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1. INTRODUCTION

The results of this paper assume a familiarity with linear algebra. A good reference for the
results assumed here is [1].
As is well known, the Fibonacci numbers may be generated in the following manner. Let

A=['%]. Then
1| |F
Ah — | T hl )
o %]
If we diagonalize 4 as

N P V2 A I P VA
A=BDB "[1 1][0 —1/7][1 1]

where y = % is the golden ratio, then from

one obtains the formula

h_(=1/y)
R =0 =CUY) 1.1
h \/—5_ ( )
More generally, if f(x)=x"—sx™1—...—s, is a polynomial with distinct roots a;, and C is
the companion matrix of f(x),
i8S 0t Sue1 Sm
c=(1 9 0 0
0 0 « 1 0

then v, = C"v, generates the recurrence sequence with initial values given by v, and recurrence
polynomial f(x). Again, we can diagonalize C = BDB™ and obtain the formula

ah = 2141(21}', (12)

for some A4 €C.

In fact, there is nothing special about companion matrices here. If M is any square matrix
over Z (say) and v, = M"v;, then, as we shall prove in the next section, each component of v, is a
recurrence sequence with recurrence polynomial equal to the characteristic polynomial of M.
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Now let us examine some generalizations of the relation above for the Fibonacci numbers.
One way to generalize the matrix 4 above is to the binomial matrix. For example, consider

1 21 1
4,={1 1 0|, v,=|0].
1 00 0

By following the above method, we find that the characteristic polynomial of 4; is x> —2x*—
2x +1; the eigenvalues of 4, are 1/ 7% -1,7% and

Fa
A = | FFya |- (1.3)
EIZ

We prove in this article a generalization of this observation. We find that the eigenvalues of the
n-by-n binomial matrix are powers of the golden ratio. As a consequence, we shall derive the
generalization of (1.3) above. Moreover, we show how explicitly to diagonalize this binomial
matrix, and we give recurrence relations for the characteristic polynomials.

More precisely, let y = “2‘/5 be the golden ratio. Let 4, =[q; ;] be the "inverted" (or upside-

down) binomial matrix (Pascal's triangle):

0 ifi+j>n+1,
a; =

(1) otherwise.

Let W, = {y""(-1/y)'}"-y and let Q,(x) = I1,g7,(x~w). Let D, be the diagonal matrix whose
diagonal entries are the elements of 7, listed in decreasing order according to size of the absolute
value. Let E, be the eigenvector matrix of 4, with column vectors listed in decreasing order of
absolute value of the corresponding eigenvalues, and with its columns scaled so that the bottom
row is all 1's. So, for example, for n =35 we have

1 46 41 y~ 0 0 0 0
13310 0 >0 0 0
4=|12 100, Di={0 0 1 0 0]
11000 0 0 0 —2 0
10000 0 0 0 o0 gy
},4 _},2 1 _},‘2 7-4
v Y4 172 yl4 73
Es=|y* y/2  -1/6 —y'/2 y7
y 4 12 —y3/4 !
1 1 1 1 1

The main result follows.
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Theorem 1.4: The eigenvalues of A4, are exactly the set of values in I, so that the characteristic
polynomial of 4, is J,(x). Moreover, an explicit recursive method can be given for generating
E, and E," so that we can diagonalize 4, explicitly as

E'AE =D,
In addition, the coefficients of the characteristic polynomial of 4, can be generated recursively.

In Section 2 we present some background on recurrence sequences and derive a simple self-
contained proof of the first statement (Theorem 2.8). In Section 3 we give recurrence relations
for the characteristic polynomial array (Definition 3.4, Proposition 3.5, and Corollary 3.11) and in
Section 4 we give an explicit diagonalization of A, (Theorem 4.3). As a consequence, we obtain
a second proof that the characteristic polynomial of 4, is O,(x). In Section 5 we give a generali-
zation (Theorem 5.10). This approach demonstrates the explicit recursive method (Corollaries
5.8 and 5.9) for generating the eigenvector matrices. As a consequence of this approach, we
obtain a third proof that the characteristic polynomial of 4, is 0,(x). However, slightly more
algebra is required for this approach.

