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1. It is well known that a general linear sequence Sn(p, q) (n = 0,1,2,...) of order 2 is defined 
by the law of recurrence, 

Snip, q) = ps„-i(p, q) - qs„-2(p, 4), 
with S0, Si, p, and q arbitrary, provided that A = p2 - Aq > 0, see [1]. 

In particular, if S0 = 0 and Sx = 1 or if S0 = 2 and Sx - p, we have generalized Fibonacci and 
Lucas sequences, respectively, in symbols Un(p, q) and Vn(p, q). 

By the roots xx > x2 of the generating equation x2 - px + q = 0, it is proved that 

U„(p,q) = £ ^ and Vn(p,q) = x"l+x"2; (1) 
1 2 

moreover, the general term of the recurrence sequence Sn{p, q) is expressed as a sum of the gen-
eral terms of generalized Fibonacci and Lucas sequences by the formula 

S„(P, q) = [si-^pSoy„(p\ q) + \s0V„{p, q). (2) 

We assume 

Si = ^p(o + \x~a>jAK 

and, according to (1) and (2), we deduce 

S„(?r9 p,q) = (x-^a^ -Un(p,q) + ̂ CDVn(p,q) (3) 

and 
$n(x', P, <]) = xx" + (&- x)x% • (4) 

From this point on, we shall use the brief notation Un9Vn9 and Sn{x) to denote Un(p,q), Vn(p,q)9 
and Sn(x; p,q), respectively. 

From (3), we have 

, [ f ir -, 
wuyr2r{2x-cofr, (5) S:(x) + S:(a-x) = ^IT± rn 

,2r. 
r=0 L J 
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and from 

Then we 
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n

m(x) 

(4), we 

have 

+ S2
n

m(w 

have 

S?(.x) + 

-X) 

S?(a>--x)-
m 

r=Q 

m 

r=0 

m 
r 

rn 
r 

[x^x^m~r) +xn
l
{m~r)xn

2
r]xr{(o - x)m~r 

r=0 

•2 

2m = X \qnrUT{m~r) + x^m-r)]xr(a) - xfm~r + X \qm[xl<m-s) + x^m-s)]x2m-s(co - x)s 

s=0 

2m 
m 

2m 
m 

r=0 
m-l 

qmnxm{a)-x)m + ]T \ \qnr[xiKm~r) + xln{m~r)]lxr{G)-xfm~r + x2m-r{co-x)r] 
(6) 

r=0 

2w ? X (ty-X) + 2 , r k ^(m-r)!.* l ^ " * ) + X (*> ~X) J 

Similarly, we have the analogous formula 

S2
n
m+\x) + S2„m+\a)-x) = Z 

r=0 

2m-hl 
r 

<rVn{lm-^Axr(co - x)2"-"1 + x2m-r+\co - xYl (7) 

We now have the difference formulas 

1 [ ^ r-

S:(x)-S™{co-x) = ^Yd 
L r=0 

m 
2r + l 

2r+l ^ ^ y . - . r - ^ . - . r - l p ^ _ ^ r + l ? 

and 

r=0 

We shall end this section by giving the generating functions 

£ % r = -V(exp(<)-exp(*2")) 
r=0 r ! A 2 

and 

£ ^-F„r = exp(^r) + exp(^) . 
Tnr\ 

(8) 

(9) 

(10) 

(11) 
r=0 

3, First, we recall the Norlund-Euler polynomials Ef\x\o), ...,cok) defined by the generating 
expansion (see [2], [6]): 

r=0 f • \F 

2kext 

+ !)••• (e^' + l) 
(12) 
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In particular, the Norlund-Euler numbers of order k are given by 

£ fVi , . . . , ^ = 2"£«f. a>i + — +6>k 

I 2 (Ox,...,G)k \. 

Tfml = -- = ak = l, then Ef\\, 1,..., 1] = Ef> (the Euler numbers of order k, see [3]), and we 
note that 

E*Xa>l + -..+a>k-x\al,...,a>k) = (ryEStXx\a>l,...,a>k). 

From (12), replacing t by &U„t, we have 

f, (dUnt)r „(,), . , 2kexA*u»' 
Z " K \x\0)l,...,(Ok)= ; ; 
r=0 r l {eco^U„t +ly.^ecok£U„t + 1 j 

(13) 

AW' 

therefore, 
(e1"'*" + ea,ift? ) • • • (e"'**1" + e"**2") 

(e».*r +e».««5)...(«,»*<* + e»**j) £ ( A 2 t / " / ) r ^*) ( X | a > 1 > . . . , < P i t ) = 2VS» ,w 
r=0 r\ 

Using (11), we obtain 

r,=0 r l ! rt=0 rk- r=0 ' ! 

i.e., 

( ^K, <Qr£Vnrk z z 
r = 0 V rx + • • • +rk =r '!• 'km 

f YJ^M-EfMco,, ...,^) = 2V^>. 
r=0 r ? 

