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1. It is well known that a general, linear sequence Sn(p, q) (n = 0,1,2,...) of order 2 is defined 
by the recurrence relation 

Snti>> 9) = pSn-i(P> 4) - <lSn-i(P> 4) 
with SQ, Sh p, q arbitrary and A = p2 - Aq > 0 [5]. 

In particular, if S0 = 0, Si = 1 orS0 = 2, Sx - p, we have the generalized Fibonacci (Lucas) 
sequences Sn(p9 q) = Un{p, q) or S„(p, q) = V„(p, q). 

If xly x2 (xx > x2) designate the roots of x2 - px +1 = 0, it is easy to prove that 

U„(p,q) = ^ ^ - , Vn(p,q) = x?+x"2 (1) 

and, moreover, the general term of the sequence Sn(p, q) may be expressed as a linear combina-
tion of the general terms of the Fibonacci and Lucas sequences by the formula 

S„(P, q) = (5, -\PSQ)Un{p, q)+\Wn<j>, q). (2) 

We assume S0 = k,Sx = ±pk + (x-jk)A2, and according to equations (1) and (2), we deduce 

Sn(x; p,q) = {x-±k)£u„{p, q)+\kV„(p, q), (3) 

Sn(x;p,q) = xx"1+(k-x)x"2. (4) 

For the sake of brevity, from here on we write U„,V„, and S„(x) for U„(p,q),V„(p,q), and 
S„(x;p,q). 

2. From equation (3) we have 

S„(x) + Sn(k-x) = - ! _ X * )KUlrVr2rkm-2r(2x-k?r, (5) 

and from (4) we get 

S?(x) + S"(k - x) = £ ( Z V r « ( m " 2 r ) + x?m-2r))xr(k - x)m~r. 

Then we have 
2m / 0 \ w 2w 

r=(A ' r=0 r=wH-l 

= Z(2™Vr(*i2"(m~'') + ^ " " ' V (ft - x)2m-r + Y,(2™)qm(xl"im-S) + xl"im-s))x2m-s(k - x)s 
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= li2™} qmnxm{k - x)m + X (2f\ q"r(xln{m-r) + x2n(n-r))(xr(k - xfm~r + x2n"r(k - x)r) 

l - i " (6) 

= 2^qm"x">(k -xy + m± ffltH^^ik - x)2m-r + x2m'\k - xY). 

We can similarly find the analogous formula 

r=(A / 

We also give the difference formulas 

A [(/w-l)/2]/- \ 

s:(X)~s:(k-x)=-^ x [2
m )Kuir+ivr2r-ik">-2r-\2x-kr+\ ^ 

[(m-l)/2] f N 

We end this section with the generating functions 

t,-.U„r = ^ - ( e x p C O - e x p K ) ) , (10) 
r=0 ^ A1 

and 

f ^ r = expOf) + exp(^) . (11) 

3. We recall that Bernoulli polynomials of higher order Bj1
k\x) are defined by the generating 

expansion (see [2]) 

f ^ i f >(*) = [ - J _ ] <>*, \t\<2x, (12). 

the usual Bernoulli polynomials by i?w(x) = #(1)(x), and the Bernoulli numbers by Bn - Bn(0). We 
also recall that 

2?2„+1 = 0 ( « > 0 ) and Bj,k\k - x) = (-1Y Bk„ (x), (13) 

are usually called the complementary argument theorem (see [3]). 
From (12), replacing t with &Unt, we have 

= , } * U " t ) k ,k™V«xx?+{k-xK)) = , f f i ^ . ^ exp(tf„(x)). 
(exp(tof) - exp(x2")) (exp(^ ) - exp(x2"))* 
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Therefore, 

(exp(fcf) - e x p ( * 2 " ) ) * f ; ^ ^ 5 « ( x ) = 0Untf exp(tf„(x)) 

and using (10) it follows that 

rlL.uJ±^^B?\x) = Uk
ntk exp(tf„(x)), 

and we have 
\r=Qr- J r=0 

UJHL...^L ^l&tiLjpKx) = ̂  e x p ( ^ W ) . 
r=0 r ' 

