrix of order n+1. For example, for n =3,

0 0 0 1
0 0 b a
0 » 2ab a*|
b 3ab® 3d% o

4, =

Lemma 3.1: tr(4-,) = "’;’k*" for any positive integer k.

It is worth noting that the case k£ =1 is exactly Lemma 2.2, so that Lemma 3.1 is in some
sense a generalization of Lemma 2.2.

Lemma 3.2: The eigenvalues of 4,,, are &”,a™'B,..., o™, p".

Lemma 3.3:

n ) ) n+l » im(n+1 .
H(x - a]ﬁn"j) = Z (__1)1(1+1)/2b(1—1)1/2( K ) xn+1—1 .
u

j=0 i=0

The next lemma is similar to a result of Hoggatt and Bicknell [3].

Lemma 3.4: (A1) = (§ B

4. JARDEN'S RESULT

Theorem 4.1:

n—i

k1
i (—1yEDr2 b(i—l)i/2(k ;F 1) W =0
=0 /

5. MORE RESULTS AND OPEN QUESTIONS

More identities, like the one just derived, need to be studied. For example, it can be shown,
using the computer algebra system DERIVE that, if x,, x;, and x, are arbitrary and

X, =ax,_; +bx,_, +cx,_;,
then
X2 = (a® +b)xt, +(a*b+b* + ac)xl_, +(a’c +4abe - b +2c*)x?,
+(—ab’c+a’c? —bct)xP_, + (Bt —ac®)xt s - c*xl .
Is there a similar formula for third powers? Also, what about formulas for

xn = axn-—l +bxn—2 +cxn—3 +dxn-4 ?
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6. PROOFS
Proof of Lemma 2.1: Let
G(2) = uy+wz+u,z* +---.

Then
azG(z) = auyz +auz* +--- and bz’G(z) = buyz® +---.

Subtracting the last two equations from the first and using the definition of #,,

(1-az-bz)G(z) =z

SO
1 (1 1
G(z) = z = - .
i p—— a—ﬂ(l—az 1—ﬂzJ
Thus,
—an_ﬂn
u, oy

Proof of Lemma 2.2: By induction on ». First, the result is true for n=-1and n=0. Now
assume that 7 > 0 and that the result is true for » and n—1. Then

u,,, =au, +bu,_,

— r 2r—-n+lgn-1-r r 2r—n+2q.n-2-r
"aZ(n—l—r)a b +b2(n_2_r)a b

S0 5 o

— r+1 2r-n+2pn~l-r _ r 2r—npn—r
ST e

Proof of Lemma 2.3:
(a) By the definition of #, and Lemma 2.1,

u,+bu, , =u,+u,—au,_,

:2an_ﬂn-(a+ﬂ) an—l_ﬂn—l

a-pf a-p
_ 2a"——2ﬂ”~a"+aﬂ"'l—ﬂa"'l+ﬁ"
= a—-ﬂ
3 an_ﬂn+aﬂn—1_ﬂan-l B a(an-l_l_ﬂn—l)_ﬂ(an—l+ﬂn—1)
B a-pf - a-p
_(@=P@ " +p") _ w1, g
= Py =a" + "
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(b) By the definition of u#, and Lemma 2.1,
buu,_, —bul_ =u,(u,—au, )-bu’, =u’ —auu,_, —bu’_

=u, 1(a” Bl 1) = Uy = thy_lhyyy

an—l __ﬂn—l . an+1_ﬂn+l
a-p a-p

- - )2 (a2n _2anﬁn+ﬂ2n _a2n _ﬁln +an+lﬁn—1+an—lﬂn+l)

(

( ﬂ)g ( n+1ﬂn~ 2anﬁn+an—lﬂn+l)
n—l

( [,38)2 (@*-2af+pY)=a"'p"".

Proof of Lemma 2.4: By induction on k. The result is true for k =1, since

X (ax+b)"" =) (" s r )a""'sbsx"'s.

s

Now assume the result is true for some positive integer k. In this result, substitute a +bx™" for x
and multiply by x". The left side of this equation is

(au,x +bu,_,x +bu,) (au, ., x +bu,x +bu, )"

which is equal to
(1% + b1y ) (g + b )"

Expanding the right side of this equation and simplifying, we obtain

Z n—-riyn—n) (- N a(k+l)”"‘2’1""‘2"k"‘k+1brl+-~+"k+lx""k+1’
4! )

r
- a
Therefore, the result is proved.

