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1. INTRODUCTION

Two sequences of numbers concern us, namely, the Jacobsthal sequence {J,} (see [4]) de-

fined by
Jn+2 :Jn+l+2Jm JOZO’ lel’ nZO’ (11)

and the Jacobsthal-Lucas sequence {j,} defined by

jn+2 :jn+l+2jn! jO :2’ jl =1’ nz0. (12)
Applications of these two sequences to curves are given in [4]. Sequence (1.1) appears in [11],
but (1.2) does not.
From (1.1) and (1.2) we thus have the following tabulation for the Jacobsthal numbers J,
and the Jacobsthal-Lucas numbers j,

n|0123 4 56 7 8 9 10 -
J, {0113 51121 43 85171 341 - (1.3)
J. |2 15717 31 65 127 257 511 1025 ---

When required, we can extend these sequences through negative values of » by means of the
recurrences (1.1) and (1.2). Observe that all the J, and j, (except j,) are odd, by virtue of the
definitions.

Recurrences (1.1) and (1.2) involve the characteristic equation

x?-x-2=0 (1.4)
with roots
a=2, f=-1 (1.5)
so that
a+pf=1 af=-2, a-F=3. (1.6)

Wherever it is sensible to do so, we will replace a, § by 2, — 1, respectively.
Explicit closed form expressions for J, and j, are (7 >1)

=3 () an
(see [3]) and

Jn= ;—"—(”;’)2’. (18)
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Induction on n provides the required proofs.

In the theory of minimal and maximal representations of nonnegative integers by elements of
a sequence {a,} (e.g., Fibonacci or Pell numbers; see [2], [7], [8]), we discover the importance of
a new sequence whose members are those integers that can be represented both minimally and
maximally by a sum of elements of {a,} for which the coefficients are all unity.

It is the object of this article to investigate the corresponding new sequences associated with
{,} and {j,}.

But first we establish a few basic properties of the sequences (1.1) and (1.2), some of which
will find subsequent application as our theme develops.

2. BASIC PROPERTIES OF THE JACOBSTHAL NUMBERS

Initially, these properties enter our mathematical Noah's Ark in pairs, as did (1.7) and (1.8).
Standard techniques may be used to generate them and their numerous progeny, the most hand-
some of which is (2.9).

Generating functions
ST =(1-x-2x*)" (cf [3]), 2.1
i=1
> g™ =1+ 4x)(1-x—2x*) 7 (2.2)
i=1
Binet forms
n=2E 2@ -, 23)
3 3
J.=a"+p"=2"+(-1)". 2.4
Simson formulas
Jn+l Jno1 = J: =(- l)nzn_l’ (2.5)
jn+1jn—1 _.]3 = 9(_ 1)n—12n-1 = _9(Jn+1‘]n—1 - J:) (26)
Summation formulas
2= a2 =3 @.7)
i=2 2
N Jar2 =S
Y ==, @3
i=1

The significance of the lower bound for 7 in the useful formulas (2.7) and (2.8) will become
apparent later in Sections 4 and 5.

Interrelationships
jan = J2n > (29)
Jo=Jdp+2J,, (2.10)
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9 = Jnar + 2 -1 (2.11)
Jusr ¥ Jp =3y +J,) =327, , (2.12)
o= I = 3y = S) 4D =27+ 2(-1), (2.13)
I =27, =3@2J, -, e1) = 3(“1)n+1- (2.14)
2jpi1 ¥ Joa = 3T + T, ) +6(=D)", (2.15)
nir + Jney =3y + o ) HACEDTT = 27T RV + D+ 21, (2.16)
Jutr = Jner =3y = S ) = 27727 1), (2.17)
Jo =30, +2(=1" [cf (2.12)], (2.18)
3J, +j, =2"1 . (219
ot Jn =200, (2.20)
lim (i—] = lim (]"“J 2, 2.21)

e\ Sy ) ey
lm (j—) =3, (2.22)
Jnsadnoa = Jn == padpy = J7) =912, (2.23)
Jodn +Sdm = 2Jm+n [m =n—(2.9)], (2.24)
Jndn ¥ OST =25 (2.25)
J2+9J2=2j, [m=nin(2.25)], (2.26)
J g —J g, =02 227
Inda =9y = (2 2.28)
=912 =(-1)"2"? [m=nin(2.28)]. (2.29)

