IDENTITIES INVOLVING PARTIAL DERIVATIVES OF BIVARIATE
FIBONACCI AND LUCAS POLYNOMIALS

Hongquan Yu and Chuanguang Liang
Dalian University of Technology, Dalian 116024, China
(Submitted April 1995)

1. INTRODUCTION

The work of Filipponi and Horadam in [2] and [3] revealed that the first- and second-order
derivative sequences of Lucas type polynomials defined by u,,,(x) =u,(x)+u,_,(x) yield some
nice recurrence properties. More precisely, in [2] and [3], some identities involving first- and
second-order derivative sequences of the Fibonacci polynomials U,(x) and the Lucas polynomi-
als V,(x) are established. These results may also be extended to the k™ derivative case, as con-
jectured in [3] and recently confirmed in [7]. See also [4]. Furthermore, Filipponi and Horadam
[5] considered the partial derivative sequences of bivariate second-order recurrence polynomials.

In this paper we shall extend some of the results established in [5] and derive some identities
involving the partial derivative sequences of the bivariate Fibonacci polynomials U, (x, y) and the
bivariate Lucas polynomials V,(x, y) defined respectively by (cf. [5])

Un(x’y)sz —l(x,y)-'-yU -2(x,)’), n22’ UO(xay):O’ Ul(xay):l’ (1)
Vn(x’y)=xV—l(x’y)+yV—2(x’y)a n22’ V()(x,y)zz’Vl(x’y)zx' (2)

Moreover, we shall establish some convolution-type identities as counterparts to those given in
[7]. As may be seen, these results, together with those in [6], explain in some sense the "heredity"
of linearity under differentiation.

Throughout the paper we use U, and V,, respectively, to denote U,(x, y) and V,(x, y). The
partial derivatives of U, and V,, are defined by

_ k+j ) k+j

Using an argument similar to that given in [1] or by induction, one may easily obtain the combina-
torial expressions of U, and V,, in terms of x and y. They are:

[(n-1)/2] . o
U,= Z (n—; - 1) X"EN n>, @)
i=0
[n/2] . o
Vo= 2 ey e, ©)
o —1

where [a] denotes the greatest integer not exceeding a.
The extension of the bivariate Fibonacci and Lucas polynomials through the negative sub-
scripts yields

U,=—-(-y)"U, and V_,=(-y)"V,, n>0. (6)
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2. SOME IDENTITIES INVOLVING U%? AND V%))

Theorem 1: Let n be any integer and let k, j > 0. Then the following identities hold:

; k.J) — k,Jj Tk, j=1 k,j

@) VED = yUED + jUE™ + UL,

T — g7k k. j k=Lj) 770k, g-1
@) UED =xUE) +yUE) + kUEE) + jUE)™D,
@) V52 =xVED V5D kYD + VY

@) VED =nUED, YEID = nUED . Hence, USD = UL, V5D = n 00 [ (n- j).

Proof:
(i) It is easy to show by induction that V, = yU,_, +U,,, for any integer n. Hence, we
have
o= 0 > OUpy Uy = 5(yv<’:a°>)+v,5’ia” = YU + jUE™ + UL

(i) From (1), we see that

(k.J) —
Un’ ax"a /

k. k-1,j k) o 77tk j-1
= xUE +kUEM + UL + jUL ™.

(iii) This result can be proved by a method similar to that shown in (ii).

k
6Ty + 3y = T (GURD) + 2 GULED)

(iv) We first prove the case (k, j) =(1,0). This can be done by induction on n. The iden-
tity trivially holds when n=0,1. Suppose that V&0 =(n-1)U,_, and V") =(n-2)U,_, for

n>2. Then
0 v
I n(LO) = (x] n-1 }’] n—2) =x] n(—LIO) +.y] n(—l’20) +Vua

= (n DxU,_,+(n-2)yU,_, +yU, ,+U,=nU,.
From (6), it follows that

d . .
yGo =5 () =) a0 = _pU

Similarly, we can prove that ¥*V = nU__, for any integer n. Thus,

‘ +J +j
(i ajta 7= ajfayf Un =™
and
: e o .
I/n(k’j-H) axka J I/II(O D= axka J (n 1) nU(l:’lJ) .

It now follows from (7) and (8) that Ut —p&sl s /1 = g3 - Hence, U%) =

and VD = nUED = pUE10 = &40 1(a ) by (7). O

As expected, (i)-(iv) reduce to Identities 1-4 in [7] when y =1andj = 0.
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3. CONVOLUTION-TYPE IDENTITIES INVOLVING U{*? AND V%)

Theorem 2: For any k, j >0, we have:

n ) 1 .
Ukn L S § (o))
(a) ;0 1 Un—l k+j+1 n >
k+1 ;
yteny  =2XEE )
® ,Zo k41"
© SVEU,, =| 60,k +j)+EXDTT o
" ’ k+j+DKk+5)| "~

- 1

d ©y =146, k+ )P ed + LDEEN+] e (EDEE D+ e p

where 6(s, ) = 1(0) if s = (&) r is the Kronecker symbol.

Proof:
(@ Let AV =31 U*OU,

n—i*

1]
(=]

Now it may be shown by an induction argument that U, is a
monic bivariate polynonnal whose highest leading term is x", so that U{+® =U*? =...=
U* =0 and U = k! Therefore, A® = 4% =0 and A*), = UED U, = k! =UES" °’/(k +1).

