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The aim of this note is to show that for any given second-order linear recurrence on the
complex field

rn+2_arn+l+brn :Oa (Rl)

where A =a®—4b =0 and b =0, another one exists such that it is possible to represent the gen-
eralized Fibonacci numbers of any of them with sums of the generalized Fibonacci numbers of the
other one, with a set of coefficients to be detailed later.

To establish this property, we need the following lemmas.

Lemma 1: Let U, (a, b) denote the n' generalized Fibonacci number of the (R1) recursion. That
is, U,,, —aU,, +bU, =0, U, =0, U; =1, where A =a*-4b+0 and b=0. Let /b denote any
of the roots of the equation z> =b. Then

Up(a )= 3(¥"* )P @= 2By 2 (Y. F1)
p=0

Lemma 2: If S is the set of all the couples of complex numbers (u, v), their order being indif-
ferent [that is, (u,v) = (v,u)], and if T is the transformation defined on all § by

T(u,v)=(u§"+m, ”;v_m),

then 7%(u,v) = (u,v), where T is the second iterate of T.

Proof of Lemma 1: Edouard Lucas [1] proved that if U,(z,s) is the n™ generalized
Fibonacci number of the recursion defined on the complex field by 7, ,, —#,,; +s7, = 0, then

[n/2]
Ut )= "7 Pty 2 (~s)".
=% ( . ) s

Throughout the rest of this paper, when we refer to the characteristic roots of a linear recur-
sion we mean the roots of its auxiliary algebraic equation.
Now let @ and B be the characteristic roots (supposed distinct) of the recursion (R1), let Vo

be any root of the equation z* = ¢, and let —.Jﬁ be any root of the equation z* = .
If ¥, is the n generalized Fibonacci number of the second-order linear recursion whose
characteristic roots are v/ and —\/ﬁ then, using Lucas' formula, we obtain

[n/2]

Bu= 3 ("5 | W@ B W By

p=0
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Now, using the usual Binet form, we easily obtain
YZ(n+l) = (\/E - '\/E)Urﬁl(a’ b),

whence

U, (a,b)= E": (2n +pl - p) Wa - JBPrPa By,
p=0

But we have (\/E-\/E)z = a+ﬂ—2\/3\/ﬁ= a—ZJEJ,E.
Since aff = b, it is obvious from the above definitions of va and \/ﬁ that we can replace
Ja \/ﬁ by any of the roots of z*> = b. This completes the demonstration.

Since +/b may be any of the roots of z2 = b, the following formula is also true:

Upa(a8)= 3 (") 7P Jia+ 2457y (F2)
p=0

Proof of Lemma 2: The proof is immediate by directly computing

T(";Hm, ”T*"_r)

Now, to the recursion (R1), let us associate the recursion (R2), whose characteristic roots are
a/2++/b and a/2—-/b, that is, the one defined by:

Vg —ar, + (A, =0, (R2)

where A is the discriminant of (R1).
It is immediate that the couple of roots of (R2) are obtained by applying the 7 transformation
to the couple of roots of (R1). Therefore, by applying the same transformation to the couple of

roots of (R2), we obtain the couple of roots of (R1), according to Lemma 2. Then the associate
recursion for (R2) is (R1).

Now we may write (F1) and (F2) as follows:

Upr(@,8)= Uy = 32 (2" )~ P )27 (@) 2= VY P (B,

p=0

U@ B =Upa = 3% P 2 @r2 4 JBy # By
p=0

Letting (®,) be the generalized Fibonacci sequence of (R2), we may write the following formulas
which are easily obtained by induction:

(a /2~ ‘/l;)n—p = (pn—p+l - (Dn—p(a 12+ \/l;),
@/2+\By P =0, .-, (a/2-+b).

By substitutions in the previous formulas, we obtain

Upa=3(2* 1P 2 (B (@, s~ @, a1 249B)),

p=0
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U= (2" NP2 2 (ADP(@, - @, (0] 2-VB)),

p=0

and, summing both relations, we have

Upi= 3 (2" +I} - P) 2RO, —al 2, )

peven

pe - (S1)
+1- .
_ z ( n » P)z p(b)(p+1)/2q)n_p_
podd
p<n
Since the associate recursion for (R2) is (R1), we have, symmetrically,
pl2
D= D, (2” +p1‘p)2"—1)(%) U, pe1—al2U,_,)
peven !
psn
(p+1)/2 (SZ)
_ Z (2n+1~p)2n—p(é) U
podd p 4 i
psn

because the fact that 4b =0, 4b being the discriminant of (R2), allows the same treatment for
Lucas' formula for @, as the one for U, ;.

Remarks:

1. Do there exist recursions which are their own associates? (R1) will be so if and only if
b=A/4<b=(a")/8. Therefore, a necessary and sufficient condition for a recursion to be its
own associate is to assume the form

2
g —ar,q +(a@”)/8r,=0,

where a is an arbitrary nonzero complex number. Its characteristic roots are a+/2(+/2 +1)/4 and
av2(J2-1)/4. Within the first pair of parentheses is the greatest root of the Pell recurrence,
Frpa — 27,1 — T, = 0, while within the second pair is the opposite of the remaining root of the Pell

recurrence. This allows us to obtain sum formulas specific for Peil and Pell-Lucas numbers,
thanks to (S1).

2. To any second-order linear recursion, we may also associate the auxiliary polynomial of
its associate recursion. That is, to the recursion defined by 7,,, —ar,,, +br, =0, associate the
polynomial x* —ax+A/4. With this meaning, it appears that the associate polynomial for the
general second-order linear recursion has been mentioned in the literature at least once, because
Richard André-Jeannin [2] proved the following orthogonality property (with our notations):

f::jﬁmm(a +x,0) U, (a+x,b)dx =0

for n# p, and it is obvious that the polynomial under the radical is equal to 4p(—§), where p(x)
is the associate polynomial for the recursion (R1).
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With a trivial change of variable, the orthogonality relation may be written as

J:vp(x) U,(a=2x,b)U (a-2x,b)dx =0

where A and k are the roots of p(x): a/2—+b anda/2++/b.
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