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1. INTRODUCTION
Let us consider the generalized Lucas sequence {/,} defined by the recurrence relation

p; =:})p;-1"§2p, ; L% =2, Lq =P,

n-2»

where P is a positive integer and O =+1. A Fibonacci pseudoprime with parameters P and Q
[(P, O)-FPSP] is a composite number 7 such that

V, =P (mod n).
Recently (see [1], [2], and [5]), the following theorem was proved.

Theorem 1: There do not exist even Fibonacci pseudoprimes with parameters P =1 and 0 = -1.
In this paper, our aim is to investigate the existence of the even (P, J)-FPSP. We shall

prove the following result.

Theorem 2: If (P,Q)# (1,—1) and (P, Q) # (1, 1), then there exists at least one even Fibonacci

pseudoprime with parameters P and Q.

Theorem 2 is a consequence of Theorem 1 and of the following propositions.
Proposition 1: There do not exist even Fibonacci pseudoprimes with parameters P =0 =1.

Proposition 2: n=2" k=>2_isa (P,Q)-FPSP, Q =+1, if and only if P=2 (mod2*) or P =-1
(mod 2¥).

Proposition 3: If P =0 (mod 4) or P =1 (mod 4) (with P #1) and if (P, Q) # (5, 1), then there
exists an odd prime number p such that n =2p is an even (P, O)-FPSP.

Proposition 4: There exist odd prime numbers p and g, with p # g, such that n=2pq is an even
(5,1)-FPSP.

2. PRELIMINARIES
In this section, we shall gather some lemmas which will be needed in the sequel.

Lemma 1: If P =0 (mod 4) and Q = +1, then the number 4= P> — P—2Q admits an odd prime
divisor.

Proof: We have A =2 (mod 4) since P =0 (mod 4), whence 4 admits an odd prime divisor,
unless A = +2, which is clearly impossible.
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Lemma 2: If P =1 (mod 4) and Q = +1, then the number 4 = P> — P—2(Q admits an odd prime
divisor p # 3, unless (P,Q)=(1,-1), (P,Q)=(, 1), or (P,0)=(5,1).

Proof: We have A=2 (mod 4) since P =1 (mod 4), whence 4 admits an odd prime divisor,
unless A =+2. We consider two possibilities:

(a) Assuming first that Q = —1, we see that A= P2~ P+2=+2 if and only if P =1. More-
over, A=+1(mod 3). Thus, 4 admits an odd prime divisor p # 3 when P #1.

(b) Supposing now that O =1, we see that 4=P>—P-2==2 if and only if P=1.
Moreover, A =0 (mod 3) only if P=2 (mod 3). Thus, 4 admits an odd prime divisor p # 3,
except possibly when P =1 (mod 4) and P =2 (mod 3); in other words, when P =5 (mod 12).
If P=5, then 4=18=2-3>. If P>5, we put P=12k+5(k>1) and we get that A=
18(2k +1)(4% +1) and at least one of the factors (24 +1) or (4% +1) contains an odd prime divisor
p#3, since g.c.d.(2k +1,4k +1) =1. This completes the proof.

Lemma 3: Let {a,} be a sequence of integers defined by the recurrence relation
ap,=a;-2, k>1. (2.1)
If a, is even, then @, =2 (mod2%), k > 1, and if q, is odd, then a, = —1 (mod 2¥), k >1.

Proof: The statements clearly hold for £ =1. Let us suppose that a, = @ (mod 2¥), where
k>1land @ =-1 or a =2 (notice that @* -2 = ). Thus, we have

a, = a+A2%, where 1 is an integer
and
Ay =ar —2=a*-2+2"(ad+ 22F )
=’ -2=a (mod 2.

This completes the proof.

3. PROOFS

Proof of Proposition 1: Let us consider the sequence
VazVor= Vo, Vo =2, V1 =1
It is clear that the sequence {V/,} is periodic, with period 6 and that
Ver =2, k20, and V., =-1, k29,

which implies that there does not exist an even (1, 1)-FPSP.

Proof of Proposition 2: It is well known and readily proven [4] that, for every n>0, V,, =
V?-20", and thus that ‘

Vyea =VA -2D) =V3 -2, fork=1.