Economies of space (and cost!) preclude the addition of further properties which may be of
lesser interest and value. Observe, however, that (2.9) is an important feature of {J,} and {j,},
being analogous to F,L,=F,, and F,Q, = F,, for Fibonacci and Lucas numbers, and Pell and
Pell-Lucas numbers, respectively. One might remark, in passing that the infinite limit of our
30,/ P, [cf. (2.22)] is mentioned in [12] in dealing with irrationality.

Associated Sequences
Invoking [6], we define the k™ associated sequences {J®} and (¥} of {J,} and {j,} to
be, respectively, given by (k > 1)
S = T + 27850 (2:30)
and
B0 =020, 231)
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where JO =J,, j9 = j  Accordingly,

JO=j  by(2.10) (2.32)
and

jP=9J  by(2.11) (2.33)

are the generic members of the first associated sequences {J®} and {j®}.
Deducing the following neat results is an easy matter on appeal to (2.10) and (2.11):

J@m = 32m g (2.34)
JEHD =325 (2.35)
=3, (2.36)
Jmh =3, (2.37)

Expressed succinctly,

J(zm) (2m—l)
} (2.38)

(2m) _ J(2m+l)

Analogous results to (2.34)-(2.37) for Fibonacci and Lucas numbers are stated in [6]. Pairs
of results like these can be incorporated into a more general system for polynomials that extends
to negative values of m and n. Material on this research has been submitted for publication.

3. JACOBSTHAL REPRESENTATION SEQUENCES

Later, in Section 4, the significance of the summations (2.7) and (2.8) in representation
theory will be manifested.

Irrespective of this representation application, however, each of the two sequences (2.7) and
(2.8)—now (3.1) and (3.2)—merits some discussion per se. Neither sequence appears in [11].

Write, for convenience,

T, =>.J, Tp=0, T =1 (3.1
and i

Je=2ds Jo=0. (3.2)
i=1

Consequently, we have the following tabulation for {7} and {jn} (in both of which the ele-
ments are alternatively odd and even):

n |012 3 4 5 6 7 8 9 10 ...
J, 1014 920 41 84 169 340 681 1364 -- (3.3)
Jo 101 6 13 30 61 126 253 510 1021 2046 ...
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Simple detective work readily enables us to spot the recurrences (3.4) and (3.5) in (3.3), which
we expect to be modeled on (1.1) and (1.2). As with J, and j, in Section 2, we arrange the basic
features of 7, and j, in pairs.

Recurrence relations

T2 =T, +27,+3, (3.4
Jws2 = Junt +2J,+5. (3-5)
Generating functions
2 Tx ' =(1+2x)(1-2x - x> +2x*) 7, (3.6)
i=1
< B0 2 3\-1
Zjix =(1+4x)(1-2x—x*+2x")"". 3.7
i=1
Binet forms
_ n+3 1\ _
gn=J"+3 3_2""+(=) 9’ (.8)
2 6
=5 _ 274 (=D)"-5 3.0
Jo=t2 . (3.9)
Simson formulas
_ a2 —_ong(_ n-1__ _ 1\
gn+l gn—l EJTn 2 {( 1) 1} +( 1) (3 10)
=—1when nis odd,
Jnde = Jn = 27HOD™ = 5} +5(-=1)" 3.11)
=2"1_5 when n is odd.
Summations
39, _ T =130 +1) 6.12)
i=1 2
3= Q%“”Ji) (3.13)
i=1
Interrelationships
gTm—l + 2gn—l = jn+1 -2, (3 14)
Jw1 +2701 =337, +2), (3.15)
g, =4J,,=4Jj, by (2.9), (3.16)
g2n+1 =4J2n+1_‘3, (317)
Jon=2jp,—4=6J,, by(2.18), (3.18)
j2n+1 = 2j2n+1 -1, (3 19)
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7,

n+l

N

‘T = fn 1 neven,
Jm—1 nodd

T+ g, =32m1-5
gn - 9'rl—l = Jn+1’

