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1. MOTIVATION
Featured in [2] was a pair of generalized functions

WO (x) = A@{a"(x) - (=D B"(x)}

A(x)
and
WD) = A @) ")+ (-1 p(x)},
where
a(r) = PO AP () +49(9)
5 >
ﬂ(X) - p(x) - \/p2(x) +4q(x)
5 >
giving

a(x)+B(x) = p(x),
a(x¥)f(x) = —q(x),

a(x) = B(x) = /p*(x) +4q(x) = A(x).

Observe that (1.1) and (1.2) lead to
W) = 4 L=CD

A(x)
and
WP (x) = (@) {1+ (=D}
Hence
H2)=0  H©)=0)
and

WP =2  (WP©)=2).
When & =1, clearly (1.1) and (1.2) in conjunction compress to

() = WP(x) =W, (x),

and
W) = KO (x) = L) (x).
Generally,
WO (x) = WD ().
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Properties of (1.1) and (1.2) were developed in [2] and then related to several special cases
of pairs of polynomial sequences, and to numerical particularizations of them arising when x =1
or x =1 as appropriate.

For a partial description, from a different viewpoint, of some of the material in [2], the reader
is referred to [1]. ‘

Special cases of (1.1) and (1.2) to which we will refer are [2] by polynomial symbolism and
name [with corresponding p(x)-value and g(x)-value]:

-

PO qx)
E,(x): Fibonacci L,(x): Lucas x 1
P (x): Pell Q,(x): Pell -Lucas 2x 1
JJ,,(x): Jacobsthal Ju(x): Jacobsthal -Lucas 1 2x (1.12)
&, (x): Fermat f,(x): Fermat - Lucas 3x -2
U,(x): <« Chebyshev— :7(x) 2x -1
(U, (x): < Hyperbolic > :V,(x) 2x -1

For the Chebyshev polynomials, we have x =cos@, whereas in the case of the hyperbolic
functions we know that x = cosh ¢.

Toward the end of [2] it was suggested that one of the many extensions of that research was
an investigation of the numerical values of (1.1) and (1.2) when & and/or » are negative.

Here, we propose to examine the general theory of polynomials (1.1) and (1.2) for negative &
and n. A smooth transition from positive to negative is usually effected. Our endeavors bring
into being a collection of Theorems A’,B’,...,F’ paralleling those in [2]. Of these, the last
incorporates the desired synthesis.

2. NEGATIVE SUBSCRIPTS AND SUPERSCRIPTS
Negative Subscripts
After a little calculation using (1.1) and (1.2), we deduce that
W (x) = ~(=D* (~q) "W (x) 2.1
and
WE@) = D )W), (22)

showing the connection between positive and negative subscripts.
More particularly, when £ =0,

W_,(x) ==(=q)"W,(x) : (23)
and

W_a(0) = ()" W, (x). 24
Special Cases

Combining (1.12), (2.1), and (2.2), we derive
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(FO(x) = (-1 "FP (), I9(x) = (D" IR (x),

PO(x) = ~(-D" PP (x), 09 () = (- "0P (),
JE) = (D (20" IPw), D) = D207 ),

1599 () = ~(12 9 (o), O(x) = (D27 1P (),

U (x) = (- UL (v), TO(x) = (- 1P ),

UB (x) = ~(-DF UL (), VE(x) = D YP(x).

(2.5)

Putting £ =0 in (2.5), we have the standard simplifications [refer to (2.3), (2.4)].

Examples

4x? +6x+1 _ 1
2 0

FO(x)=x* +5x% +4 = (x> +4)(x* + 1) = FP(x),

TO(x) = —64x(x® - 1)?Q2x2 - 1) =-TP(x) (x =cosh).