Assume A®) =U%9/(k +1) and A%, = UE)/ (k +1) for n>2. Then, from the assumption
and Theorem 1(ii), we have

-1
A9 =3 U, = UEOGU,,+3U,s)

i=0 i=0
_ A;Sk) +. (k) U(k’o)(yU_l)
k = (xU(k+l ,0) +yU(’f;l’°) +(k+ 1)U(k ,0) k 1 1 U’('k+l,0)‘ ©)

From (9) and Theorem 1(iv), we have

n _ n , n=] .

ZUi(k,J)U = Z Ui(_kj-fj,O)Un_’_ — ZUr(kﬂ,O)U e

i=0 i=0 r=0

. 1 . 1 .
(k+)) [++10) _ [+ 10
7 k+j+1 k+j+1"" (19
(b) Using (10) and the fact that V, =yU, ,+U,,, for any integer n [see the proof of

Theorem 1(i)], we have

Z [],‘(k,j)l/n—i = Zl],(k’j)(yU —i—1 + Un+l—i)

i=0 i=0

- yzwk D, +USD (YU )+ZU"’Un+1_,

i=0 i=0

(k+1 n (k+1,)) (k.))
= OV US4
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1 N . _
__.(V(k+l,1) - JU,(,]ifl’j D)+ Ur(’k,J)

- k+j+1°"
1 N - y_n+k+1 -
_ k+j+1(nU'('k,j) _JUr(’k,J))+U'Sk,J) =2 +j+1U’(’kJ)' 11

Using Theorem 1 and an argument similar to that of (a), it is easy to prove (c) and (d).
Hence, the proofs are omitted here. O

Finally, we give two generalizations of identity (a) in Theorem 2. It is worth mentioning that
(b)-(d) possess similar generalized forms.

Theorem 3: Letk,j,r, s>0. Then

L] . . -1 )
S U0 =| e ereseo(FLTT )| .
i=0

Proof: Let A%/D =37 U®EDIYLD  First, we show by induction on 7 that

n—i
, -1
A,Sk,j,r) — I:(k 4+ l)(k +’]‘ +r)] U’(,k+r+l,j)' (12)
The case r = 0 is just Theorem 2(a). Suppose the above identity is true for some r > 0. Since

) -1
EATSk,j,r):A7(,k+1,j,r)+Ar('k,j,r+l)= (k+j+r+1) k+j+r pasac)
ax .] r n

we get
. -1 . -1
et N (k4 jr+1) k+j+r\| _ k414 j4r+1 k+1+j+r [ k+r+2,4)
J e , i

-1

. k+j+r+1\] (k+j+r+2 k+j+1) (4742, )

=|(k +2 - U /
[( I )( r+1 ):l ( r+1 r+l "

. -1
= [(k +j+r +2)(" N 1)] Uz,

Therefore, we have

n
k,j S
ZUi( ’)U,(,'_,’)
i=0
n n .
=Y USUE? =Y UHOUt?  [from Theorem 1(iv)]
=0

i i=s

n—s . n-s .
= QU = 3 UEIUE?
i=0 i=0

. ~1
= [(k +j+r+s+) (" o ”)] UE++LD) - [from (12)]

, -1
= [(k +j+r+s+l) (k + i :; + s)] U179 [from Theorem 2(iv)]. O
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Theorem 4: Let k, j>0and t>2. Then

" . o 4 1 —_ -1 o
2 UMPUED U = H[(z’a— 1)(’% 2)] Uk

iy ig o Hiy=n i=2
where a =k + j+1.

The proof of Theorem 4 can be carried out by induction on 7 and is omitted here for the sake
of brevity.

4. CONCLUDING REMARKS

The bivariate polynomials defined by (3) and (4) may be used to obtain identities for k™
derivative sequences of Pell and Pell-Lucas polynomials by taking x=2, y=1, and j=0 [6]. It
is likely that this kind of bivariate treatment may also be extended to the bivariate integration
sequences ) U, dxdy to parallel some identities found in [4].

ACKNOWLEDGMENT

The authors are very grateful to the anonymous referee for comments and valuable sugges-
tions which helped to improve an earlier version of this paper.

REFERENCES

1. M. Bicknell. "A Primer on the Pell Sequence and Related Sequences." The Fibonacci Quar-
terly 13.4 (1975):345-49.

2. P. Filipponi & A. F. Horadam. "Derivative Sequences of Fibonacci and Lucas Polynomials."
In Applications of Fibonacci Numbers 4:99-108. Ed. G. E. Bergum, A. N. Philippou, &
A. F. Horadam. Dordrecht: Kluwer, 1991.

3. P. Filipponi & A. F. Horadam. "Second Derivative Sequences of Fibonacci and Lucas Poly-
nomials." The Fibonacci Quarterly 31.3 (1993):194-204.

4. P. Filipponi & A. F. Horadam. "Addendum to 'Second Derivative Sequences of Fibonacci
and Lucas Polynomials." The Fibonacci Quarterly 32.2 (1994):110.

5. P. Filipponi & A. F. Horadam. "Partial Derivative Sequences of Second-Order Recurrence
Polynomials." (To appear in Applications of Fibonacci Numbers 6. Ed. G. E. Bergum et al.
Dordrecht: Kluwer.)

6. A F. Horadam, B. Swita, & P. Filipponi. "Integration and Derivative Sequences for Pell and
Pell-Lucas Polynomials." The Fibonacci Quarterly 32.2 (1994):130-35.

7. Jun Wang. "On the k™ Derivative Sequences of Fibonacci and Lucas Polynomials." The
Fibonacci Quarterly 33.2 (1995):174-78.

AMS Classification Numbers: 11B83, 11B39, 26A24

XX T

1997] 23



