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1. INTRODUCTION AND PRELIMINARIES

The aim of this paper is to extend the previous work [1] by considering the polynomials

|n/2

] .
def R - _;
ZWEY (LT ez (L1)
in the indeterminate y, where the symbol L_] denotes the greatest integer function. It can be seen
that

20" (n even),

Z,)=
{y'm p,("*,1) (nodd and y = 0),

where p,(y, 1) are the Dickson polynomials in y with the parameter c =1 (e.g., see (1.1) of [1]).
Because of the relation (1.2), the quantities Z, (y) will be referred to as modified Dickson poly-
nomials. Information on theoretical aspects and practical applications of (usual) Dickson poly-
nomials can be found through the exhaustive list of references reported in [1], where an extension
of them has been studied.

In this article we are concerned with modified Dickson polynomials taken at nonnegative
integers. In fact, it is the purpose of this article to establish basic properties of the elements of the
sequences of integers {Z,(k)}7 (k=0,1,2,...). More precisely, in Section 2 closed-form expres-
sions for Z, (k) are found which, for £ =2,3, and 4, give rise to three supposedly new com-
binatorial identities. Several identities involving Z (k) are exhibited in Section 3, while some
congruence properties of these numbers are established in Section 4.

To obtain the results presented in Sections 2 and 3, we make use of the main properties of
the generalized Fibonacci numbers U,(x) and the generalized Lucas numbers V,(x) (e.g., see [2],
[8]) defired by

(1.2)

U,(x)=xU,_(x)+U,_,(x), [Uy(x)=0,Uy(x)=1], (1.3)
V() =xV,_1(x)+V,,(%), [Vo(x)=2,Vj(x)=x], (1.4)

where x is an arbitrary (possibly complex) quantity. Recall that closed-form expressions (Binet
forms) for U, (x) and V,(x) are

Vﬁkm&mw% @)
x)=ai+ B
where

A, =x*+4,

a,=(x+A)/2, (1.6)

ﬂx :(x_Ax)/z
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As an illustration, the numbers Z, (k) are displayed in Table 1 for the first few values of £ and
n. From (1.1), we can observe that Z,(k) yields the indeterminate form 0/0. For the sake of
completeness, we assume that

Zy(k) & 2 k. (1.7)
It can be checked readily that all the results established throughout the paper are consistent with
the assumption (1.7).
TABLE 1. The Numbers Z,(k) for 0<n, k<8

k 0 1 2 3 4 5 6 7 8
n
0 2 2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1 1 1
2 -2 -1 0 1 2 3 4 5 6
3 -3 -2 -1 0 1 2 3 4 5
4 2 -1 -2 -1 2 7 14 23 34
5 5 1 ~1 -1 1 5 1 19 2
6 -2 2 0 -2 2 18 52 110 198
7 -7 1 1 -1 1 13 41 91 169
8 2 -1 2 -1 2 47 194 527 1154

2. CLOSED-FORM EXPRESSIONS FOR Z (k)

The following identity (see [3]) plays a crucial role in the proofs of the results established in
this article.

v,
Z,(X) = ) (meven), @.1)
U,(x) (nodd).
As particular cases of (2.1), we have
Vi)=L n even),
z9={ D" even (22)
U,()=F, (nodd),
where F, and L, are the n'™ Fibonacci and Lucas numbers, respectively, and
V,(2)= :
Z®)= 2(2)=0, (neven), 23)
U,(2)=F, (nodd),

where P, and O, are the n™ Pell and Pell-Lucas numbers, respectively (e.g., see [6]).

2.1 Results

A closed-form expression for Z, (k) which is valid for all £ can be obtained readily from (2.1),
(1.5), and (1.6). Namely, we get

V.(Nk-4) (neven),

U,Nk=4) (nodd). @4

Z,(k) ={
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It is worth mentioning that using (2.4) along with an interesting result established by Melham
and Shannon [9, (5.1)-(5.3)] allows us to state that the terms of {Z (k)} are generated by the
powers of the 2-by-2 matrix M, defined as

k-2 k-4
Mk:[ — } (2.5)

More precisely, it can be seen that the lower-right entry of M} equals K 2JZ,,_l(k).

As we shall see in the following, for £ =1,2,3, and 4, the corresponding value of Z (k) is
periodic, and (2.4) produces some interesting combinatorial identities. The proofs of these results
are given in subsection 2.2.