The first proof is based on elementary facts from vector recurrences, for which we provide a
quick review. We give an overview of the second proof. We define recursively an array of num-
bers b, ,, (Definition 3.4). From the n™ row of this array of numbers 4, ,,, we form a polynomial
P,(x). We show inductively that the roots of F,(x) form the set W,, whence F,(x)=0,(x).
Finally, we demonstrate that the companion matrix of P,(x) is similar to A,, giving our result,
since similar matrices have the same eigenvalues. The similarity computation requires the auxil-
iary matrices that we define in Section 4.

2. REVIEW OF RECURRENCE SEQUENCES

We present a review of recurrence sequences and, as a consequence, obtain a quick proof of
the first statement of Theorem 1.4. Moreover, we find an interesting characterization of recur-
rence sequences generated by 0,(X) (Theorem 2.8) using some of the results developed in later
sections. See [3] for generalities regarding recurrence sequences.

Definition 2.1: A sequence (a,) satisfying a linear recursion
n
ay = Z Sen-k
k=1

is called a (linear) recurrence sequence. We call the polynomial x" — X7_, 5,x"* the recurrence
polynomial for (a,), and we say it generates (a,). We call (a,) degenerate if it is also generated
by a polynomial of smaller degree.

If f(x) has m roots a,, then, as in (1.2), it is easy to show that

a,= 3 A, 2.2)
k=1

where the A4, (h) is a polynomial whose degree is the multiplicity of «, in f(x). Moreover, any
such generalized power sum is a recurrence sequence with recurrence polynomial f(x). Hence, it
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follows that the set of all recurrence sequences with recurrence polynomial f(x) is a vector space
of dimension n.

We shall make use of the following proposition in Section 4 below.

Proposition 2.3: Let x, be a recurrence sequence of degree s with recurrence polynomial p(x) =
I1,_,(x — ;) with the «; distinct and let y, be a recurrence sequence of degree # with recurrence
polynomial g(x) =1IT,_,(x— B3,) with the B, distinct. Let W be the distinct set of numbers of the
form a,f, with w=|l¥|. Then the sequence x,y, is a recurrence sequence of degree w with
recurrence polynomial []; g, (x - 4). '

Proof: The vector space of sequences with recurrence polynomial p(x) is spanned by the
sequences a, for k=1,...,s. Thus, we can write x, = ¥5_ w,a for some u,. Similarly, we can
write y, = X, v,B" for some v,. Multiplying yields

XpVn = Z”kve(akﬂe)h'
ke

Thus, x,y, is in the span of the sequences A" for 2 eW and, hence, has recurrence polynomial as
above. O

It is easy to characterize the space of sequences generated by a polynomial.

Proposition 2.4: The sequence (a,,) is a nondegenerate recurrence sequence generated by f(x)
of degree n, if and only if the matrix

an—l an '“ a2n—1
A=|%2 %1 " Gpa
20 a o Gy

is invertible. In this case, the n sequences (g, +k):;; generate the space of recurrence sequences
generated by f(x).

Proof: If A had a nontrivial element in its kernel, then so would

ah+n—1 ah+n o ah+2n—1

Chg =|%n-2 Yt 7 Opana
. 5 . 2 ,

ay Qpy1 7 Apyp

where C is the companion matrix for f(x). This is true if and only if (a,) is a degenerate recur-
rence sequence. [

Next, we consider recurrence sequences that arise from matrices. This generalization is quite
simple.

Definition 2.5: Let M be an n-by-n matrix and let v, be an n-dimensional column vector. The
sequence of vectors (v,) defined by v, = M™y is called a vector recurrence sequence.
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If M is the companion matrix for f(x),

S 5 Sn-1 Sm
M=c=|1 0 o 9l
0 0 1 0

and let (a,) be the corresponding recurrence sequences generated by f(x). Then

" Brvh-1
Vh = C VO = . .
a

Even in a more general case, this picture is only altered with a change of basis.

Proposition 2.6: Let M be an n-by-n matrix with characteristic polynomial f(x). Suppose fur-
ther that f(x) is actually the minimal polynomial of M, so that we have the similarity relation
M =BCB™', where C is the companion matrix of f(x). Let (v,) be the vector recurrence
sequence generated by M with initial value v,. Then the i component of (v,) forms a recurrence
sequence (v,) with recurrence polynomial f(x). Moreover, the recurrence sequence generated
by f(x) with initial values given by B'v, is nondegenerate if and only if the n-by-n matrix
[vy *++ v,.,] is invertible. Hence, in this case, the (v,) form a basis of the space of recurrence
sequences generated by f(x).