Proof of Lemma 3.1: We first recall Lemma 2.4, that is, for any positive integer £,
(ux + buy_y) (X + by, )" = Z (” - ") (" - ”1) .. .(" - ”k—l)akﬂ—r—Zn—---—Zrk_n—rkbn+---+rk ey
g

Fveens T K 15) k

Multiplying both sides of this equation by x” and summing over , we have

n
Z x"(ux +buy,_)) (1 x +bu, )"
r=0

— Z n-=r\n—n) (P—h akn—r—2r,—-~~-—2rk_1—rkbr]+---+rkxn+r—r,('
h n Y

rn,L Tk

The coefficient of x” on the right side of this equation is tr(4%,,). The coefficient of x” on the
left side of this equation is
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S (57 ey sty

r+s+t=n

= 3 (55 Jouoyruta - ouy

r+s<n

Let v, be this last term. Thus,

-] -] 0
zvnxn — Z ( )bruz—iuzs r+s z (n r)(uk+lx)n r—s
0

r=0 r,s= n=r+s
o0
- $ (Ot -nao
r,s=0
o0
DI TN ) (§
5s=0 rzs

5'48

bsu,%sxzs(l —u, +lx)'s_l(l - buk_lx)'s“1

s=0
~ 1 1
T (1- — bulx?

(- x)(A-buy_x) 1 ————(l_umx‘;‘(‘l_ )
_ 1

(1=t 0) (1= by _y) ~ b’

1
C1- (Upqy + D1y _)x + (b g1,y — bu;f )

Next, by Lemma 2.3, the last expression is equal to

1 _ 1 at B
1-(@*+ Yx+a* o a* -p*\1-afx 1-p%)

u
Thus, v, = £ Therefore,
U,

tr( +1)_ kn+k
k

Proof of Lemma 3.2: Let f, (x)=det(x] — 4,,,). Ifthe eigenvalues of 4,,, are 4,, 4,, ...
A,, then by Lemmas 3.1 and 2.1,

Jan () _ i 11 _ ix—k—li 2

Jan(®)  Dx-4; 5 j=0 ’
© ) nk+k nk+k
—k-1 k k-1 -B
= Zx tr(An+1) = Zx % %
k=0 k=0 a"-p

Jpn=j -
j ox—a ﬂ
Thus,
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n . ..
Jn®)=T](x-a’p"),
J=0
so the eigenvalues of 4,,, are @”, "B, ..., af™", p".

Proof of Lemma 3.3: To begin the proof of Lemma 3.3, we need the identity
n=1 n
H(l _ qjx) - Z (_ 1)iq(i—1)i/2[ll?:| xi’
J=0 i=0 .

where

[17] (=g (-
! i-g)--(-q)

Replacing ¢ in (1) by B/« and using Lemma 2.1, we find that [:’] is
i2—pi 1
(i),

—1 n
h(l —a/ ,Bjx) — Z (_l)i o HD/2=ni ﬁ(i—l)i/?_ (n) ¥
i .

Jj=0 i=0 u

M

Thus, (1) becomes

Substituting a”'x for x and using the fact that a8 = —b, we have

n-1 n

H(l _ an—j~ ﬂjx) - Z (_l)i (aﬁ)(i—l)i/z(i;) xi
0 i=0 " Ju

j:
n
— Z (_ 1)i(i+l)/2 b(i—l)i/l(n) ¥
= i .
i=0 u

Replacing x by x™* gives
n—1 n
H(x _ an—j_llBj) _ z (_I)i(i+1)/2b(i—1)i/2(7?) xn—i’
j=0 i=0 '
which is what we wanted to prove.
Proof of Lemma 3.4: Let k be a fixed nonnegative integer. We will prove the result by

induction on n. The above equality is true for n=0. Now assume the result is true for some
n>0. Then, since 41 = A7, A

k ‘ »
A > (4 3 (F)u , "
CHVTEDNC I (j)u,j1+1(bun)k ](k]_lv')ajJr b
Jj=0 j=0

To continue the equalities, we use the identity

()=o)
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L4 .
k 4 i B
215y

J=0

1

. k ] . - .
(bu,,+1)k_l Z (j +]l- _ k)(au,,+1)’+j—k (bu,,)k'f
Jj=0 }

(f)
(* )(bum)""'; () @@y

k —i i k i -
= (l )(bun+l)k (aun+1 + bun) = (1 )un+2 (bun+l)k .

Thus, the result is true by induction on .

Proof of Theorem 4.1 By Lemma 3.3, the characteristic polynomial of 4, ,, is
If(_ 1)i(i+1)/2 pi-Dir2 (k ;i— 1) o
i=0 ”

But, by the Cayley-Hamilton theorem, every matrix satisfies its characteristic polynomial. Thus,
forn-1=2k+1,

Z (_ 1)1(1+1)/2b(1—1)1/2 (k :” 1) A,?;ll—l — 0’ (2)
i=0 u

where O denotes the (k +1) x (k +1) zero matrix. Now, taking the result of Lemma 3.4 (with
i =k and n=n-1-i) and substituting this result into (2), we obtain Jarden's result.

REFERENCES

1. D.Jarden. Recurring Sequences. 2nd ed. Jerusalem: Riveon Lematika, 1966.

2. L. Carlitz. "The Characteristic Polynomial of a Certain Matrix of Binomial Coefficients."
The Fibonacci Quarterly 3.1 (1965):81-89.

3. V. Hoggatt, Jr., & M. Bicknell. "Fourth Power Fibonacci Identities from Pascal's Triangle."
The Fibonacci Quarterly 2.3 (1964):261-66.

AMS Classification Numbers: 11B37, 11B65

310 [AuG.