The trivial case k =0 is treated here only for the sake of completeness. This can be solved
readily on the basis of the usual convention (e.g., see [10, p. 147])

o I, ifh=0, 2.6)
0, ifh>0. '
In fact, from (1.1) and (2.6), we have
-|n/2] (2] 2(-)"*  (neven),
- — = 2.7
ZO=1= Ln/ZJ( [n/2] D n(=1)"? (n odd). @7

The case k=1 gives rise to a particularly interesting combinatorial identity. Its solution
(credited to Hardy, 1924), which is reported in [10, p. 77], contains several misprints. In [4] we
proved that

2(-1)", ifn=0(mod3),

zy={ (mod?) @5
(-1, otherwise.

In this article we give a simpler proof of (2.8) which is obtained by using the Binet forms for

U,(x) and V,(x), and certain trigonometric identities. For 2 <k <4, we get the identities

(-2, ifn=4,
-1, ifn=43,

Z(2)=10, ifn=+2 (mod8), 2.9)
1, ifn=+]
12, ifn=0,
-2, ifn=6,
-1, ifn=%4or L5,

Z(3)=10, ifn=13 (mod 12) (2.10)
1, ifrn=zxlor £2,
2, ifn=0,

and
7 (4) = {1 (n 0dd), @.11)
” 2 (neven).
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2.2 Proofs

The proofs of (2.8)-(2.11) are similar so that, for the sake of brevity, we prove only (2.8) and

(2.9).

Proof of (2.8): Denoting the imaginary unit by 7, from (2.4) write
Z(1)= V,(V3)  (neven),
U,GV3)  (nodd),

whence, on using the Binet forms (1.5),

Z, (M) =[GV3+D /2] +(-D"[GV3 -1 /2T
nr .. AW n 2nr . . 2nw
=cos——+isin—+(-1)"| cos——+isin——|.
3 3 3 3
Using (2.13) along with the trigonometric identities

sin 22 = (<1 sin 227

and

nr |-, if 3|n,
3 |(=)™'/2, otherwise,
yields identity (2.8). Q.E.D.

Proof of (2.9): From (2.4) write

_[7G¥2)  (neven),
Z"(z)—{U,,(iﬁ) (n odd),

whence, on using (1.5),

([GV2 +42) /21 +[(V2 -2) /21 (n even),

Z,(2)=
"2 <——‘/1_2—{[(i\/—2_+\/2—)/2]"—[(iw/i—ﬁ)/Z]"} (n odd),
([ nm .. nm 3nz .. 3nmw
cos——+isin—+cos——+isin—— (n even),
4 4 4 4

:<—~l—— cosﬂﬂsinn—”—cosm—isina’n—” (n odd)
V2 4 4 4 4 '

Using (2.17) along with the trigonometric identities

sin 2% = (-1 sin nx
4 4
and

14

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

[FEB.



MODIFIED DICKSON POLYNOMIALS

(-1, ifn=4,
~1/+/2, ifn=413,
cos’%r =(-1" cos@f =40, if n=%2 (mod8), (2.19)
1/42, ifn=+tl,
1, ifn=0,

yields identity (2.9). Q.E.D.

3. SOME IDENTITIES INVOLVING Z,(k)

Some simple identities involving the numbers Z (k) (or simply Z, if no misunderstanding can
arise) are exhibited in this section. Most of the proofs are left as an exercise for the interested
reader. First, we get the recurrences

-Z,, (neven),
+1 7 Zn = { ”

A =
Z,,  (nodd).

n

G.1)

Then, we observe that, for n even, identity (3.1) is a special case (namely, m = 1) of the more
general identity

Z,

n+m n-m —

kZ,Z,, if nandm are odd,
+ 2= . 32
Z,Z,,  otherwise,
which can be proved by using (2.4) and the identities (3)-(8) of [7, p. 94]. It is worth noting that
letting 1 be a suitable function of m in (3.2) yields
ZZy 1= Zypy+1 (n=m+1), (3.3)
Z>-2 (neven)

Zyn = (n=m), (3.4)
kZ2 -2 (nodd)

Z3n = Zn(ZZn - 1) (n = 2m)

{ZS ~-3Z, (neven) (3.5)

[from (3.4)].
kZ2-3Z, (nodd)

More generally, for h=1,2, 3, ..., we get the multiplication formula

L2 _ ANz n even),
Zp= 3 (—1)J-L(h .1) o (neven) (3.6)
= h=j\ J J|.zr2l2l0 g 0d4).
Induction on A provides the required proof. Observe that, for n even, Z,, and the Dickson poly-
nomial p,(Z,,1) coincide, whereas, for n odd and & even, Z,,(k) = Z,(kZ>(k)).
The Simson formula analog for the sequence {Z,(k)} is

2 _(=D'(k-DZ,,+2 |1 (n even)
Zn Zn—IZn+1 - k + 2k (n Odd) (37)
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Properties of the matrix M, [see (2.5)] are useful tools for discovering combinatorial iden-
tities involving Z,. For example, denoting by I the 2-by-2 identity matrix, we can expand the
identity (see (5.8) of [9])

[k(M, - D} =M, (3.8)

and equate the lower-right entries on both sides to obtain

S (= 2 (69

Remark: The assumption Z_, = 1Vk is implied by the definition M} = I. The same result can be
obtained by using (3.1) and (1.7).