2

jn _.;n—l = jm
T =",
jn - jn-—l =3 2n—1’
3 . .
E(g—n+r - gn—r) = 6(Jn+r - Jn—r) =2 (]n+r _jn—r)s
gTn+2gn—2 - g’Zn = ZH—I{("Dn -9},

jn+2jn—2 ‘JAr% =2"? '9{(_1)n -5},

4 4
Inir — In—r =

0 mneven,

39 -2 =
n = Sn {1 nodd,

393, = 2J5s by (3.31)

Ja—1 n odd,
I, -J,=7".
J.—2 n even,

A 5
In— Jn = E(‘]rﬁl - 1)7

g _ . _[h1 modd,
nT = J,—2  neven,

jn —g—n = Jn+1 -1
Determinantal evaluations
grn gnﬂ gn+2 1 2
AQ’ = gn+1 E)Tn+2 ?Tn+3 = 3(_1)’“- 2"
gn+2 n+3 g-n+4

and
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(3.20)

(3.21)
(3.22)
(3.23)
(3.24)
(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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A

jn Zn+1 in+2 ) ) 15
A=\ Jmt Jpz Jua| =452 =40 by (3.37), (3.38)

.]n+2 Jn+3 ]n+4

for which are required inter alia

9—n gn+3 - 9Tn+1 EJTn+2 = 2n+1{(_1)n - 3} (339)
and
jnjn+3 _.jn+1jn+2 =2" 3{3(_1)n - 5} . (340)

With similar notation, it follows obviously froAm (1.1)and (1.2) that A; =A; =0.

Our selection of properties of {J,} and {j,} in (3.4)-(3.40) does not exhaust the many
pleasant features of these research-friendly sequences. However, they do give a "flavor" to {7, }
and {jn}. It might be noted that, on calculation,

T 7. %7, (3.41)

[Because {j,,} is not a Lucas-type sequence as {j,} is, i.e., jo # 2, the "classical" relation of the
type (2.9) cannot hold. Indeed, the left-hand side of (3.41) is rather unlovely.] Divisibility prop-
erties of (3.16) and (3.18) might also be observed.

Associated Sequences
With notation for associated sequences of {J,} and {}n} similar to that for {J,} and {j,} in
(2.30)-(2.33), we derive

gO=7.,-2 by(3.14) (3.42)
and

JW =33, ,+2) by(3.15). (3.43)

Invoking (3.14) and (3.15), we have, eventually,
T =39, (3.44)
FomD =32(j,.,-2), (3.45)
’5£2m) =32 J*-m (3.46)
jom D = 32m3T, +2). (3.47)

More briefly,

(3.48)

%Zm) = }r(’illn—l) _ 2 . 32m—1
j£2m) - g—(nl_rr{+l) +2. 32m

Both 7% and j%® are also expressible in terms of J, and j,, but this alternative produces
slightly less attractive formulas.

Each of the sequences {JT"} and {]A'f)} in (3.42) and (3.43) may be regarded as a separate
individual entity with a mathematical life of its own, as for {7} and {J,}, leading inter alia to
Binet forms, generating functions, Simson formulas, recurrence relations, summation formulas,
and miscellaneous interrelationships of varying importance.
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Graphs
Suppose we label a pair of rectangular Cartesian axes j (= y) and J (= x). Then (3.30), as
takes on its permissible values, the coordinates {7, j,} cluster about the line y = x, appearing

alternately on opposite sides of this line. Likewise (2.22), in a changed notation, the points
(J,, J,) as n varies approximate to the line y = 3x.

4. JACOBSTHAL REPRESENTATION OF POSITIVE INTEGERS: {J,}

Primarily, our concern now is to answer the question: "Can a positive integer N be repre-
sented as a sum of Jacobsthal numbers?”

Considerations of minimality and maximality of a representation do not enter into the argu-
ment at this stage. Nor does the possibility of uniqueness. Of course, for any minimal represen-
tation of N in terms of {J,}, we should need

N=>T1J, (I=0,1,2) 4.1)
i=2
subject to the criterion

I,=2=1,,=0 4.2)

by virtue of (1.1). (Cf. the corresponding Pell condition for minimality [7].)