Remark: The condition that f(x) is the minimal polynomial of M is not necessary; however,
the statement becomes more complicated and the conclusion weaker.

Proof: Using the similarity relation, we find that
ClBEv) - BB - BV

Thus, (B™',) is a vector recurrence sequence for the matrix C. In other words,

a4, a, A P

-1 _ _lq,._ a,_ e Ay,
B [VO e vn_l] _A_ n:2 n:l . 2r:l 2 ,

2 q G

where (a,) is a recurrence sequence generated by f(x). Thus,
h 1 Dyrn-1
M", =BC"B ) =B| :

ay

This implies that the i component (v}) is a linear combination of recurrence sequences generated
by f(x); hence, (V) itself is generated by f(x).
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The last statement then follows by applying Proposition 2.4 to 4=B""v, --- v,,], and
noting that B is invertible. O

We apply the above development to our binomial matrices. We shall consider the sequences
(FrFF™Y) for 1<i <n as column vectors for fixed .

Proposition 2.7: Forall h>0, A[F' F ™ =[F7Fl]. In other words, (F//F™") is a recur-
rence sequence generated by the characteristic polynomial of 4, forall i, 1<i<n.

Proof: This follows trivially by induction. One must only check the top entry, which follows
from the relation

S - 1 n—jj— n— n—
(4B = Bt By = B D
=

Now we use (1.1):

Frip = (7"*‘ —(—J}/ y)! )"_'(7 " %/ 4 )hj'_ =D Aw".

5 welW,

Thus, by (2.2), the polynomial 0, (x) = I1, & (x —w) generates each of the sequences (Fy; TETh.

Clearly, if we can show that (7] ;™) is nondegenerate of degree n, then we must have
char poly(4,) = 0,(x).

Theorem 2.8: The eigenvalues of A4, are ¥,; hence, the characteristic polynomial of 4, is O, (x).
Moreover, the sequences (E,';’F,f‘l);':l form a basis for the space of recurrence sequences gen-
erated by 0, (x).

Proof: 1In light of the above, it only remains to show that the matrix [Fj’jrl’F i-1] is invertible.
If we scale the j® column by dividing by Fj'fl , then we obtain the Vandermonde matrix
[(F,/F,p)" 11, and as is well known, this determinant is nonzero. 0

3. THE CHARACTERISTIC POLYNOMIAL

We set out some well-known (and easily proved) facts about the Fibonacci and Lucas num-
bers to refer to later.

yh =ttt +f"‘[§. G.1)
= e hind ﬁJ— (3.2)
B L +FL, = 2Er+k' (3.3)

We shall see that the following array of numbers gives the coefficients of the characteristic
polynomial of 4,.

Definition 3.4: Define the array of numbers b, , for n,m>0 as follows. Let b, ,=1 for all
nx=0andlet b, , =0 for m>n. For 0<m<n, we define b, ,, recursively by
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bn,m n—l m-1 F (_1)m

Proposition 3.5: For m<n, we have

e L PRELLD P
", m E, K )

Moreover, |b, ,,|= |b, ,_.|, and we have the relation
E,_
bn, m= bn, m—1 ’1F~:+1 (— l)m

The proof'is obvious. The first several rows of the b, ,, array are given in Table 3.6, where n
indexes the rows and m indexes the columns.

TABLE 3.6. Coefficients of the Characteristic Polynomial

0 1 2 3 4 5 6 7 8
01 0 0 0 0 0 0 0
1j1 -1 0 0 0 0 0 00
211 -1 -1 0 0 0 0 00
3(1 2 -2 1 0 0 0 00
411 -3 -6 3 1 0 0 0 0
5(1 -5 -15 15 5 -1 0 00
6|1 -8 -40 60 40 -8 -1 00
711 -13 -104 260 260 -104 -13 1 0
8|1 -21 -273 1092 1820 -1092 -273 21 1

Definition 3.7: Let F(x)=X]_,b, ,_;x’. The first few P,(x) (which can be read from Table
3.6) and W, (defined in Section 1) are:

A(x)=x-1 m={1}
B(x)=x*-x-1 W,={,-v7)
P(x)=x*-2x*-2x+1 W,={y* -1y}
P(x)=x*-3x" —6x* +3x +1 Wo=1{r’ -7,y -r7}

We note that the (7—1) column of the b, ,, array is just the coefficients of the formal power
series (~1)"/ P,((~1)""'x). This is equivalent to

Z (_ l)k(n—l)bn, kbk+j, n-1= 0

k=0

for all j>n—1. Although we do not use this fact here, we record it as Corollary 3.11 to Theo-
rem 3.8.