Hence, the sequence a; =V, satisfies the recurrence relation (2.1). Noticing that a, =V, = P? -

20 = P? = P (mod 2), we see by Lemma 3 that V=2 (mod 2%)if k>1 and P is even, and that
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Ve =-1(mod2*) if k>1 and P is odd. Hence 2* (k>1)isa (P, 0)-FPSP if and only if P =2

2

(mod 2¥) or P=-1 (mod 2¥).
Remark: The proof for P odd positive and Q = —1 can be found on page 175 in [2].
Corollary: n=4isa (P, Q)-FPSP if and only if P =2 (mod 4) or P =—1 (mod 4).

Proof of Proposition 3: We first recall some well-known properties:
(i) If P is even, thenV, =0 (mod 2) for every n>0.

(ii) If P is odd, then ¥, =0 (mod 2) if and only if n =0 (mod 3).

(iif) Ifp is a prime number, then ¥, , =V, (mod p) for every n> 0.

For a proof of (iii), the reader may wish to consult [3] or [4]. Let us now suppose that P =0
(mod 4) or £ =1 (mod 4) and that p is an odd prime number. The congruence V,, = P (mod 2p)

is equivalent to the system

V,, =P (mod2) 3.1
and )

V,p =P (mod p). B.2)
By (i) and (ii), the congruence (3.1) holds for every odd prime number p if P =0 (mod 4) and for
every prime number p>3 if P=1 (mod 4). By (iii), we see that (3.2) is equivalent to }V, = P
(mod p) which can also be written

P?2—-P-20=0 (mod p). (3.3)

If P =0 (mod 4), we see by Lemma 1 that there exists an odd prime number p such that (3.3)
and, thus, (3.2) hold. If P =1 (mod p) and P >5, we see by Lemma 2 that the same result holds
(with p > 3), so the proof'is complete.

Remark: If (P, Q) =(5,1), we see by Lemma 2 that there does not exist an odd prime number p
such that n=2p is a (5,1)-FPSP. Actually, we see by (3.3) that p =3 and by (ii) we have V;, =

Vi=0#5 (mod2).

Proof of Propesition 4: Let us suppose that (P,(0)=(5,1). We shall prove that n=6554 =
2.29-113 is an even (5,1)-FPSP. Let N(p) be the period of the sequence {/,} modulo p. By
direct computation, one can see that N(2) =3, N(29)=5, and N(113)=57. We also see that
6554 = -1 [mod N(p)], where p=2, p=29, or p=113. Hence,

Vessa =Vvir-1=Vuep-1 = Vgp) ~Vivpya =5 (mod p),

and therefore,
Vessa =5 (mod 6554).

This completes the proof.
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Remark: One can also verify that the numbers 11026 =2-37-149, 26506 =2-29-457, and
119074 = 2-29-2053 are even (5,1)-FPSP. This can be easily checked, noticing that N(37) =9,
N(149) =75, and N(457) = N(2053) =57.
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GENERALIZED PASCAL TRIANGLES AND PYRAMIDS:
THEIR FRACTALS, GRAPHS, AND APPLICATIONS

by Dr. Boris A. Bondarenko
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent

Translated by Professor Richard C. Bollinger
Penn State at Erie, The Behrend College

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406
references, an appendix with another 126 references, many illustrations and specific examples.
Fundamental results in the book are formulated as theorems and algorithms or as equations and formulas.
For more details on the contents of the book, see The Fibonacci Quarterly 31.1 (1993):52.

The translation of the book is being reproduced and sold with the permission of the author, the translator,
and the "FAN" Edition of the Academy of Science of the Republic of Uzbekistan. The book, which
contains approximately 250 pages, is a paperback with a plastic spiral binding. The price of the book is
$31.00 plus postage and handling where postage and handling will be $6.00 if mailed anywhere in the
United States or Canada, $9.00 by surface mail or $16,00 by airmail elsewhere. A copy of the book can
be purchased by sending a check make out to THE FIBONACCI ASSOCIATION for the appropriate
amount along with a letter requesting a copy of the book to: MR. RICHARD S. VINE, SUBSCRIPTION
MANAGER, THE FIBONACCI ASSOCIATION, SANTA CLARA UNIVERSITY, SANTA CLARA,
CA 95053.
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