Why the lower bound 7 =2 in (4.1)?

Recall from (1.3) that J; = J, =1. To avoid problems with this two-fold designation of 1, we
will omit .J; from our deliberations and therefore deal only with {J,},.5,.

Accordingly, write

o= Jun (4.3)
(e, Ji=J,=1,..., with J§j=1) and

Il =11,,,. (4.4)

One has from (2.14), adjusted by (4.3), that
2J)=J 1< J},,, nodd, (2.14a)
2J)=J) +1>J),,, neven. (2.14b)

For the set {S,} of digits 0, 1, 2 of length £,
(I1, 11, ..., IT,), 4.5)

let us use the following symbolism:

N = the largest integer in S,
NM™n = the smallest integer in S, .6)
R, = the range of integers in S, '

I, = the number of integers in 5,

Now (Table 2), in each block of & coefficient digits, the smallest number is necessarily given
by
(0,0,0,...,0,1) “.7
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ie.,
NP =J by (4.7),

and the largest number by either
(0,0,0,...,0,2), kodd,

or
4LLL...,1L]), keven.
Clearly, then,
N =2J,=J,,—1 by (4.9), (2.14a), kodd,
or
k
N = ZJ,.'r J. by(4.10), (3.1), keven,
i=1
— k42~ 3
= by (2.7)
2
=Jl,—1 by(1.1), (2.14b),
ie.,

N™=J;,,—1 forallk.
From (4.8) and (4.13), we derive

I, =(Ji—D—(J.—1) obviously

=J, A’:+1 -J, I«I:

=2J;, by(l.1).
Thus, by (4.8) and (4.14),
Lemma 1:

JisN<J -1
For example, J, (= 683) < N =1,000< J;, —1(= 1367 —1=1366). _

Lemma 2: k is uniquely determined by N.

For instance, N =1000= £k =10.

Therefore, it has been shown that
Theorem 1: Every positive integer N has a representation of the form

N=3 T,

i=1

where IT'=0,1,2, and IT, =2 = IT;,, = 0.

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Details of the discussion encapsulated in Theorem 1 are assembled, in the symbolism of (4.6),

in Table 1.
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TABLE 1. Data for Representations Involving {J,,},-,

Rk N;ml‘l Nl:mx Ik
1,2 J | =1 2=20)
3,4 B -1 | 2(=20)

5..,10 | g | Ji-1 | 6(=2%)
1,..,20 | J; | Ji=1 | 10(=2J)
2L,..,42 | o | Ji-1 |22(=2J))
43,84 | g | J-1 | 42(=270)

A U B W e R
"0\(-/J LE/J .ACQ w(") NM ‘---OJ :«.E’J

kIS, | a2 |, -1 20

+1

Specific information for the representation summarized in Table 1 is provided in Table 2.
Recall the notation (4.3).

While based on the minimality criterion (4.2), our representation is by no means unique. As
a simple illustration, N =6 and N =7 are also given by the sequences of coefficients (0, 2)
and (1, 2), respectively. But our choice of representation of an integer NV consistently includes
the greatest J,:J, <N, e.g., 6=J/+J;(=1+5) rather than 6=2J} (=2x3) and 7=2J{+Jj
(=2+5) rather than 7="J;+2J; (=1+6). Infinitely many similar situations exist, along with
variations of them.

Our chosen representation in Table 2 has the virtues of simplicity and methodical structure.
Because of the usual patterns apparent in Table 2, we may refer to this representation as a
patterned representation.

For a detailed, but different approach to the representation of integers by means of Jacobsthal
numbers, one might consult [1], which investigates a "special" sequence. This sequence is indeed
our Jacobsthal sequence, though this cognomen is never alluded to.

5. JACOBSTHAL REPRESENTATION OF POSITIVE INTEGERS: {j,}

Turning now to {j,}, we may generally parallel the arguments used in Section 4, though here
we need to commence the sequence with j, (=2), for otherwise there is no representation pos-
sible for the numbers 3 and 4.