Jos(x) =

Differentiation
Asin[2], when £ =0,
Doy - {—np'(x)w_,m for p'(x) % 0, ¢'(¥) = 0,
dx —ng'(W.,_\(x)  forp'(x)=0, g'(x) #0,

where the superscript dash (") denotes differentiation with respect to x.
Thus,

(2.6)

_g? Fa(0) = % (27x38—18x)__

—42J (%) .\

8x2 +8x+1)_ —42(4x? +6x+1) _
16x* 32x°

d a0 = d
dx dx
Negative Superscripts

What meaning can be attached to a symbol with a negative superscript? From (1.1), (1.2),

By - Ak 427(0) — (D B (x)}
W () = 574 (x) A @)
and
WEH(x) = A @){a"(x) +(-D*B(x)} (2.8)

with obvious extensions when 7 is replaced by —7 (i.e., both subscript and superscript are nega-
tive). Refer back to (2.1), (2.2).
For instance,
B(x) = (4x* +2)(dx* +4)°,

A0 =0x(3x" 206 -8
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Some Generalized Products

Without difficulty, one may establish the following multiplicative identities, which were
omitted from [2]:

Q) k) - Ah+k(x) m+n _1\htk pm+n
WP WO (x) = 2o {@™"(x) +(-D)H* g (x) 29)

(I ™)+ (DB, (],
h+k
P09 = g o™ () - ) pm) 210
(gD ™" - DB W

WREWP (x) = A ()™ (x) + (-1 B™(x)
+ (g IED @™ + (D ™01}

Various combinations of the above involving +h, +%, +m, +n might be investigated. For
example, (2.10) with (1.10) leads to

WP@WED (x) = W () = W, (2). @.12)

(2.11)

Another pleasing deduction flows from (2.11), namely,
WE)WED () = WE ) WP (x) = 0 (2.13)

with a similar conclusion for W) (x).
Again, applying (2.9) and (2.11) in tandem, we obtain

WE )W (x) = A )WE WP (x) = 4(-DF (—q(x))". (2.14)

3. BASIC UNIFYING THEOREMS

Theorems A-F in [2] can now be paralleled. Except that we now use (2.1) and (2.2), of
course, the proofs follow those in [2].

Our homologous theorems will be labeled Theorem A’, ..., Theorem F’. Enunciations of
these theorems are given below.

Theorem A': WO ()W) (x) = W9 (x).
Theorem B'(@): W (x)W®E (x) + WP ()W) (x) = 200 (%) .

If m=n, then Theorem B'(a) reduces to Theorem A’.
Replacing m by —m, we derive

Corollary B'(a): WS (x)WE)(x) + WS (YW (x) = 20 2)(x),

=2W*)(x) ifm=n,
=0 by (1.5).
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Theorem B'(b): WL (x) W) (x) + AW B WP (x) = 2WE),  (x).

If m=n, then Theorem B'(b) contracts to a sum of squares on the left-hand side.
Making the transformation m — —m gives

Corollary B'(®): W W)+ £ WD WD () = 2WE),(x)
=2W@(x) ifm=n,
=4A%(x) by (1.6).
Theorem C'(@): WS (YW (x) =W )WE) (x) = 2(-1* (=g (x)) "W, (%),
Putting m=n yields the trivial identity 0 = 0, by (1.5).

Other considerations are: (i) m=-n, (ii) interchange m, n.

Theorem C'(6): W ()W) (x) = X (WS IS (x) = 2(=D" (=q()) "Wy (%)

~(m—

Variations: (i) m=n, (ii) m — —m, (iii) m, n interchanged.
Theorem D': W.3),(x) +q(x)W32,(x) = W(x).

Theorem E': W), (x)+q(x) W®

-n—

1(0) = B WD ().

Tlustrations

Ay FYPw=C YD

B@): FPEOLY()+FP)IA(x) =2 +(x* +4)* = 2P ().
B'b): 0V(MOF(x)+4(x* + DPP(x) PP (x) = ~16x(x* + [)(4x* +3) = 20D (x).
(C@): URM@IP(x)-UQx)IP(x) = -8(x* - 1) = 2UP(x).