Expanding the product, figuring in the first member, into a power series of t, and comparing 
with the expansion of the second member, we find 

r=0 

n/lV n/kV 
$Ur

nE?Xx\col,...,cok)(m-r)\ £ _±J-L..._LJ!!L = 2 * 5 ! : ( x ) . ( 1 4 ) 
r}+ • • • +rk=m-r "\- rk • 

And if we replace x by ml H h a^ - x in (14), and using (13), we have 

r=0 
£Ur

n{-\)rE?Xx\<oh...,(ok){m-r)\ £ nrk 

^••%-m-r I 1 rkl- ( 1 5 ) 

= 2kS:(col + -cok-x). 

Taking (14) + (15), and using wl + • • • +a)k to replace co in (5), (6), and (7), we obtain 
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[f] 

r=Q 
2 1 2r \^UlrEikXx\(0l, ...,cok)(m-2r)\ £ *?r_ *K nrk 

rk
s-

i ? 

—— y 
L r = 0 

2r svyr^i+• • •+%r2r (2* -(01!+.. .+^)> \ 2 r 

(16) 

w \ o ^ - l :(l + (-l)W)2' m 
mil 

\m-\ 

^"""Wff l i + • • • + » * - x))m / 2 + 2*"1 X 

• ^(»,-2r)[^(«>l + • • • + ®k - Xfr + Xm'r(C0l + -+0)k- Xjl 

Taking (14) - (15), and using a>l + —voak to replace m in (8) and (9), we get 

m 
2r + l I 

r==0 

=
 l L y J 
2 m-k Z**4 

r=Q 

A ^ + 1 ^ i ( * k i — ^ ) ( ^ - 2 r - l ) ! 
r V 

/jH \-rjc=m~2r-l 

m 
2r + l 

KUrvr2"1^ + •••+ coky-2r-\2x -((0l + - + cok)) 

n\ 

\2r+l 

(17) 

(18) 

r=0 =2Hxn^„(ffl4x^i+-+%^)r-/K+-+%^r]. (19) 

4 If we take x - ft?1+'2'+fi)fe in (16), then 

r=oL J £ rx + ---rk=m-2r '\-

1 
**! 

•)/W-£ •K+.-.+^rc 
(20) 

N o w , setting ty1 = --- = fi}fc = l i n (20), we have 

[f] 
r=0 

7W 
2r 

^ n+-~+rk=m-2r fV rkl L 

Again, if w e take k = 1, then 

r=0 

2 r ^ 1 
« ^2 r n{m-2r) nm-l n ym 

r n • 

If we set k = 1 in (18), we obtain 

(21) 

(22) 
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2r + l 
r=Q L 

=—Y 
L r=0 

, m - 2 r - l 

krjj2r-¥ljrm-2r-l __iM-2r-l/o , , \ 2 r + l m 
2r + l 

(23) 

Now, taking co1 = 1 and x = 0 or JC = ̂ , and using the following relations (see [1]), 

£ „ ( 0 ) = 2 ( 1 - 2 " ) 5 L , 

where Bn is a Bernoulli number, we have 

I 
r=0 L' 

m 
1r + \ 

j M 

r=0 

A r f / « r + 1 ^Y( 2 2 r + 2 - ^ ^ ( ^ - l ) 

m 
2r + \ 

ATTj2r+\rrm-2r-\ 

and 

Mr 
z 
r=0 

m 
2r + l 

A ^ « </ I;M 32r+l J 2 r + 2 w(w-2r"1) 

— y m 
2r + l 

r r r 2 r + l T / w - 2 r - l Art/rvj « n o2r+l ' z r=0 L 

Assuming /? = 1 and q - - 1 , we have the so-called Fibonacci and Lucas sequences 

C/„=F„ and F„ = Z„, 

respectively. And from (22), (24), and (25), it follows that 

[f] 

r=0 

m 
2r SrFlr^-L 1 

« 2 2 r •^ ,(n , _ 2 r ) 2" 1 - 1 ' 

(24) 

(25) 

(26) 

[V] 

r=0 L 

m 
2r + l 

i M 
o m - l Z-* 
z r=0 

^ Af i ( ^ ^)-^2r+2^n(m-2r-l) 

rn 
2r + l 

t-r r?2r+l jm-2r-\ 
5 tn Ln 

(27) 

and 
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m m 
2r + l r=0 

1 L 2 , 

^2r+l J 2r _i_ 9 «0-2r-!) 

»tll 

5^+1(22r+2 -1)1 1 - ^ 1 A ^ Z , 

m 
2r + l 

cr fr2r+l j(rn-2r-l) _ 

where (26) is a generalization of P. F. Byrd's result (see [5]): 

[f] 
r=0 

m 
2r Blr^n ^n{m-2r) 

ffl 
n^nim-V)-

(28) 
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