Key results corresponding to (2.14a) and (2.14b) are, from (2.14),

2jn = Ju1 =3 <Jmy, nodd, (2.14c)

and _
2jn = jn+l +3 >jn+1’ neven. (214d)

Symbolism used in Section 4 for {J,} will now, for {j,}, be replaced by non-capital letters.
However, the set {s,} of digits 0, 1, 2 analogous to (4.5) must now become

(7o, 15 gy o k) 5.1

which is of length & +1.
Adapting the notation in (4.6), we may proceed to establish and arrange the data in Table 3,
using methods similar to those in the previous section.
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TABLE 2. A Representation of Integers 1< N <100
by Jacobsthal Numbers J,

Jy Jz Ja Js Je Jr Jg Jo Jz Jg Js Jg Jr Js
111 51 1 1 1
21 2 52 1 1 1 1
3 1 53 2 1
4| 1 1 54 1 1
5 1 55 1 1 1
6] 1 1 56 2 1 1
71 2 1 57 1 1 1
8 1 1 58 1 1 1 1
911 1 1 59 1 1 1
10 |- 2 60 1 1 1 1
11 1 61 2 1 1 1
121 1 1 62 1 1 1 1
131 2 1 63 1 1 1 1 1
14 1 1 64 1 1
15 1 1 1 65 1 1 1
16 1 1 66 2 1 1
17 1 1 1 67 1 1 1
18| 2 1 1 68 1 1 1 1
19 1 1 1 69 1 1 1
20 1 1 1 1 70 1 1 1 1
21 1 71 2 1 1 1
22 1 1 72 1 1 1 1
23| 2 1 73 1 1 1 1 1
24 1 1 74 2 1 1
251 1 1 1 75 1 1 1
26 1 1 76 1 1 1 1
271 1 1 1 77 2 1 1 1
28 2 1 1 78 1 1 1 1
29 1 1 1 79 1 1 1 1 1
301 1 1 1 1 80 1 1 1 1
31 2 1 81 1 1 1 1 1
32 1 1 82 2 1 1 1 1
331 1 1 1 83 1 1 1 1 1
34| 2 1 1 84 1 1 1 1 1 1
35 1 1 1 85 1
36| 1 1 1 1 86 1 1
37 1 1 1 87 2 1
381 1 1 1 1 88 1 1
39| 2 1 1 1 89 1 1 1
40 1 1 1 1 90 1 1
41 1 1 1 1 1 91 1 1 1
42 2 92 2 1 1
43 1 93 1 1 1
41 1 1 94 1 1 1 1
45 | 2 1 95 2 1
46 1 1 96 1 1
471 1 1 1 97 1 1 1
48 1 1 98 2 1 1
491 1 1 1 99 1 1 1
50| 2 1 1 100 | 1 1 1 1
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TABLE 3. Data for Representations Involving {j,},-0

ks, A Nmin | ymax i,
1]s L..4 i =11 4(=2j)
2l 5,6 Ja B=1 ] 2(E=25)
318 7,...,16 B Ja—1 [10(=2),)
41s, | 17,..,30 Jo | Js-1 | 14(=2))
55 31,...,64 Js Js—1 | 34(=2j,)
6 s, | 65,..,126 Jo | =1 162(=2)5)
k1S | Jooodien=] Je | Jen—1] 2J

" Now (Table 4), in each block of & +1 coefficient digits, the smallest number must be given by

1e.

and the largest by either

or

Then

while

i.e., for all &,

Thus,

k
Ny =Y ji=J by(3.2), neven,
i=1

0,0,0,...,0,0, 1),

NPt =j, by (5.2),

(1,0,0,...,0,0,2), kodd,

(0,1,1,1,...,1,1,1), keven.

Nr =27 +2 kodd,
= je—3+2 by (2.14c)

= jk+1 -1

=Je2=> by 8)

— 2]‘k+1+3‘5
B 2

= jk+l -1,

by (1.2), (2.14d)

Nll':nax:jkﬂ_'l-

Lemma 4: kis uniquely determined by V.