(14) 

Z V »n ,,, "r* 
, ^ H r ! 

r=0\vr1+r2+---+rjfc=r 1 • 'k' 

Expanding the product in the left-hand side and comparing powers of?, we find 

S M t f C / ^ C x X m - r ) ! I % • • • % = ( m ) ^ r * ( x ) , (»»**)• 

Now replace x with A: - x in equation (14) and make use of (13) to obtain 

I C - i y f a W ^ C x X m - r ) ! E % - - % - = ( " « ) t ^ r * ( * - x ) , 0»**)- 05) 
r=0 ^ ' r1+r2 + ---+^=w-r 1 • rk • 

Adding equations (14) and (15) and using (5), (6), and (7) we find 

[(m-l)l2]s \ 77 77 

r=0 ^ ' rx+r2+---+rk=m-2r rl' k • 

-. [(m-fc)/2] / [(m-fc)/2] x 7 x 

~ [\WUlrkm-2r~kU^2r-\2x-k) > (16) 
r=0 ^ 

-j [(m-k-\)/2] / j \ 
(17) 

z r=0 v / 
Subtracting equations (14) and (15) and using (8) and (9) gives 

[(m-2)/2] / \ 

r=0 ^ ' 
-2r-l)! X Z^ r i r i 

rl+r2 + -"+rk=m-2r-l #1 • 'k' 

-, Um-k-l)/2]/ 7 \ 

kwkuk
n i [m;yru<m^kix^-k(k~xy-xr(k-xrr-ki 

(18) 

r=0 
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4. If we take x = y in equation (16), we get 
[ (m- l ) / 2 ] / x / r \ IT • II 1 

Z ( S p W IV«-2r)l I ^ . . . ^ = -iT(w)^*«^--*. (19) 
r=0 ^ ' V z / rx+r2+-rk=m-2r rV rk • Z 

Taking k - 1 in equation (19) and recalling that B2n(£j = l-^T-l)B2„ (see [5]), we have 

[<>- l ) /2 ] / x / 1 \ 

I ^rf^t^-^C^^^C-1 (20) 
If we make x = 0 in equation (17), we get 

[ (w- l ) /2J / x TJ J J 1 

S ("k^^m-^)! X -rr-^f- = U^Uk
nV(m_ky (21) 

r=0 ^ ' rl+r2 + — +rk=m-2r ' l ! Yk • Z 

From expression (21), recalling that 4"+1) = (l ~ f )Bkn) ~ kBk-i ( s e e t4J) a n d taking k = 1,2, 3, we 
get, successively, 

[(/w-l)/2]/- x 1 

X [^jAr£/„2r52r£^w.2r)=|»i£/ll^m_1), (22) 

[(m-l)/2]s x m - 2 r / _ « \ i 
X J Arf/n

2r(52r - 2r£2r - 2r52r_2) £ [m ,- \UmUn(m.lr.x) =^m(m- l)C/„Vfl(m_2)) (23) 

[(m-l)/2]x x x x 
I 2

WjA^((2r-lKr-l)£2r+/-(4r-5)fi2/._1+2r(2/--l)fi2r_2) £ ? 7 * F » W * 
r=0 V / i+j+k=m-2r V ' -^' / 

(24) 
= -m(m~l)(m-2)t/X(w-3)? 

where (^J2^) is the multinomial coefficient (see [1]). 
With p = l, q = - 1 , we get the Fibonacci and Lucas sequences f/0 = 0, Ux = 1,:.., Un(l, -1) = 

i^,... and f̂  = 2 , ^ = 1,...,^,(1,-1) = Z^,..., and from equation (19) we get Kelisky's formula 
(see [2]) 

2-t ^ [2r J 2r n n{m-2r) =^K^n(m-l)- ( 2 5 ) 
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