Analogously, after noting that M;;' = I-M, / k, we can expand the identity M{M;" = M~
to get the relation

h (h ‘
NC (A Sl AR (3.10)
Jj=0

which, for n = h, reduces to
Z(*l)’f('}) womnzlz oy, (3.11)
j=0

Let us conclude this section by stating the summation identity:

N

def Zyyon+ Ly —2Zy — 2y

SN(k)=ZZn= N+2 NI:1_4N N-1
n=1

[(Zys2=2Zy)/ (k=41 (N even)
@2y -2y )/ (k-4)-1 (N odd)

~1 (k#4) (3.12)

[from (3.1)]. (3.12)

Remarks:
(i) Assumption (1.7) is needed to get the obvious result S;(k) = Z, = 1.
(i) Sy(4)= {3N/2 (Veven) o om 2.11)] (.13)
N (BN-1)/2 (N odd) S '
Proof of (3.12): First, consider N odd, and rewrite Sy (k) as
(N+1)2 (N-1)/2
Sy (k)= Z Zyiat Z Zy;
(N1+-11)/2 ! (N-1)/2 (.14)

= YU, (Vk=4)+ Y V,,(Wk-4) [from (2.4)]
J=1 j=1

By using the Binet forms (1.3) and (1.4), and the geometric series formula, it can be readily seen
that

h
) Uj1(%) = [Uyps(¥) = Uy ()] x! (3.15)
j=1
and
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31 0) =Waea)Fo0) 11, 616

whence, invoking (2.4) again, (3.14) reduces to (3.12). The proof for N even is analogous to that
for N odd, and is omitted. Q.E.D.

4. CONGRUENCE PROPERTIES OF Z,(k)

In this section we show some basic congruence properties of the numbers Z,(k). For reasons
of space, only Proposition 2 is proved in detail. We have established the following:

Z.(k)=0(mod2) if "~ 0 (md2) (keven) @41
n*) = n=0(mod3) (kodd). '

From (1.1), we clearly have that
Z(k)=Z,0)(modk) (k=1), 4.2)
where Z,(k) is given by (2.7). From (4.2), (2.7), and (3.4), one can readily see that

Z,(k)-2,(0) _ Z,(k)~2

- = Zun(k) [n=2(mod4)]. (43)

Observe that (4.2) and (2.7) imply the congruence
Z,(k)=0(mod k) (kodd). (4.4)
From (4.4) and (2.4), one immediately gets the following (supposedly known) result.

Proposition 1: If m is an odd integer and 4 = m* +4, then U, (m) is divisible by 4.

Finally, let us state the following proposition.

Proposition 2: If p is an odd prime, then
Z,(k)=(k/p) (mod p), 4.5)
where (% / p) denotes the Legendre symbol.

It is worth noting that (2.4) and (4.5) constitute a simple proof of a well-known congruence
property of the generalized Fibonacci numbers U, (s) (s an arbitrary integer) defined by (1.3). In
fact, we get

U,(s)= (s* +4/ p) (mod p). 4.6)
Proof of Proposition 2: That (";j )= 0(modn— j)ifj>1 and ged(n, j)=1 is a well-known
fact (e.g., see Lemma 1 of [5]). Consequently, from (1.1), we have
Z,(k) = k%" (mod p), 4.7
whence
Z,(k)=0(mod p) if k = 0 (mod p). 4.8)
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If k # 0 (mod p), by Fermat's little theorem we have the congruence k7' = 1 (mod p), whence we
can write
kP2 L D) kP D2 1) =0 (mod p). (4.9

Let a (b) be the first (second) factor on the lefi-hand side of (4.9). Since p >3 by definition,
either a or b (not both) is divisible by p. If & is a quadratic residue (q.r.) (mod p) [i.e., if there
exists z such that k£ = z2 (mod p)], then, by Fermat's little theorem, we have k(P02 = (P12 o]
(mod p), that is, b =0 (mod p). If kis not a q.r. (mod p), then we necessarily have a = 0 (mod p).
Therefore, from (4.7), we can write

2,00 = {1 (modp) ifkisaq.r. (mod p), 4.10)

—1(mod p) otherwise.

Congruences (4.8) and (4.10) prove the proposition. Q.E.D.
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