= 9"(_22 (x).

(CO): VO@VY @) -4 - DU )UZ (x) = —16x(x? 1) = 2V ().
@) FR0-29Y @ =-Zox-87 = /9.

D@Bx+1)°

®) 9+ 2900 = EEIEEL a9,

In (C'(a)), x =cosf(#1).
In (C'(b)), x = cosh?(z1).
4. SYNTHESIS

Elementary algebraic calculations in (1.1), (1.2) when m and n are positive or negative allows
us to assert the following synopsis of the relationships connecting W¥)(x) and ‘W (x).
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Theorem F': For all integers m and n,
W () = WG D (x) = A" (X)W, (),
{‘W(nz " (x) = WD (x) = B7()W (x).
Examples
F() = L8(x) = (" +4°(* +1),
) = IS (x) = (8x2 +8x +1)(8x +1)2,

759 =T ()= - O 2)(z;9x2 =,
I() = USP (0 = -x(2x* - -

This synthesis extends and complements that presented in [2].

Numerical Specializations
Throughout this paper it is useful to make appropriate numerical substitutions in theory. So,
FQ) = 190) = 250,

- Ly 17
iPM=J70= T

520 =FP =4,
(1) _epfl)_ 1
& (2)"[]“‘ (2)“ 3

5. A CONCLUDING MISCELLANY

Simson Formulas

Analogs of Simson's formula are readily established by means of (1.1), (1.2) for £ >0, with
immediate extension when k — —k:

W () - P @)} = (D (—q(x))" 8 (x), .1
and
WEL )W, (x) — WP ()Y = (-D*(—g(x))" A*2(x). (5.2)

Similar results apply when n — —n.
Variations of these orthodox Simson formulas (Simsonic variations!) include the "inverted"
Simson formulas

WD)~ P ()Y = 4D (g () 847 (), ©-3)

and

WEPEWED@) - (WP =41 (-q0)) (%) ©49

in which the roles of subscript and superscript in (5.1) and (5.2) have been reversed.
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Hybrid Results
Use of (1.1), (1.2) produces the "hybrid Simson formulas"
WREWE - K2 WP @)Y = (-1 P ()(—q(x)" K7 (x), (5.3)
and
KAWL EWE ) - TP = D (0(-q(0)" A* (). (5.6)
Clearly,

(5.5)+(5.6)=0 @).
This is also confirmed by looking at
G.D+A?(52)=0 (i),

since the lefi-hand sides of (i), (ii) are merely re-arrangements of each other.

Further formulas arise when £ — —k and/or n — —n.

Searching for new results involving the data in this paper is an extremely pleasurable activity.
Readers may wish to reflect on some of the possibilities.

Surveying the material in this paper and in [2], one is left wondering whether there may be
other sets of polynomial-pairs whose major properties may be assembled by means of a synthesis
of some kind.
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first 30 volumes of
The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the completed indices is on
a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be $40.00 plus postage for non-
subscribers, while subscribers to The Fibonacci Quarterly need only pay $20.00 plus postage. For additional
information, or to order a disk copy of the indices, write to:

Professor Charles K. Cook
Department of Mathematics
University of South Carolina at Sumter
1 Louise Circle

Sumter, SC 29150

The indices have been compiled using woRDPERFECT. Should you wish to order a copy of the indices for another
wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook when you place your
order and he will try to accommodate you. Do not send payment with your order. You will be billed for the
indices and postage by Dr. Cook when he sends you the disk. A star is used in the indices to indicate unsolved
problems. Furthermore, Dr. Cook 1s working on a sUBIECT index and will also be classifying all articles by use of
the AMS Classification Scheme. Those who purchase the indices will be given one free update of all indices when
the suBIECT index and the AMS Classification of all articles published in The Fibonacci Quarterly are completed.
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