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1. It is well known that a general linear sequence S,(p,q) (n=0,1,2,...) of order 2 is defined
by the law of recurrence,

Sn(p> q) = pSn—lCD’ q) - an—Z(p’ q)’

with S,, S, p, and q arbitrary, provided that A = p*> —4q >0, see [1].

In particular, if §;=0 and S, =1 or if S;=2 and S, = p, we have generalized Fibonacci and
Lucas sequences, respectively, in symbols U, (p, q) and V,(p, q).

By the roots x, > x, of the generating equation x* — px +¢ = 0, it is proved that

n

X —x n o on
Up,9)=—"—2 and V,(p,q)=x +x3; (1)
X; — X
1

2

moreover, the general term of the recurrence sequence S,(p, ) is expressed as a sum of the gen-
eral terms of generalized Fibonacci and Lucas sequences by the formula

1 - 1
5.0 =($-38% U0 0 + 35,0, @)
We assume
Sy =,
S :%pw+(x—%a))A%,

and, according to (1) and (2), we deduce

1 1
8,0 =(x-30 |4 -U, (.0 + LT, 2.0 ®)
and
Sp(%; p,9) =20 +(@ = X)%;. 4

From this point on, we shall use the brief notation U,,7,, and S,(x) to denote U, (p,q), V,(p,q),
and S,(x; p,q), respectively.

2. From (3), we have

1

Sy (x)+ S8 (w—x) = =

~ —
il M“‘S
IS >R,

[g} ArUer;m—-Zr(zx_a))Zr, (5)
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and from (4), we have

S7)+S7@=3)= 3 |7 LAt ™+ 4 (-

m
r=
m

(=}

— Z [ZZ:I an[xf(m—Zr) + x;(m—Zr)]xr(w _ x)m—r‘

r=

(=]

Then we have
S2(x) + 82" (@ — x)

m m-1
Z |: :I nr x12n(m r) + x2n(m r)]x (a) x)2m Ty Z lizm]qns[xfn(m—s) + x22n(m—s)]x2m—S(m _ x)s
=0

5=0

m—=1 6
:|qmnXM(w x) + Z [Zm:| nr [x12n(m—r) + x%n(m—r)][xr(w _ x)Zm—r + x2m—r(a) _ x)r] ( )

2 mn_m m 2 nr m—r m—r r
Zz[nﬂ‘l ¥ - ) +Z[ﬂq Vanimn ¥ (@ = %)+ x*" (@ — x)"].
r=0
Similarly, we have the analogous formula

m m L 2 +1 nr r m—r: m-r: r
S+ @ -0) = 3 | |0yl @ =0 T 0= ) ()
r=0

We now have the difference formulas

L[”‘—‘L

m m A S r r m=2r-1_-m-2r— r
S™(x)—SM(@ —x) = T g(:) [2;’: JA Uy m=2r=lpm=2r-1oy — @)**, ®)
and
N } )
S1) =1 =r) = 8 3 |7 g Uy 0¥ (@) =¥ @=0)""] ©
r=0
We shall end this section by giving the generating functions
Z = (eXp(txl) exp(tx2)) : (10)
and
Z Vo = exp(]) +exp(17). (11)

3. First, we recall the Norlund-Euler polynomials E®)(x|w, ..., ®,) defined by the generating
expansion (see [2], [6]):
r 2k ext

= t
E® (x|, ..., 0,)—= .
,Zz(:, at k)r! @' +1)--- (% +1)

(12)
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In particular, the Norlund-Euler numbers of order £ are given by

4o+
E,S")[ah, v @] = 2"E§k)(w—17&]“’1> a,k)_

fw, ==, =1,then EP[L1,... 1]= E® (the Euler numbers of order %, see [3]), and we
note that

EN o+ +o, —X|o,...,0,)=)'EP(x|o, .., 0,). (13)

From (12), replacing # by A%Unt, we have

. g
- (AiU t)r . zkexA Uyt
Z————'"—Er( )(x!a)pn-’a)k): 1 Y
= | (emlAU"t-i—l)-"(emkAU"t+1)
) 2k 5.

(e 1 oo )., (0w 1 goro )

therefore,
0 % r
(e”r™ e T) ... (@K 4 o2k ) ZMESk)(xla)l, @) =285,
r=0 r!

Using (11), we obtain

|
= ot 2 Wt (AU ¢ k k 1S
Sy, - F2y $EG) g0 60, .. 0 =2t
n=0 K n=0 "k* r=0 r

1e.

1
© 52 r
E _(______(_]'_VI_Q_ l fk)(xlml’ . a)k) — Zket;"(x)
r=0 ! |

n /)
S| 3 m. Zm
r=0\n+---+n=r }"1' rk!

Expanding the product, figuring in the first member, into a power series of #, and comparing
with the expansion of the second member, we find

mim| @7V, '}V,
Z{ ]AzU,:Efk)(xla)l,...,a)k)(m—r)! > L ZE T ok g (). (14)
r=0 r Rt Ar=m-r rl' rk!

And if we replace x by @, +--- + @, — x in (14), and using (13), we have

IO oV, aFy
Z[ ]AfU;(—l)’Ef"’(xlwl,...,wk)(m—r)! y lm . Om
r=0L” B+ ne=m-r rl' rk! (15)

= 258"+ @, - X).