Theorem 3.8: The set of roots of the polynomial P,(x) is exactly W,: P,(x) = Q,(x).

Proof: We use induction. Since W, = (-1/y)W,_,u{y""'}, we have the relation

0,(0)= (—)11’,,_1(—706)-(x—7"'1)~ (3.9)
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We rewrite this as
n-1
O0,(x) = (x+ (-D"(-?’)"")Zéb IR 57 U
=

n-1 . .
= X"+ (=D)"byy, py + z [6,-, n- (7Y "+ (=1)"b,, n—l—j(—y)"]xj'
j=1

Thus, we need to show the relation
bn n-j = n—l n—j (_}/y n+(_l) n—1,n-1-j ( },)j (310)

By equations (3.1) and (3.2), this can be written as
L,_.—F_A5 " L. +FA5
bn,n—j = bn—l,n—j(—j2—j— +(_l) +jbn—1, n-j-1 _1“2; .

By Proposition 3.5, this becomes

[ F, ~F,_ 5\ L+FA5
n n—j ( 1)"+jbn—-l n—j-1 [ L ) ! :|
F,,_ y 2 2

. F L,_.+F,_ L,
= (=1"p n—j " -y

( ) n-1,n—j-1 214—;!—] :I

By equation (3.3) above, this simplifies to
F,
bn n—-j = (—l)n-”b -1,n—j-1
=] - Fn -,

which follows from Definition 3.4. O

Corollary 3.11: The (n—1) column of the array 4, ,, forms the coefficients of the formal power
series (—1)" /' P,((=1)"""x). More precisely, we have

( ©
P(( l)n— }§) k+n-1, n—lx

Proof: Repeated application of (3.10) gives the following:

n-m+

y™ Z Dy ~komtDp —k,m=1
By changing the order of summation and relabeling the indices, this is equivalent to

bk+n—l n-1 "( l)n—lz s+n-2, n—27s(_7)(k~s)(l—n).

5s=0

But this just expresses the power series identity
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5=0 =\ (=¥ )n_l

Now, applying induction, the inverse of the right-hand side of (3.12) is just

-y Pn-l((_—l)n_z}x))(l—- d )___ (_1)" P _1\*2 1yl -1
( ( (_1)11—1 (_}/)"‘1 (_},)n—l n—l(( 1 }’.Xf)(( 1) X—y )

Substituting y = (-1)"x, we have

;)bk+n—l, n-1 xk = (_ l)n_l(i bs+n—2, n-2 (}’x)s) (i (_x—) } . (3 . 12)

zf—;i)):—_ﬂ’n-l(—m(y Y= (B ),

by (3.9) and Theorem 3.8. Thus, as required, the left-hand side of (3.12) is

o0 _l)n
b n-1, n— xk = (— u
lé} k+n-1,n-1 R1 ((_Dn—l x)

4. EXPLICIT DIAGONALIZATION

We define the following integral matrices that will be used to diagonalize A4, in Theorem 4.3
explicitly.

Definition 4.1: Let n>1. Let C, be the companion matrix for F,(x), C, =[c;], where

Gin=1 fori=1..,n-1,
cn’j:—bn,nﬂ_j forj=1,...,n,
G ;=0 otherwise.

Let R, =[r;], where r,

ij:

(JIE'ESY . Let M, =[my], where m, =} )R/ ™.

Observe that the i™ row of R, gives the terms in (F,_, + F,_)"" and that the i row of M,
gives the terms in (F_, +F)™". These matrices will be used in Theorem 4.3 to prove that 4, is
similar to C,. The matrix R, arose originally by observing the relation R E, =V, (see Definition
4.2). From here, it is natural to bring in the companion matrix C,, since ¥, is’the eigenvector
matrix for C,.

We illustrate Definition 4.1 for n=35:

0 1 0 00 0 0 0 0 1
0 0 1 00 1 0 0 0 0
G=lo o 0o 1 0| R=|1 4 6 4 1|
0 0 0 01 16 32 24 8 1
1 -5 -15 15 5 81 216 216 9 16

1 0 0 0 0
4 1

M;=| 16 32 24 8 1}
81 216 216 96 16
625 1500 1350 540 81
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Definition 4.2: For each n>1, let V, be the Vandermonde matrix which is the eigenvector matrix
for C, with eigenvectors listed in decreasing order of the absolute values of the corresponding
eigenvalues.