Examples: j, (=511)< N =1000< jo—1(=1025-1=1,024); N =1,000=>k =9.
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TABLE 4. A Representation of Integers 1< N <100
by Jacobsthal-Lucas Numbers j,

JACOBSTHAL REPRESENTATION NUMBERS

Jo J1 J2 Js Ja Js Js Jo J1 J2 Ja Ja Js Js
1 | 51 1 1 1 1
211 52 1 2 1 1
311 1 53 1 1 1
411 2 54 1 1 1 1
5 1 55 1 1 1
6 1 1 56 1 1 1 1
7 1 57 | 1 1 1 1
8 1 1 58 1 1 1 1 1
911 1 59 1 2 1 1 1
10 | 1 1 1 60 1 1 1 1
1111 2 1 61 1 1 1 1 1
12 1 1 62 2
13 1 1 1 63 1 2
14 2 64 1 2
15 1 2 65 1
16 | 1 2 66 1 1
17 1 67 1 1
18 1 1 68 1 1 1
19| 1 1 69 1 2 1
20 | 1 1 1 70 1 1
2111 2 1 71 1 1 1
22 1 1 T2 1 1
23 1 1 1 73 1 1 1
24 1 1 74 1 1 1
25 1 1 1 75 1 1 1 1
26 | 1 1 1 76 1 2 1 1
27 |1 1 1 1 1 77 1 1 1
2811 2 1 1 78 1 1 1 1
29 1 1 1 79 2 1
30 1 1 1 1 80 1 2 1
31 1 81 [ 1 2 1
32 1 1 82 1 1
3311 1 83 1 1 1
41 1 1 84 1 1 1
3B 11 2 1 85 1 1 1 1
36 1 1 86 | 1 2 1 1
37 1 1 1 87 1 1 1
38 1 1 88 1 1 1 1
39 1 1 1 89 1 1 1
40 | 1 1 1 90 1 1 1 1
411 1 1 1 1 91 1 1 1 1
4211 2 1 1 92 1 1 1 1 1
43 1 1 1 93 1 2 1 1 1
44 1 1 1 1 94 1 1 1 1
45 2 1 95 1 1 1 1 1
46 1 2 1 96 1 1
47 |1 1 2 1 97 1 1 1
48 1 1 98 1 1 1
49 1 1 1 99 1 1 1 1
50 | 1 1 1 10011 2 1 1

[FEB.



JACOBSTHAL REPRESENTATION NUMBERS

Theorem 2: Every positive integer N has a representation of the form

N=>mj, (5.9)
i=1

where 77, =0,1,2, and 7, =2 = 7,,, =0.

Actual details of the j, -representations are supplied in Table 4 above. As in the case of {J,},
these representations contain the criterion for minimality [i.e., condition (4.2) adjusted to x,], but
our chosen representation is nonunique, being selected for convenience to demonstrate that a
representation does exist. For instance, we may also have the following representations (cf. Table
5), in which dots denote zeros:

TABLE 5
N=34 ....2 45 .12-2
35 -1--2 46 1-2-2
36 1---2 48 112-2
. ... ... 48 .11

The tabulation in Table 4 again expresses a patterned representation.

6. FINALE

A mild investigation into the possibility of maximum representations was essayed, but no
conclusions are offered here. Nevertheless, we reiterate that both {J,} and {jn} correspond to
the MinMax sequences for Pell numbers that were introduced and examined in [7].

Our presentation of some of the basic features of Jacobsthal representations is meant to whet
the appetite for further analyses of their properties. Among the opportunities available for explo-
ration are, at least, the following three:

(a) polynomials {J, (x)} and {J,(x)} which generalize {7} and {J,},
(b) generalizations of (3.4) and (3.5) when the additive constant is £, and
(c) negatively-subscripted Jacobsthal numbers {J_,} and (..}

Preliminary studies of these topics have been completed by the author, and papers prepared.

For a selection of references relevant to our treatment of representations, one may consult
[5]. (Reference [10], though not strictly germane to this paper, is included to remedy an omission
in the choice in [5].)

Historical Note

The origins of Jacobsthal numbers (1), 1,3, 5,11, 21, ..., where the first term in (1.3) does not
occur, predate Jacobsthal's article [9]. Indeed [11], they and their loi de récurrence (and Binet
form) are traceable, in a trigonometrical setting, to Nouvelle Correspondance Mathématique,
Vol. 6 (1880), page 146, being there associated with the name of Brocard.