Taking (14) + (15), and using @, + - + @, to replace @ in (5), (6), and (7), we obtain
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2] oV, oFV,
3| p|gvr o, oom-2y ¥ m. Om
r=0 n+ - drg=m=2r rl' 7!

5]
3 Z[Zr} NUZV (@, ++@,)" 7 (2x — (0, + - +0,))*"

r=0

-Vn(,,,_z,)[x’(wl +ot @, —x)" + X" (@0 + o, —x) ]

Taking (14) —(15), and using @, + -+ + @, to replace @ in (8) and (9), we get

oV, o}V,

Z [2}‘ + 1:] NUFES (x| @, ..., 0, ) m=2r = 1) Z (

n+- 4 =m-2r-1

| b

= 2m—k

l:2r+ l} ArU2r+1Vm—2r 1(0)1 +. +wk)m—2r—1(2x (0)1 +et® ))2r+1

—

!

[’,’}:l Q" Uppman¥" (@14 + @, = x) =X (@) + - + @, —x)"].
0

4. If we take x = ““= % in (16), then
[%] 2 k a);q/nr a’?"nr
Z[ ]A’U,,’ —E[w,,...,0,]m-2r)! Y L... k
2 B+ n=m=2r rl' rk!
= 271_1;(w1 + e +wk)m1/nm.
Now, setting @, =---= @, =1in (20), we have

L;_ r r I/nr Vnr 1 m
Z[zr:‘AUZ 2r (m 27‘)' z __L_’ﬁ.zzr;—__k.k’"Vn

Rt =m=2r rl' rk!

Again, if we take £ =1, then

%
ryrar 1 m
Z[Zr:IAU" 22r V;T("' -2r) = 2m—-1 I/" :

If we set £ =1 in (18), we obtain
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(18)

(19)

(20)

1)
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=] ol et

)3 [Zr +1}A’U |0V marp @

r=0
[ ] (23)
Z [2r +1] ArU2r+le—2r -1 m—2r 1(2x @ )2r+1

= m—1
2 r=0

Now, taking @, =1 and x =0 orx =1, and using the following relations (see [1]),

n Bn
En—l(o) = 2(1_2 )—;l_’

1 . 1 \B,,
E2n—l(§) ="~ 1)(32n _ 1)32;;’

where B, is a Bernoulli number, we have

,_,
—

m-1
>
r=0

m ry2r 1
[Zr + 1:| A U: “ ;+—1 (2 2 1)B2r+217n(m—2r—l)

24
_ 1 T ryr2r+lyym—2r-1
- 3o e
and
2] 1 \B
ry72r+ln2r+2 r
g [ ]A U, e 1)(1“ 32r+1)2r2_:22 V;t(m—2r—l)
(25)
_ 1 [MT_I] Ar 2r+lyym-2r—1 1
_2—12 2r+1 UV, 32r+l”
r=0
Assuming p =1 and g = —1, we have the so-called Fibonacci and Lucas sequences
U,=F, and V,=1L,
respectively. And from (22), (24), and (25), it follows that
[%] r 2r E2 m
Z{2r]5 F 22: L"(m—2r) 2m—l L" > (26)
r=0
ke 2r+1 2r42
Z I:Zr :l F r+1 (2 g 1)‘BZr+2Ln(m——2r—l)
=0
' 27)

MT
zm_ Z l: }SrF;l2r+lLr-—2r—l’

and
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(7]
m r 2r+lA2r+2 1 Bzr 2

[m—l] (28)
_ 1 ET m e pzrtt pme2rny 1
= o Z[Qrﬂ]SFn L Jo

=0

where (26) is a generalization of P. F. Byrd's result (see [5]):

(3]
; rl m 2r m
_05 [27’] B, F, E1(m—2r) = ‘2—F;1Ln(m—1)~

r=

ACKNOWLEDGMENT

The authors wish to thank the referees for their patience and for suggestions that significantly
improved the appearance of this paper.

REFERENCES

1. L. Toscano. "Recurring Sequences and Bernoulli-Euler Polynomials." J. Comb. Inform. &
System Sci. 4 (1979):303-08.

2. L. Carlitz. "Eulerian Numbers and Polynomials of Higher Order." Duke Math. J. 27 (1960):
401-23.

3. L. C. Hsu. "Finding Some Strange Identities via Faa di Bruno's Formula." J. Math. Research
& Exposition 13 (1993):159-65.

4. R.P.Kelisky. "On Formulas Involving Both the Bernoulli and Fibonacci Numbers." Scripta
Math. 23 (1957):27-35.

5. P.F. Byrd. "Relations between Euler and Lucas Numbers." The Fibonacci Quarterly 13.2
(1975):111-14.

6. N.E. Norlund. Vorlesungen ober differenzenrechung. Berlin, 1924.

7. Zhang Zhizheng. "Recurrence Sequences and Bernoulli Polynomials of Higher Order." The
Fibonacci Quarterly 33.4 (1995):359-62.

AMS Classification Numbers: 11B39, 11B37

1996] 319