Thus, for example, we have

1 1 1 1 1
A A U S

v, = oyt 1 y8
e LT
A S U SR

Theorem 4.3: For all n, we have the relation A/, =C,R, = R, 4,. Moreover, P,(x) is the char-
acteristic polynomial of 4,, R, is invertible, and the eigenvector matrix of 4, is given by

E,=R}7,.

Proof: Multiplying the first n—1 rows of C, by R, clearly gives the first 7—1 rows of M,,.
For the last row, for eachj, 1< j <n, we must show the relation

> b, i FAF = FIEr. (4.4)
k=1

Now P, (x) is the recurrence polynomial for the sequence F, (and, hence, for F,_;). Thus, using
the fact that W, =W, ., ,, we can apply Proposition 2.3 repeatedly to find that P,(x) is the

recurrence polynomial for the sequence whose #™ entry is a product of m—1 factors, each chosen
from the set {F,, F,_,}. In other words, B, (x) is the recurrence polynomial for the sequence

F/S'E" foranyj, 1< j<m. Explicitly, this means that
- 1
z bm m+l- k +k-m—2 r+k—m—1 "F;j-l Fm J
k=1

Equation (4.4) now follows, since it is just this same recurrence relation for m=n at the r=n
term. This proves M, =C,R,.
To prove M, = R, A, it is equivalent to show that, for all i, j with 1 <7, j <n, we have

Hn=1) ok i (n—k—1 _(n=1) pj1pnj
(" e (A= (e

Combining the binomials and dividing by £/}, this is equivalent to showing

n—j . . .
2 (n k J) LR = B,
k=0

But, by the binomial theorem, this is just (F,_, + F,_,)" = "™/, which is just the Fibonacci recur-
sion. This proves that C,R, = R 4,.

The fact that R, is invertible was actually proved previously in the proof of Theorem 2.8;
again, we can scale R, to obtain a Vandermonde matrix which has a nonzero determinant. Hence,
C, and 4, satisfy the similarity relation 4, =R;'C,R,. Thus, they have the same characteristic
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polynomial F,(x). Since V, is the eigenvector matrix for C,, the similarity relation shows that
R,V is the eigenvector matrix for 4,. [

5. A GENERALIZATION

In this section we give an alternative development of Theorem 1.4. As a result, we obtain a
recursive method of generating the eigenvector matrix. Moreover, we find a nice explanation for
the eigenvalue behavior. Our methods yield the following generalization: if any matrix is gener-
ated in the same way as the A4,, then it must be essentially binomial.

Definition 5.1: Let B be a 2-by-2 matrix, B=[?’]. Define an n-by-n matrix S,(B) as follows:
the j® entry of the i™ row of §,(B) is given by

S, (B)(i, j) = the coefficient of x" /3™ in (ax +by)" " (cx +dy) .

Then, for A= A4, =|! }], by the binomial theorem we have 4, = S,(4). For general B as in
Definition 5.1, we let B, = S,(B). Thus, we have

: a b a*  2ab b
B2=B:(c d)’ B; = ac ad +bc b‘f ,
c 2cd d
a 3a%b 3ab* b’
B - a’*c 2abc+a’d 2abd +bc bd
‘T lact? 2acd +bc? 2bcd +ad* bd* |
P 3cd 3cd? d’

Lemma 5.2: Let B=B, be a 2-by-2 matrix, B=(?J) and let B,=S,(B). Then B, may be
generated recursively from B,_; by

Bn(i: ]) = bB —l(ia ] - 1) +aB —-l(i’ ])5

. n—1\ n-j 4
B )= (7)),
with the convention that B,(#, j)=0forj<lorj>n.
Proof: Inductiononn. O

In order to prove the next lemmas, we need to define some notation.

Definition 5.3: Let R =C[x, y] be the ring over C in two indeterminates. Define V, to be the
C-vector space of homogeneous polynomials in R of degree n—1. A basis for V, is {x" x"2y,
., Y™™, so V, is of dimension n. Any 2-by-2 matrix B = [2?] induces a ring homomorphism,
$5 : R — R, by sending x to ax + by and sending y to cx+dy. Since @5 is degree-preserving and
linear in x and y, it induces a linear transformation on V,,. We denote this linear transformation by

¢B,n'
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Lemma 5.4: 1f we write an element V, as a row vector with respect to the basis {x", x" 2y,

..., Y"1}, then the action of ¢ , on ¥, is given by multiplication by S,(B) on the right.