Another, but much later, reference [11] is to page 12 of Vol. 26 (1963) of Eureka, the jour-
nal of the Archimedeans (Cambridge University Mathematical Society). Here, the first term 1 in
(1.3) is given; however, the occurrence of the Jacobsthal numbers is in a purely recreational con-
text, namely: given the first six nonzero terms of (1.3), determine the next two numbers in the
sequence.
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Jacobsthal polynomials [3], [9] are natural algebraic extensions of their numerical counter-

parts. Knowing the long history of many mathematical ideas, we should be mildly surprised if the
first use of the Jacobsthal numbers did not antedate the year 1880.

whN

10.

11.
12.

REFERENCES

. L. Carlitz, R. Scoville, & V. Hoggatt, Jr. "Representations for a Special Sequence." The
Fibonacci Quarterly 10.5 (1972):499-518, 550.

V. E. Hoggatt, Jr. Fibonacci and Lucas Numbers. Boston: Houghton-Mifflin, 1969.

V. E. Hoggatt, Jr., & Marjorie Bicknell-Johnson. "Convolution Arrays for Jacobsthal and
Fibonacci Polynomials." The Fibonacci Quarterly 16.5 (1978):385-402.

A. F. Horadam. "Jacobsthal and Pell Curves." The Fibonacci Quarterly 26.1 (1988):79-83.
A. F. Horadam. "Zeckendorf Representations of Positive and Negative Integers by Pell
Numbers." Applications of Fibonacci Numbers 5. Ed. G. E. Bergum, A. N. Philippou, &
A. F. Horadam. Dordrecht: Kluwer, 1993.

A. F. Horadam. "Associated Sequences of General Order." The Fibonacci Quarterly 31.2
(1993):166-72.

A. F. Horadam. "MinMax Sequences for Pell Numbers." In Applications of Fibonacci Num-
bers 6. Dordrecht: Kluwer (to appear in 1996).

A. F. Horadam. "Applications of Modified Pell Numbers to Representations." (To appear in
Ulam Quarterly.)

E. Jacobsthal. "Fibonaccische Polynome und Kreisteilungsgleichungen." Sitzungsberichte
der Berliner Mathematischen Gesellschaft 17 (1919-1920):43-57.

P. Ribenboim. "Representation of Real Numbers by Means of Fibonacci Numbers." L’En-
seignement Mathématique, 11°¢ Série. Tome xxxi-Fascicule 3-4 (Juillet-Décembre 1985):
249-59.

N.J. A. Sloane. A Handbook of Integer Sequences. New York: Academic Press, 1973.

L. Zippin. Uses of Infinity. New York: The Mathematical Association of America, 1962.

AMS Classification Numbers: 11B83, 11B37, 11A67

54

Po % o%
XXX R RS

FIBONACCI ENTRY POINTS AND PERIODS FOR PRIMES
100,003 THROUGH 415,993

A Monograph
by Daniel C. Fielder and Paul S. Bruckman
Members, The Fibonacci Association

In 1965, Brother Alfred Brousseau, under the auspices of The Fibonacci Association, compiled a two-
volume set of Fibonacci entry points and related data for the primes 2 through 99,907. This set is currently
available from The Fihonacci Association as advertised on the back cover of The Fibonacci Quarterly. Thirty
years later, this new monograph complements, extends, and triples the volume of Brother Alfred's work with
118 table pages of Fibonacci entry-points for the primes 100,003 through 415,993.

In addition to the tables, the monograph includes 14 pages of theory and facts on entry points and their
periods and a complete listing with explanations of the Mathematica programs use to generate the tables. Asa
bonus for people who must calculate Fibonacci and Lucas numbers of all sizes, instructions are available for
"stand-alone" application of a fast and powerful Fibonacci number program which outclasses the stock
Fibonacci programs found in Mathematica. The Fibonacci portion of this program appears through the kind-
ness of its originator, Dr. Roman Maeder, of ETH, Ziirich, Switzerland.

The price of the book is $20.00; it can be purchased from the Subscription Manager of The Fibonacci

Quarterly whose address appears on the inside front cover of the journal.
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