Proof: The i™ basis vector of ¥, namely, the vector x"'y'™, goes to (ax +5y)" " (cx +dy) ™
under the linear transformation @ ,, which just forms the i row of S,(B). O

Lemma 5.5: Let B and C be 2-by-2 matrices. Then S,(BC)=3S,(B)S,(C).

Proof: The matrix equation BC = B-C gives rise to the ring homomorphism equation ¢z~ =
#c o P (note that the matrices act on the right; hence, ¢, is applied first). Since the ring homo-
morphisms act the same on ¥, we obtain the equality of linear transformations @gc , = ¢ #5. -
Now, by Lemma 5.4, we obtain S,(BC) = S§,(B)S,(C) O

Theorem 5.6: Let G, = S,(E,), where E, =[’1' - ”] is the eigenvector matrix for 4,. Then

4,G, =G,D,.

Hence, G, is the eigenvector matrix for A4, (scaled so that the bottom row of G, is the top row of
A,) and D, is the diagonalization of 4,, giving the eigenvalues of A4, to be (—1)y2Z-n+l a5 |
ranges from O to n—1.

Proof: As we have observed after Definition 5.1, we have
S,(4) =4,. 6.7

If we start with the matrix equation 4,F, = E,D, and apply the operator §,, then, from Lemma
5.5 and equaiion (5.7), we obtain

AnSn(EZ) = Sn(EZ)Sn(DZ) .

The action of D, on V, sends x to yx and y to —y~ly. Therefore, S,(D,) sends xy" 1= to
(-)r-1-iy Z-n+lyiyn-1-1 which is exactly the action of D,. Thus, D, = S,(D,) and, consequently,
S.(E,) must be the eigenvector matrix. This gives the result. O

Remark: These results can be interpreted in terms of the symmetric algebra of C2, denoted
Sym C? (see [2], p. 141). If e, and e, are a basis for C2, the ring R above is isomorphic to the
symmetric algebra of C? by sending x to ¢, and y to e,. The set of homogeneous polynomials of
degree n of R is just the (n—1)-fold symmetric tensor product of C?, denoted Sym™1C2. As we
have observed above, the linear transform 4, acting on C? induces an action on Sym C2.

Lemma 5.2 gives an explicit means for computing the eigenvector matrix. Since G, = S,(£,),
we have the following recursive method for computing the eigenvector matrix.

Coronary 5.8: Gn(i) .]) =-1 /},G -l(i7 ] - l) +7Gn—l(ia .]))
G,(n, j)= (’} 1)

Similarly, we can compute the inverse of the eigenvalue matrix so that the explicit diagonali-
zation of A, can be given. We have
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S 11 1
HZ:GZI:?/?[—I rq’

Thus, since H, =G, =5,(G;"), we obtain the following result from Lemma 5.2.

Corollary 5.9: H,G, )= %[1/73 10, J=D+B,,G, D],

1,00 7)= 5" (1= ey
We note that the proof of Theorem 5.6 actually shows the following generalization.

Theorem 5.10: Let B be a 2-by-2 matrix with distinct nonzero eigenvalues & and a'. Then
eigenvalues of S, (B) are a" '™, where i ranges from 1 to n. Moreover, if E is the eigen-
vector matrix for B, then the eigenvector matrix for S,(B) is §,(E).

However, we also note that if the set of matrices §,(B) comes from a single array of num-
bers as the inverted binomial matrices (the 4,) do, then the array of numbers must be essentially
binomial.

Theorem 5.11: Let B be a 2-by-2 matrix. Suppose that the entries of the matrix §,(B) come
from a single array of numbers for each 7> 1. Then B must be of the form [¢ %]. In this case, the

entries of the /™ row of S, (B) are just the coefficients of (ax +by)"™.

Proof: Assume B=["%]. Then

a  2ab B
S;(B)=|ac ad+bc bd|,
c? 2¢d d*

so that we must have ¢* = ¢,2cd =d,ac=a,ad +bc=>b. These imply that c=1and d =0. Then
the entries of the i row of S, (B) are the coefficients of (ax +5y)"™ and, hence, just the binomial
matrix scaled by powers of a and 4. O
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